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* In the field of supersymmetric field theories,
there has been a big technical breakthrough
which allows us to compute many SUSY-preserving observables exactly

using explicit path integrals.

e Key idea — SUSY localization

Topics to be covered :

SUSY on curved space
Three-sphere partition function
Squashings

Yang-Mills Instantons

ok W=

Four-sphere partition function



I. SUSY on Curved Spaces

We study the example of 3D N = 2 theories in detail.

contents: - 3D N=2 SUSY theories
- SUSY on curved spaces

- Geometry of 3-sphere



Preliminaries



Spinors in 3D

 Gamma matrices for SO(1,2)

0 __ 0 1 1 0 1 2 1 0
= (o) = [ e) =0 ),
{v%4"} =29

» Generators of Lorentz transformation in spinor representation

1., 1

57 51(

: Yyt — APy

e Lorentz transformation on vectors and spinors:

1
Ve =wi VP, oy = Zwab(wb)aﬁw .

. {fyOl, ~02, 712} span the linear space of 2x2 real traceless matrices, so

SO(1,2) ~ SL(2,R)



Spinors in 3D
 Invariant inner products of spinors:
_ ¢a B _(Cun Ci2\ _ (0 1
* Proof of Lorentz invariance:
fla — a@ﬁﬁa Wa — %W (AESL(Z,R))

e Y = CapA A O = (det A)Cs €190 = o,

The inner product is usually defined using Dirac conjugate v = 1'~°.

Here we used Majorana conjugate ) = P Csa-

The two are equivalent for Majorana spinors.



3D SUSY

e Simple SUSY

Fermionic conserved charges Q® satisfying (Q%)" = Q% and

the anti-commutation relation

{Q%,Q"} = —2(y*C™1)*"P,.

(Py, P1, P») = (—E, P', P?) : energy-momentum

« Extended SUSY Q' (I=1,--- ,N)

{QOJ, QBJ} _ —25IJ(’yaC_1)a6Pa.
R-symmetry : The anti-commutator is invariant under

Q™ — R,Q*’, Rec SOWN)



3D N=2 SUSY

For N' = 2, the R-symmetry is SO(2) ~ U(1).

One can write the algebra using

Q" = 5(Q*' +iQ™), U Rcharge (~1)
Q" = (@ —iQ™). (+1)
@) =@

« N=2 SUSY algebra
{Qa Qﬂ} — ( )aBPa,a {QQ’QB} — {QQ,QB} — O

(EQ + £Q)* = £4°€ P, for Grassmann-even spinors &, €.



3D N=2 SUSY Theories

we first discuss theories on Euclidean space R”.



Spinor conventions (again)

e Gamma matrices for SO(3)
. (01 , (0 —i s (1 0 a by _ ogab

* Generators of SO(3) in spinor representation

1, 1

57 51(

: vy — APy

2

e {in'?,iv*, iy} span the linear space of 2x2 Hermite traceless matrices, so

SO(3) =~ SU(2)



Spinor conventions (again)
 Invariant inner products of spinors:
_ sa 3 _(Cun Ci2) _ (0 1
‘Sw —5 CO&B¢ 9 C — (021 022> - (_1 O
* We will write

EY = E%Cuptp®,  Ey*p = E¥Cap(v) 07,

 Note: Cog = —Cgsay (CY")ap = (CY")5a-

So, for Grassmann odd spinors one has

§Y =8, &yTp = —yE.



Free Wess-Zumino model

Let us consider a simple model,

Fields: Transformation rules:
¢,¢ :complex scalar 0p = &, 8 = iy EO D,
1,1 : complex spinor 856 =&, S = iy E0 .

Lagrangian: £ = 0,,00,,¢ — i)y 0.
e Check the invariance of the Lagrangian.
0L = 8m(5g5)8m¢ + amqgam (5¢) o 2(577;)7?” mw - @@Vmam((sﬁb)
partial integration:

= _€¢ ) 82¢ - 8295 ) §¢ =+ 8man§g ) €7n7m¢ + @Z’meyng ) amanqb = 0.



Free Wess-Zumino model

Can we reproduce the SUSY algebra
0 = (EQ+EQ)* =& "E R

(&,€ are Grassmann even here)

op =&, S =iy EDm o,

6p =&, 6 =iy"ED .

e Check: = zero from EOM
5%¢ = 6(Ey) = i€y EDm .

0%9p = 6(i"EDm @) = iV E (EDmY) = 10 (E4™E) = i€ (E7™ Om)).

Use Fierz identity: € (xn) + x (ne) +n (ex) = 0.

Y™E (EOmt) + & (Bmpy™E) + Omtp (—E7™E) = 0.

The SUSY algebra 6% = iéy™€ O,,, is realized on-shell.



Free Wess-Zumino model

The SUSY algebra can be realized off-shell by adding auxiliary fields.
0P = &, 0y = iVméamgb‘F §F, oF = iéym m,
5(/_5 = éﬁ, 577; = ifymfamq;‘k EF, OF = &y m@ﬁ
6% = i&y™€ O, without assuming EOM.
e Free Lagrangian: £ = 0,,$0md — i)y Opni)p + FF.

e Supermultiplets = set of fields on which the SUSY is realized irreducibly.

chiral multiplet : (¢, ¥, F)

anti-chiral multiplet : (¢, v, F')



Vector Multiplet

A,, : gauge field for the gauge group G

o, D :scalars in the adjoint rep of G Lie algebra-valued.

A, A :spinors in the adjoint rep of G (matrices)

e SUSY transformation rule

' - = 1
5A4m = =5 (@A + &N, A= 29" EFy — €D — YD
L .5 - 3\ 1 mn & - - TN ¢
00 = 5(5)‘_5)‘)7 O\ = 5’7 §Emn + &D + i7" E D0,

5D = L6 DA+ [0, 3]) — LE(™ D — [0, ).

N | .

an = amAn - anAm - Z[Ama An]7
DA = O A — i[ Ay, A



Matters Coupled To Gauge Fields

e The chiral multiplet fields can be coupled to gauge fields.

(¢,%, F) belong to the arep R of G. 0o = &,

Dy = Op — i Ay @, 0 = iy"EDy ¢ + iog + EF,

Dty = Optp — i A 6F = E(iy™ Dpptp — ioh — iA).

(¢,%, F') belong to the arep R of G. 5o = &,

Dy = O + ip A, 0 = iy"ED ¢ + i€po + EF,



U(1) R-charges

We assign to (&, €) the R-charges (+1, —1).

Then it follows from 6A,, = —%(fvmjx + EVm )

that
Vectormultiplet

field R
Am 0

o 0

A +1

) —1
D 0

R=0 1 -1 -1 1

chiral multiplet

field R
0 T
(0 r—1
F =2

r : arbitrary

anti-chiral multiplet

field R

o —r
W —r+1
F —iF -



Invariant Lagrangians

e Yang-Mills & Chern-Simons terms
1 1

EYM = —2TI' <—

2anFm” + Do Do 4+ D?* +idy™ D, A\ — i)[o, A]) :
g

21 -
ECS — 4—TI' [ mnp (AmanAp — ngmAnAp) — ()\)\ + QO'D)] .

e Fayet-Iliopoulos term * for U(1) vectormultiplet only

£FI ——CD

 Kinetic terms for chiral multiplets

Lot = DD ¢ + ¢0°¢p — idDp + FF — ithpy™ Dppah + ithAp — ipAip,

o F-term for chiral multiplets (¢;, ¥, F})

ow 1
—erm:F 7
Lr 9. ¢

" DWW W : superpotential
7 0¢;0¢; = gauge invariant function of {¢; }



Remarks

e Standard trace when writing gauge invariants

— TT(NxN)("') for SU(N>7USP(N)

1

e Chern-Simons action

ik 2
S—47T/Tr<AdA 3A)

is gauge invariant up to shifts by 2miZ if k € Z.



3D N=2 SUSY Theories : Summary

e N=2 SUSY algebra :

There are 2-component supercharges Q%, Q satisfying

{Qa7 QB} — _<7a0_1)aﬁpa7

e N=2 SUSY gauge theories : can be constructed from

Vectormultiplet :  (A,,,0,\, X\, D)  gauge group G
Chiral multiplet : (¢, ¥, F) rep. R, U(1) R-charge r,

Anti-chiral multiplet : (¢, %, F) rep. R, U(1) R-charge —r,

Invariant Lagrangian :  Lywm, L£cs, L£r1, Lmat, LF-term-



Field Theories on Curved Spaces



Field Theories on Curved Spaces

 Metric is curved :  ds? = gy (z)dz™d2"

e There is no preferred choice of coordinates.

The action should be written in a general covariant way.

S = / d*z\ /gL,

8m§58m¢ — gmn ngGnQﬁ,

_ _ _ 1

YY" Oy — Py Diptp = ¢,}/a631 (am + ZQ%’V@) (e

* Need to define spinors on curved spaces.

Spinors on curved spaces transform under local Lorentz transformations.



Vielbein and Local Lorentz Symmetry

* Vielbein e, () is a matrix-valued field satisfying
Imn(T) = dap 6%(%)82(%) *

ds? = Gn (2)dz™dz™ = S4p %€, e* = e dax™.

e Given gmn(2), the choice of e;,(x) satisfying (*) is not unique.

Different choices are related to one another by local Lorentz transformations.

em (@) = A% (2)en, (),  A%(z) € SO(3)

m

e Infinitesimal local Lorentz transformation :

1

S () = w(@)elu (@), () = Jwa (@™ (@)



Curved and Flat indices

We need to distinguish two kinds of indices

e curved indices m,n, -

transform under general coordinate transformations.

e flat indices a,b,---

transform under local Lorentz transformations.
Vielbein can convert one index to the other, for example

7*  := constant matrices satisfying {y%,~+%} = 269,

7™ := coordinate-dependent, satisfy {y"™,~"} = 29"

a a m m m_..a
a

Y=, =€ -



Spin Connection & Covariant Derivative:
« Covariant derivative of spinor fields :
— 1 ab ab ba 113 : : »
Dy, = 0 tp + Zﬂm Vabl) Q. = —’" : “spin connection

is defined so that D,% transforms the same way as v

under local Lorentz transformations.

(Recall that the covariant derivatives of vectors are defined as

D,V"=0,V"+1T™ V¥ D,V,=0,V,-TF Vi,

so that D, V", D,,V,, transform covariantly inder diffeomorphisms.)



Levi-Civita Connection & Spin Connection

* Levi-Civita connectionI'*  is determined from I'},,,, = Iy, and Djgmn = 0.

1
Fﬁzn — §gkl(amgnl + angml — algmn)

[RECEI“] 0= Dk:gmn = 8kgmn — Fﬁcmgm — Fi;ngml

— 6k:gmn — Fn,kzm — Fm,nk

8kgmn — Fn,km + Fm,nk
arngnk — Fk,mn + Pn,km
8ngkm — Fm,nk + Fk,m,n



Levi-Civita Connection & Spin Connection

* Levi-Civita connectionI'*  is determined from I'},,,, = Iy, and Djgmn = 0.

1
Fﬁzn — §gkl(amgnl + angml — algmn)

» Spin connection Q%" is determined from D, e;; = 0.

0= Dpe? =0pes +Q% el —TF eo

n bmtn
O = D[meg] = a[mez] —|— Qab[meb

nj

By introducing the 1-forms e* = e, dz™, Q% = Q% dx™

one can write

0 = De® = de® + Q% A el



SUSY on Curved Spaces



SUSY on Curved Spaces

« SUSY parameters &,¢&

are no longer constants, but solutions to Killing spinor equations.

e The simplest Killing spinor equation
D& = < 4Qab ab> £ = YaCm,
D& = (8 Qab ab) £ = YaliT] for some 7, 17]-

has solutions on the round sphere.



An Important Exercise :

Show | D,,& = v YDy = —%Rﬁ.
R : scalar curvature
[proof]
o V"D Dn§ =" Diynn = 29" D).

1
¢ ’anDmDng — §7mn[DmaDn]€

_ l,ymn ) lfyabR%i)nf (Rggn = OmefLm o anQ?rlL) + Qe ch _ Qo ch)

2 4 cm-"n cn--m

use "}/ab’}/Cd _ ,Yabcd + (5bc,yad o 5bd,}/ac . 5ac,ybd + 5ad,yb0) L (5ac(5bd o 5ad5b0)

and Bianchi identity

1
= _ZR§° (R= eZ”‘egR?,fn)



Free WZ model revisited

Q. Is the simple general covariantization
L= gmn m$8n¢ o Z'@Z/Ymme T FF
invariant under the following?
0p =&, 6 =iy EOmd + EF,  OF = i&y™ D),

00 =&Y, 0 =1iy"E0md +EF,  OF =18y Dpib.



L=g""0m¢dn¢ — ipy" D) + FF

0p = &, 0 = i'ymgamgb + §F, OF = ig’YmDm@Da
0p =&, 0 =iy"EDmo + EF, OF = i&y™ D).

0L = g"" 0 (30)0nd — i(09)Y™ Dt + (6F) F

g, B0, (58) — iy D, (50) + F(5F) === partial integration

= —(§¥)9"" D D¢ — i(—i0p$EY" + FEY" Drth + (167" Dinth) F
—g"" Dy Dy (€0) — 19y Dy (i7" E0n @ + EF) + F(i€y™ D))
e cancel
— _(g&)gmanDngb — 8n§££7n7mme
. =y o
—9"" D D1 @ () + YY" Dy (V" €00 9)
= — (E\ BT+ DhPwestadadil, + 0, ¢ D&y ™1
) ) ) ) ) - N
— T D Byelebal) + lamade T, 0 + V'Y Dy £0n ¢ D& = Ym,

= On VY Y Y + VY Y Y100 = —0,, G0y — Oy



L= gmn m$8n¢ o izﬁfymme + FF

0¢p =&, 0 = iy"EOnd+EF +ifip,  OF = i€y Dy,
36 =D, 0% =i"€0nd+EF £ind,  OF = i€y D)

-
-

y )
0L = g™ O (36)0np — i(09)y™ Dynt) + (6F) F
_ _ o
+9"" O @O0 (09) — 1py™ Dy (09) + F(OF)
— — nqupfynn — angbgz’ynﬁ —i(ingE)’ymme — ilﬁfymDm(iﬁgb)
| | |
I

= ¢y Dy + 9y Dy

= —SR(BYE + 68) = — RO(39)

_ 1 - _ _
L=g""0md0nd + SROG — iy Dyt + FF s invariant.




WZ model on Curved Space : Summary

_ 1 - _ _
e Lagrangian: L= ¢""0,¢00,¢ + éRgbgb — iy Dy + FF

e SUSY transformation :

30 =€, 0Y = Iy E0nd+EF + 19" D 6, OF =iy Dt

S6=ED, 0§ =iy"0nd+EF + 29" Dpé b, OF = i€y Dy

where &, ¢ satisfy Killing spinor equation

D& =vmn, D& =~y for some 17,7



Generalization of Killing Spinors

e Let gmn(2) :ametric on a 3D space M,
Vin(x),Upn(x)  : vector fields on M,
M(x) :ascalar field on M.

e The background {gmn, Vin, Um, M} is supersymmetric if

1 1
D€ = (am + Zngjyab — z'Vm) £ = iMAyp € —iUnpé — §emnpU"7P§,

- 1 _ _ _ 1 _
Dmf = (am + Zﬂgr?fyab + 2Vm) f ZM’me + ZUm€ + §€mnpUn/yp€7

have solutions.

* Let us restrict to the case U,, = 0 in the following.

Vi is the gauge field for U(1) R-symmetry.



Generalization of Killing Spinors

The origin of the Killing spinor equation
{gmn> Vi, U, M } are the fields in 3D A/ = 2 supergravity multiplet.

Supergravity . . . a theory of graviton ¢mn, gravitino ,,, 1, and other fields

which is invariant under local SUSY (&, ¢ are arbitrary functions)
O€p, = gVCL@Zm + €7a€m>
1
0 = ( 4Qabv“b — 4V, >£—z'Mvm£+z'Um£+ S EmnpU" Y7,

_ _ _ 1
Oy = (a + 4Qab7ab+zv )g—iMVmg iU & — emnpU" 73

Killing spinor equation . .. &, =0, ¢, = 0.



Rigid SUSY on Curved Backgrounds

Proposal by Festuccia and Seiberg
« an off-shell local SUSY theory of gravity multiplet {g,.n., Vin, Umn, M ¥, ¥ }
coupled to vector and chiral multiplets is known.

e There is a classical configuration {gmn: Vi, Um, M} (and ¥m = Y =0)

such that 6¢,, = 0%, = 0 has solutions (&, ).

Then the Lagrangian of the gravity and other multiplets

'C({gmna"‘}7{Am>"'}7{¢7"'})

e is invariant under the above 4,

 and the above § does not change the value of gravity multiplet fields.



3D N=2 SUSY on General Curved Spaces

e Vectormultiplet :

OAm = _%(gfym;‘ + E/Vm)‘)a A= """ EFmn — D — iy E D0,
manmn + fD + Z’meDmO',

E(Y" DA — [0, A] +iMN).

where D, \ = 0,, >\+4Qabyab)\ Vi A



3D N=2 SUSY on General Curved Spaces

e Chiral multiplet of R-charge r :

56 =&, 0 =iy"EDyd + ifop — 2rMEp + EF,

0p = &, 61 = iV"ED ¢ + i€po — 2rMEp + EF,

OF = E{in™" Dyntp —ioy) — idd + (2r — HYM Y},

OF = £ {iY" D) —itha + ipA + (2r — )M},

where Dm¢ = 8m¢ - ZAm¢ - ”:Tvm¢7
Di® = O + id A, + irVi, .



3D N=2 SUSY on General Curved Spaces

e Invariant Lagrangians

1 [1 _ _ _
Lyv = —Tr [§anFm” + Do Do + D2 + iy Dy X — iXo, A] — MAA]
g

21 -
Log = 4£Tr [gm”p(AmanAp — ngmAnAp) — A\ — 20D — 4M02]
T

i€

7

Lr1 = (D—|—4MO')

Linat = DndD™ ) + ¢o?¢ + 4i(r — 1) Moo — 2r(2r — 1) M? ¢ + %gﬁgb — i Do

+FF — ipy™ D) + ipo) — (2r — 1) Maprp + ihAd — ip\ap.

ow 1 0°W
*CF—term = Fi———

90, 2"ViBg.09,

W : gauge invariant function of ¢; of R-charge 2



SUSY on Curved Spaces : Summary

e SUSY parameters &, ¢ on curved spaces are not constant

but solutions to Killing spinor equations.

e The general form of Killing spinor equation has origin in supergravity.
It can depend on the curved metric as well as other fields

in gravity multiplet.

e The Lagrangians & transformation rules can be generalized

from flat to curved spaces.



Geometry of 3-Sphere



Geometry of 3-Sphere

3%4_:6%4_3;%4_:6321 xo = cos B cos ¢,

. . . x3 = cos fsin @,
in R* with metric
r9 = sinf cos x,

ds* = 0?(dzi + dx] + dos + dz3) x1 = sinfsin y

symmetry : SO(4) ~SU(2)r x SU(2)r

metric :  ds® = (*(cos” Odyp? + sin® 0d*x + db?)
—elel +e%e? + 6363,

vielbein : e! = lcosfdy, e?=/(sinfdy, e>={db.

spin connection : solve de® + Q% A e = 0.

1 1
Q2=0, QY= —7 sinfdy, Q% = 7 cos 0dy.



3-Sphere and SU(2)

 3-sphere is the group manifold SU(2)

cos fe*¥ sin fe*X

- (— sin fe™"X  cos He_i‘f’) € 5U(2)

. & £
* metric: ds® = (*dz,dx, = Etr (dg'dg) = —Etl“(g_ldg)Q-

(ZEQ + ixg iiCl + ZCQ)

g ixl — Ty X — ’i:l?g

o Left-invariant 1-forms : ¢ ‘dg = i7" u®

1

p! = —sin(p — x) df + 5 cos(p — x) sin 26 (dy + dx),
1

,LL2 — 4 COS(QO _ X) dg + 5 Sin(gp — X) sin 20 (dgp + dX),

1 1
u’ = i(dgp —dx) + 5 cos 20 (dp + dx).

« Convenient choice of vielbein : ds® = (%%, e = (u°.



3-Sphere and SU(2)

Let us determine the spin connection from

de® + Q% A eb = 0. (e® = Lu®)

iyt =g~ dg
ivdu® = d(g~'dg) = —g 'dgg~'dg = — (i pu*)?

_ ,Yablua A ,ub _ Z-gabc,yclua /\,LLb



Killing Spinors

Constant spinors satisfy d§ = 0.

_ 1abab_1ab1abcc_icc
D§—d§+47 Q 5—47 /° ef——%vef
m _Z a m _a
dx Dmﬁ——%v (dx™el )E
D f——i &

1
The round S? of radius ¢ with the b.g. fields M = 27" U,=V,=0

has 2 Killing spinors for both £ and €.



Killing Vectors

0 a - a
e Define R® = R“ma— by the property R%g = igv“.
:Em

g —sinfe "X  cosfe ¥

( cos fe'? sin fe*X )

R' = —sin(p — x)9y + cos(¢ — x) (tan 69, + cot 69, ),
R = + cos(p — x)Dy + sin(p — x) (tan 89, + cot 60, ) ,

: 1 s : :
Important properties : 1) ?32“ satisfies SU(2) commutation relation.
?

2) Rampb o= 5P, (R“m ~ inverse Vielbein)

[proof] iRam,u,?n = Ro™ . (—i/2) Tr[g_lf?mg”yb]

= (=i/2) Tr[g ™" -igy® - 7"] = 6%



Geometry of 3-Sphere : Summary

* Round sphere of radius ¢ with the background fields

M = 2%, U,, =V, =0 issupersymmetric.

* Round sphere is SO(4) ~ SU(2) x SU(2)-symmetric.
Metric, vielbein, Laplace operator, Dirac operator, . . . can be expressed

in terms of ©“, R®, which transform nicely under the SU(2).

e The path integral for sphere partition function can be explicitly performed
using SUSY localization.

We only need the representation theory of SU(2).



II. 3-Sphere Partition Function

We derive an exact formula for general N=2 SUSY theories.

contents: - SUSY localization
- sphere partition function

- applications



SUSY L.ocalization



SUSY L.ocalization

* We define partition function of gauge theories on 3-sphere

by path integrals over bosonic & fermionic fields.

e We begin by reviewing basic facts and techniques

- Grassmann integral

- Gaussian integral

- Saddle point approximation



Grassmann Variables

e Fermions are Grassmann numbers

{n1,--- ,mn} are Grassmann numbers NNy = —NiNis  1;m; = 0.

* Integrals over a Grassmann number 7/

/dn:(), /dnnzl.
0

/ dnf(n) = / nlfo+nf) = i = 5 f0

e Note: - For Grassmann numbers, integral = differentiation.

- Integral of total derivative is zero, %)
/ F(n)=0.

dn —
77877



Gaussian Integrals

complex bosons /d2z exp (—A|z|2) = %,

7Tn

2n 5 A ) —
/d zexp (—2;Aij25) oA

A : (n xn) Hermite, positive definite matrix

Fermions / dndij exp (Afn) = A,

/dnndnﬁ exp (777,141377]) — det A.



Gaussian Integrals in Field Theories

 path integral over free fields

Bosons
/ DD exp (- / d*x\/gg™" m&anqb) = det(—V?)7 1,

Fermions

/D@b@w exp (—/dgx@i@DWmme) = det(—iy" Dyy,).

e The determinants are the product of (infinitely many) eigenvalues.
To compute them, we need the spectrum (= eigenvalues & eigenfunctions)

of the operators —V?, —iy™D,,,.



Non-Gaussian Integrals

e As a model of interacting field theories, let us consider

1 1
Z = /dmexp (——25(:1:)) = /dmexp (—? {x2+t3x3—|—t4a¢4+...

g

x = 0 is a local minimum of S(z).

Perturbation theory computes Z as power series in {9,t3,ta,- -+ }.

Z:g/dacexp<—{:U2+gt3zv3—|—92t4:c4_|_...}>

— Q/dxexp(—CL‘Q) Z (Zgtar’)™ (Zg"taa”)™

n3! 714!

n3,mng, -

In the weak coupling (9 small), the terms of higher order in {t3,%4, -}

becomes negligible.



Saddle Point Approximation

92
T = X« is a saddle point if / \g N

S (z,) =0, 8"(z4) > 0.

We can approximate Z as

7 = /d:z: exp (-%S(@) o

= Z(perturbation expansion around x = )

2 27 g2
= ; e_s(x*)/g S,;n(-i*) {1 _|_ .o (Series in g)}

This approximation becomes reliable in the limit g — O.




SUSY L.ocalization

In SUSY path integrals, one can use Q (one of the SUSY) to show

The non-zero contribution to the path integral localizes onto

SUSY saddle points

= bosonic field configurations satisfying

Q(fermion) = 0 for all the fermions.



The idea of SUSY localization
Consider a SUSY integral over bosons {¢; } and fermions {:}.
2= [ T do: TLdwsexp (-5 3)),
Qs o (IT; do: T, 5 ) = 0.

[Transformation rule] 0p; = eQop; = € - (fermionic) ;=€ Fz.j (gb)% +oe

(€: Grassmann parameter) 0; = eQp; =€ (bosonic)j — € Pj(¢) e

If we can move to a new coordinate system in which

€ is one of the fermionic coordinates, then the integral is zero.

QS = B = 0, Z = / [de E ] exp ( — S(e—independent)) = 0.

One can do this change of variables as long as there are v); such that P;(¢) # 0.

This change of variable is impossible where P;(¢) = 0 for all j.



The idea of SUSY localization
Consider a SUSY integral over bosons {¢; } and fermions {:}.
2= [ ] o Ty exp (-S(61.67).
( J

QS =Q <Hz do; Hj d¢j) = 0.

[Transformation rule] 0p; = eQop; = € - (fermionic) ;=€ Fz.j (gb)% +oe

(€: Grassmann parameter) 0; = eQp; =€ (bosonic)j — € Pj(¢) e

The integral localizes to SUSY saddle points,

ij = (0 for all %’-
(which means P;(¢) = 0 for all j5.)



Computing Saddle-Point Contributions

e SUSY localization implies that the saddle point approximation

(Gaussian approximation) becomes exact.

e SUSY path integrals can be simplified as follows :

1. choose a Q-exact “localization term” AS = QV (Q*V =0) such that

* its bosonic part has positive definite real part

* its bosonic part vanishes only at SUSY saddle points.

standard choice: V=) (QU)'¥.

U :fermions

Q= 3 QU+

U:fermions



Computing Saddle-Point Contributions
e SUSY localization implies that the saddle point approximation
(Gaussian approximation) becomes exact.

e SUSY path integrals can be simplified as follows :

2. deform the path integral by AS = QV
Z = /d(measure) exp(—S —tQV)

The integral is independent of t, because

07 _
ot

= —/d(measure)Q(eXp(—S - tQV)V) =0

/d(measure) exp(—=S —tQV) - (—QV)

* the measure is Q -invariant.

3. Approximate AS by quadratic function (exact in the limit ¢ — large)



An Application:

Sphere Partition Function



Sphere Partition Function

Let us now apply the localization argument to A" = 2 SUSY theories on S°.

7Z = /D(ﬁelds) exp (—9)
S = linear combination of Sywm, Scs, SFI, Smat, OF-term

(fields) = vector multiplet : (A, 0, A\, A, D)
chiral multiplet : (¢, ), F'; ¢,, F)

Q = SUSY transformation

for a specific pair of Killing spinors &, €.

Where are the SUSY saddle points?



A Shortcut to Saddle Points

Both of the following Lagrangians are SUSY exact.

(for any choice of Killing spinors &, ¢ such that £€ # 0)

1 1
Lynm = —2T1“ [§anan + D,,cD™"o + D? ...
g

_ _ R _
Linat = D¢ D™ ¢ + ¢ (02 +4i(r — )Mo — 2r(2r — 1)M?* + % —z'D) ¢+ FF +--.

Use R =6/, M = 1/2( for a sphere of radius /.

_ 2 _
T%Q r) +7@(r—1)a—z‘D)¢+FF+--..

= D, 3D+ (0% +

Both of them can be written as Q(fermion).

Their bosonic parts have to be zero at saddle points.



SUSY saddle points

« vector multiplet

1 1
0= g—2Tr 5 EmnF™" + Do D™ + D?| at saddle points

Ap =0, 0 =const., D=0 up to gauge transformations.

* One can assume 0 is in the Cartan subalgebra.

For example, for SU () gauge group, o is a N x N diagonal traceless matrix.

 chiral multiplet

2 — 21 =
r2-r) + _Z(r —1)o — z'D) ¢ + I at saddle points

0= D,,¢0D™¢ + ¢ <02 + = ;

»=F=0. (atleastif 0 < r < 2)



The Path Integral Simplifies

Let | a = (constant value of o) ... parametrizes the saddle points

r = rank(gauge group)

Zgs = /d’”a/@(others) lim exp{ — t(SyMm + Smat) |— S}

t— 00

— /draexp{—S(a)} + Z1100p(@)-

Here S(a) = (the value of the original action at the saddle point)
Scs(a) = —inkl*Tr(a?), Spi(a) = —4wicla,
Sym(a) = Smat(a) = Sp-term (@) = 0.
Note: Zgs is independent of YM coupling and F-term couplings.

It remains to compute the “1-loop determinant” Z1_1o0p(a),

for which the Gaussian approximation is exact.



Exact FO]_"II]Ula (Kapustin-Willett-Yaakov '09, Jafferis '10, Hama-KH-Lee '10)

For a theory with | gauge group G,
the j-th chiral multiplet: R-charge 7;, rep 12;,

action S,

the sphere partition function is given by the formula with b := 1.

1 [T . .
Zgs = Wi /il;[ldai H 4sinh(7wa - ab) sinh(ma - a/b) - exp{—S(a)}

C!EA_|_

TI [ 11 sb(%(b+b_1)(1 1)) —a-w)]

7 ’lUERj

— X

N—"

H mb+nb~! 4+ 2(b+ b1
mb+nb=t +1(b+b-1) +ix’

Double-sine function: 53(7) =

m,nEZZO



(A Digression)
Simple Lie Algebras and Their Representations



Simple Lie algebras and their representations

Recall

e Lie algebras in general are characterized by the generators {75 }

and commutators |1y, Tp] = ic gy Te.

e For rank-r simple Lie algebras one can find r independent

commuting generators {/1; (i—1,... »)} generating Cartan subalgebra.



Cartan-Weyl basis :

{Hz (i=1,---,7r)> Eq (aEA)}
|H;, Hj] =0, H, :Cartan generator
H;, Eq] = ajEy, E« :ladder operator

a=(a, - ,0) €A :“root”

Standard normalization:

TT(HZH]) — 5ij7 Tr(EaE—a) — 2/‘&‘2,

It is easy to derive the following:

[Eaa EB] — Na,,BEa—I—,B (if Q + B S A),

2
" P

(Eo, B H,.



Positive roots, simple roots & Weyl group

« SU(3) has rank 2 and 6 roots A = {+o, £03, £v}.

e Choose an arbitrary vector 77,

and divide the roots according to their inner product

with 7.
A (set of positive roots) = {3, —v, a}.

 All the positive roots can be written as linear sums of

r simple roots with Z>o coefficients.

B (set of simple roots) = {3, —~v}.

« A,, B depend on the choice of 7-

Different choices are related by Weyl reflections.

Weyl group : W = S5 for SU(3).



Representations & weights

For any representation of Lie algebra, the basis vectors can be chosen

so as to diagonalize H;.
Hijw) = w;|w),

Ea|w> — Na,w|w + O£> w = (wl, e ,wr) € R : “WEight”

A Lie algebra representation R is a collection of weights.

. . . Now we know all the symbols in the formula!

1 . . .
Zss = T / Hdai [ 4sinh(ra - ab)sinh(ra - a/b) - exp {~S(a)}

CXGA+

T [ 11 sb(%(ber_l)(l ) —a-w)]

7 weR;



One-Loop Determinant



Determinant: Chiral Multiplet

We wish to reproduce

Z1Joop = H sb<%(b+ b H(1-7r)—a- w)
weR

b=1

from the path integral over chiral multiplet in the rep. R and R-charge r.
* U(1) case

Consider a U (1) vectormultiplet fixed at the saddle-point value.

oc=ua (const), A,,=D=0.

The path integral over a chiral multiplet with the U (1) charge +1
should give

Z1-loop = sb<%(b +b0 H(1—7r) - a)

B H n+1—r+ia\"
- n+r—1-—1a

TLEZ_|_

b=1




Determinant: Chiral Multiplet

We evaluate the Gaussian path integral

Z1100p = tlim D(chiral) exp (—tSmat)

— 00

with the localization Lagrangian:

14 2

c T m 1 abab (2T—1)
1)y <8m+47 Q) —a—1 57

Lot = 9" 0O + & <a2 + %(r —1)a+ r2 - T)> ¢

)w+FF

Note: ¢ plays the role of mass.

The “real mass” for the matters can be introduced

by turning on a background vectormultiplet for flavor symmetries.



Determinant: Chiral Multiplet

 Rewrite the localization Lagrangian using e/'0,,, = R®.

_ 1 - 4 -
G OGOt = s RG- RUG = 56+ a5

M 1ab ab _1_ _saama § _l_ a ya §
—i)y <8m+4’y Qm)¢—£¢( 7R +2>¢—€¢<4SJ5R+2>¢.
1 a a 1 a : : :
Jy = %3% : =357 - satisfy SU(2) commutation relation.

e The localization Lagrangian becomes

— 1 2 . 2 1 - B ) _
£mat—€—2¢{4.]gz—l—1—(l—r-|—z€a) }¢—|—€¢{4Jgg S +2 r+zea}¢+FF

* We need the spectrum of the operators

1 1
K¢zﬁ[4J§+1—(1—r+iea)2], Ky =4Iz S+2—r+ila], Kr =1



Spectrum of kinetic operators

1
Bosons: K¢z£—2[4J§Q+1—(1—r+i€a)2], Kp=1.

« ¢, F canbe expanded into spherical harmonics V™.? (n € Zxo)

mm

... eigenfunctions of Jg =J5 = 2(2 +1), J; =m, J} =m.

K¢ =

1
—[4-23+1)+1—-(1—r+ila)’]

N

1
= —(n+2—r+ila)(n+r—ila)

N

t2 (n+1)2
det(tKy) - det(tKp) = H {6_2(” +2—r+ila)(n+r— iﬁa)}

nGZZO



Spectrum of kinetic operators

1
Fermions: Ky = J 4R - S +2—r+ila

« 9 can be expanded into spinor spherical harmonics erfm VEVE=)
= <(const) : Yj@ m1/2>

Y.]a]~ — [
(const) - Y?f%mﬂ/z

m,m

~ o~
. . ~

J2=iGi+1), Je+8)?2*=7G+1), Ji=m, Js+8>=nm.

1 . n n+tl
K¢:z(n+2—r+z€a) on Y ?*
1 . ntl n
szz(—n—l—r+z€a) on Y 272
42 (n+1)(n+2)
det(tKy) = {6—2(n+2—r—i—i€a)(—n—1—fr—l—iﬁa)}



Determinant: Chiral Multiplet

We found
£2 (n+1)(n+2)
det(tKy) = H {g—z(n +2—r+ila)(—n—1—r+ iﬁa)}
nEZZO
t2 (n+1)2
det(tKy) - det(tKp) = H {E_Q(n +2—r+ila)(n+r— iﬁa)}

nEZZO

The total 1-loop determinant for a chiral multiplet
with U(1) charge +1, R-charge r is

det tK¢)

B (
Z11oop(a) = det(tKy) det(tKr)

B {%(N+1—r+i€a)}n_ o
=11 sy — (0= -t



Generalization

Z1-100p(@) = sp=1(i(1 — 1) — la)

for a chiral multiplet of U(1) charge +1, R-charge r.

Consider a vectormultiplet for the gauge group G
fixed at a saddle point (o) = a;H;.

What is Z1.100p Of the chiral multiplet in the rep. R?

The gauge group is broken from G to U(1)®" at the saddle point.

The chiral multiplet in rep. R

= A collection of chiral multiplets with U(1)®” charge w = (w1, -+ ,w,) € R.

Z1-1oop (@) = H Sp—1 (z(l —7r)—Vla - w)

weR



Determinant: Vectormultiplet

1
The goal is : Wdra H 4sinh*(Tao)

OLEA+



Determinant: Vectormultiplet

We begin by studying the Lagrangian for 3D photon.

1 1 1

The kinetic operator for the photon is (xd)?,

where * is Hodge star operator which maps 2-forms to 1-forms.

It acts on the basis vielbein forms as
*(ea A eb) _ gabcec’

(et Ne?)=e€?, x(e?ne’) =€, x(e?Ael)=¢%

Let us study the spectrum of the operator xd.



Spectrum of the kinetic operator

e Let us study the operator xd on the round 3-sphere.

A=A, dz™ = A%°

F =dA =dA" Ne® + A%de"”

= %ea A e’ (iR“Ab + sabcAc>

1

KF = xdA = Ze" (eabcmbAc + 2A“>

Al 1 RZA3 — R3A? 424!
xd | A2 | = 7 R3IAY — RVA? 4 242
A3 R1AZ — R2AL + 243

. 933 32

1 2 Al
— z ys 2 —Rl A2 —
—-R? R! 2 A3

*xd = (1+J5R~T),

N

d=dx" 0, = —-e“R",
14
1
de® = Zsabceb A e€

1 Al
; (2 _ z'ﬂzaTa) <A2>

% = generator of SU(2) in triplet rep.



Spectrum of the kinetic operator

A = (A', A%, A%) can be expanded into vector spherical harmonics Y%]m

J2 =G +1), Jr+T)?=jG+1), j=jorj*l.

J2 =m, J5+T° =1
2 2 .
wd= (14 Ty T) = "7 on (j.j)=(%,2+1) (n€ Zs)
=0 on (,7)=(3.%)  (n€Zx)
n—|—2 . n n
=~ on (j,j)=(5+13%) (n€Z>)

The modes [2] are pure gauge, dA = 0.

The modes [1],[3] satisfy the Lorentz gauge condition d x A = 0.

[1]
[2]
[3]



Gauge-Fixing

The gauge field is now decomposed as A = Ay + Ajg) + Aps).

Gauge transformation acts on it as (A, A, Ag)) = (0,dyp, 0).

The pure gauge modes Ao need to be eliminated by gauge fixing.

DA DAy,
_ [ DADA
/ (gauge) / =B prg

where D’y indicates the constant mode is excluded.

 Jacobian :

3 m
DA[Q] B /DA[Q] exp (—/d 33‘\/§A[2]A[2]m)
p =
D'y /D’gpexp (—/d‘gm\/g@mgp@mgo)

det

— det/(—V?)3 .



Determinant: Vectormultiplet

Consider now a vectormultiplet for a general gauge group.

e Localization Lagrangian:

1 1 _ _ _
Lym = 5 Tr |5 Fpn ™" 4 Do D™o + D? +iMy" Dy A — i\o, A] — M
g

- Gaussian approximation
- Lorentz gauge 0™A,, =0 (A =0)

- decompose 0 =a+ o

1 P S m < :
~ g—2Tr [A - (xd)* A — [a, A]® + 0,,60™6 + D* +idy" Dy A — iMa, N — 55 A)]

« Integral over & gives det(—V?)~z4imG

Ap
D'y

which cancels with the Jacobian determinant det



Read off the kinetic operators

1 _ _ _
Lym ~ —Tr[A- (xd)*A = [a, A] 4+ 0,60™6 + D + idy™ D A — iX[a, A] — 95 AN
g

Using the Cartan-Weyl basis one finds

S Z [A_a{ (#d)? + (@)?} A + 6 a(—V?)6a + D_aDa

aEA,
+A_a{iy™D,, — e}/\a + Aa{iv™D,, +iac — 215})\_0[}

= Z Ai(+d)2 Ay + Gi(~V2)6i + DF + Al D — 1]

DAj:a[2] det [ (tvy™ Dy, — i@ — —)} det [ (iv" Dy, + tacx — 2%)]

L s picars ] s [ o
DA, det [ & (1™ Dy — %)
" Hdet :DSOEQ] | 1/2[9 - ] 1/2

det | % (+d)?| " det | % (~V?)] Y det ]

[1],(3]



Determinant: Vectormultiplet

After some cancellations one is left with

det zﬁva — ilac — %} det [iﬁvam + ilao — %]
det [(2(xd)? + £ (ac)?]

Zl loop — H

(XEA+ [1]7[3]
det [ifvam — %}r
X
r/2
det [2(xd)2] 7%
2 sinh (7! ’
_ H [n2r H (TLQ +€2(aa)2)] :(27.‘.)7’ H ( Slné(ﬂ' aa)) .
nesy acA acAy ac
Recall our goal is : Wd* [] 4sinb®(raa)

(XGA+

Close but not quite!



Residual gauge symmetry

1
Another factor —— H (acx)? arises from the further gauge fixing.

W

CXEA_|_

- we assumed (0) = a to be in Cartan subalgebra, not in the full Lie algebra.
- a ( r -component vector in the root space)

is subject to identification by Weyl reflections.



Vandermonde's determinant

Compute the Faddeev-Popov's determinant for the gauge fixing

a € Cartan subalgebra .

-originala:  a=>) a;H;+ Y aaFa  (gauge condition : da = 0)
r=1 acA

- ghosts and BRST symmetry :

opa = [c, a], c = Z caFPo, 0Bba = Ba, 0Ba =0.
acA

- gauge-fixing term : 6B( Z baaa> = Z (Baaa + ba(aa)ca)

acA o EA

- Faddeev-Popov determinant :

/[dBdbdc] exp i Z (Bata + ba(aa)cq) = H (21)%6%(a+a) - (acr)?.

acA acAy



Sphere Partition Function

Summary :

the sphere partition function is given by the formula with 6 := 1.

Zgs = ‘W|/Hdal H 4sinh(ma - ab) sinh(wa - a/b) - exp{—S(a)}

aEN
TI] IT (5040790 -r) - a-w))
J "weR;
where e ~9cs(@) — e”’fTr(aQ)’ e~ Sri(a) — pimica,
sp(z) = H mb+nb~t 4+ (b +b71) —ix

mb+nb=t +1(b+b"1) +ix

m,nel>g

* a,( are redefined to be dimensionless.



Application of Sphere Partition Function

e Multiple M2-branes

e F-theorem and F-maximization



Worldvolume theory of multiple M2-branes

M2-brane is a (2+1)-dim. fundamental dynamical object

in the 11-dim. quantum supergravity called M-theory.

The worldvolume theory for multiple M2-branes was not known

until 2007.

AdS/CFET correspondence :

The worldvolume theory on N coincident M2-branes is dual

to the 11-dim. supergravity on AdS, x S”.

Related to the above conjecture,

the free energy of the woldvolume theory of N M2-branes was believed

to behave, at strong coupling, as F ~ const - N 2,



Worldvolume theory of multiple M2-branes

ABJM model Aharony, Bergman, Jafferis, Maldacena, 2008

The theory of N M2-branes on the orbifold C*/Z,,
(Z17 225 %35 24) ~ (CUZl, We2,Wz3, CUZ4) (wk — 1)

was shown to be given by a Chern-Simons-matter theory

- Gauge group & Chern-Simons coupling : U(N)ir X U(N)_g
- 2 chiral multiplets of R-charge 1/2 in the rep. ([J, )
- 2 chiral multiplets of R-charge 1/2 in the rep. ([J, )

- a quartic superpotential

All the fields are N x N matrices. Why F ~ N3/2?



Worldvolume theory of multiple M2-branes

Exact free energy Drukker, Marino, Putrov, 2010

The free energy was evaluated using the exact formula

for sphere partition function.

/ H d,LLZ d,uz % 2_'&?) Hi<j (2 sinh Hz‘;ﬂj )2(2 SNiIlh /M;Hj )2
21 2m [1; ;(2 cosh #55)2

In the limit of large N, one can use the technique of large-N

matrix integrals.

=~
N|—

=
[\][9¥]



F-theorem and F-maximization

Free energy of a d-dim. CFT on the d-sphere is an important observable,

though it is generally UV divergent.

Fy=—log Zga = ag(Ar)? 4+ ag_o(Ar)*=2 + ... A : UV cutoff

r :radius

Removing the power divergences one generally finds

(d=even) F, :@o;g([\r) + finite.
' 1
(d = odd) universa

a-theorem / F-theorem : For a pair of CFTs connected by a RG flow,

(d = even) aygy > aiR-

(d = odd) Fuv > FiR.



F-theorem and F-maximization

Consider a 3D N = 2 theory of vector and chiral multiplets,

which is free in the UV and flows to a SCFT in the IR.

Localization method allows us to compute the free energy

as a function of the R-charges of the matter chiral multiplets.

» Consistent assignments of R-charges in the UV is not unique.

Any two consistent choices are related by shifts by global symmetries.

R(t) — RO + ZtaQa .

For which value of ¢, is F'(t,) the free energy of the IR SCFT?

The value which maximizes ReF'(t,).

Closset, Dumitrescu, Festuccia, Komargodski, Seiberg, 2012



III. Squashings

e Squashings
e Elliosoid Partition Function

e AGT Relation



Recap

The sphere partition function is given by the formula with b := 1.

Zgs = |W|/Hdaz H 4sinh(7wa - ab) sinh(wa - a/b) - exp {—S(a)}

acA

1 [ I1 sb(%(b+b_1)(1 — ) —a-w)]

7 wERj

where e Scs(@) — e’m’fo(GQ), e~ Ski(a) _ gimica

1l mb+nb~!t 4+ 2(b+b7!) —ix

() mb+nb=! 4+ 2(b+b~) +ix

nunGZZO

The parameter b corresponds to a SUSY deformation

away from the round sphere, called “squashing parameter”.



Squashing to Ellipsoid

The formula with general b is reproduced from the ellipsoid,

2 2 2 2

L + X1 Lo + L3 o . A b / g
/2 + 7 =1 in flat R*. /L.

e symmetry  SO(4) — U(1) x U(1)

e coordinates (zg,x1,x2,x3) = (Lcos cos o, £ cosBsin g, £sinf cos x, £sin b sin x)

* metric ds? = 02 cos® 0dp? + 02 sin? 0dy > + f(0)%d6?,

 vielbein et = lcosOdp, e? =/lsinfdy, €= f(0)dh.

(f(@) — \/6281n29—|—57260829)

e spin connection Q2 =0 Q= L sin fdp, Q% = £ cos Ody.

f

~~



Killing spinors on the ellipsoid

* We choose the Killing spinors as
1 [—esx—¢t0) _ 1 [es(=x+o+0) _
= ( e%<x—so—e>)  8F 5 (e%(—x+so—9)> 6 =1
and choose the SUGRA background fields (M, V,,,U,,) so that
they satisfy Killing spinor equation.
e On the round sphere they satisfy

ab ab _ i ab ab - -
<<9 + 49 )S— 57 mé; (8m+ 7 9mY )f ﬂmﬁ,

e On the ellipsoid they satisfy

(am + Qabyab — iV, ) £ = iMrymé, (a Q%ab +1iV, ) £ = iMrym€,

~

where dea:m:—%(1—£)d¢+1(1—§>dx, M:%.



“Traditional” Squashing
» Another, more well-studied, deformation of the sphere is
ds? = 2(utpt + p2pu?) + 2088, (Recall g~ 'dg = iu*~*)
This is traditionally called the squashed sphere.
e Isometry SO(4) — SU(2); x U(1)x

« Killing spinors : On the round sphere, there is a pair &, 3 satisfying

1abab _i labab __i -

On the squashed sphere, the same pair satisfies

1
(a + 2y — iVm> § = iMym,

g
o) +1Qab Wb iV ) € =iMy,E,  with V dmm—(l—gj) 3 M—i
o 1 mY 1V = 1L YmG, m — 62 2 _252

 The partition function is given by : b=1.



“Traditional” Squashing
» Another, more well-studied, deformation of the sphere is
ds? = 2(utpt + p2pu?) + 2088, (Recall g~ 'dg = iu*~*)
This is traditionally called the squashed sphere.
* Isometry SO(4) — SU(2); x U(1)x

 Killing spinors : On the round sphere, there is another pair 77,7 satisfying

1 1 1 )
- _Qab ab =, 8m _Qab ab = m_-
(3 + 5 8m )77 2€vn,< + 8y )0 57 Yml

On the squashed sphere, the same pair satisfies

1 a a N mn o g Y
<8m + 3 b) N =Myt = By, with  Bda™ = /2 = Py,
1 o
(6m+ZQ?q"i),yab) N = tMym7 + B " Ymn, M = S92

 The partition function is givenby : | b =u — i/ 1 — u2.



Condition f()l“ d SUSY Closset, Dumitrescu, Festuccia, Komargodski 2012

In order for a 3-manifold to have a Killing spinor satisfying

1 1
Dmg = (am + ZQ%)’Yab T va) 5 — ZM7m£ T ZUmg T §5mnpUn7p£7

The 3-manifold has to have an almost contact metric structure
= atriplet (u,&" = ¢"'m, ®¥,) satisfying
s =1, ®F,0°, = —0o", + &,
satisfying an integrability condition Cb“pﬁg@py = 0.
Such a manifold has local coordinate charts
(1,2,2) (7'=7—-1(2,2), 2 =f(2))

and metric

ds* = (d1 + h(7,2,2)dz + h(T, 2,2)dZ)? + c(T, 2, Z)*dzdZ.



Example of Contact Manifolds

e Seifert manifolds

= circle bundle over Riemann surface (with orbifold singularities)

have a pair of Killing spinors of opposite R-charge.

. . 1 .
D¢ = ( 49%“ — iV ) £ = iMyp,€E —iUné — §smnpU PE,

_ _ 1 _
D& = (3 + 4Qab’7ab + 1V, ) f iMym& + iU + §5mnpUn’Yp€7

» metric  ds® = Q(z, 2)*(dT + h(z,2)dz + h(z,2)dz)* + c(z, 2)*dzdz.

has an isometry 0.



Ellipsoid Partition Function



Localization argument works, but..

The SUSY saddle points are labeled by a = (constant value of o).

Zen = lim | d"a D(others) exp { — S —t(Sym + Smat)}

t— 00
/draexp{ S(a } Z1-100p (@).

e—SCS(a) _ eiﬂ'k:ﬁéTr(aQ), e_SFI(a) _ 647Ti<£éa.

The computation of 1-loop determinant is harder

because the spherical harmonics do not diagonalize the kinetic operators.

* For squashed sphere with SU(2)z x U(1)x isometry,
the spherical harmonics still diagonalize the kinetic term

although the eigenvalue degeneracy is partially resolved.



Determinants from Index theorem

Actually, Z1.100p(@) can be computed without knowing the full spectrum

by using the index theorem.

Let us compute it in the two examples,

e The theory of a chiral multiplet charged +1 under
a background U(1) vectormultiplet fixed at the saddle point value.
e pure SYM theory

Before this, we need to study the square of the SUSY Q2.



Square of SUSY

To use the idea of index theorem, we need to know QZ.

Q?=iLl, + Lorentz(i: Dy, v, + 0P Qp )
+Gauge(—ic€E +v™A,) + (VV,, + 2MEE) - Ry

(0™ = Ey™E) on all the fields.

Let us check this for a charged chiral multiplet using
Q¢ =8y, QY =iy"E{Dp¢ +ifogp — 2rMEp + &F,
Qp =&Y, QY =iV"EDp¢ +ilpo — 2rME +EF,
QF = E{in™ Dyt —ioh —iAg + (2r — )M},
QF = &{iv" D) —itpo + i\ + (2r — 1) My}

and assuming ¢, ¢ are Grassmann even.



Square of SUSY

Q¢ =&, QY =iy"EDy¢ +ifop — 2rMEp + EF

Q¢ = £Qy
= iy EDmd + 166 — 2rMEEP
= " (O, — 1Ay — TV ) — iEE0p + 2rMEED
= WO ¢ + (=il + v Ay )¢ + T(2MEE + 0"V )0

= iL,¢ + Gauge(—iléo + v Ay,) - ¢ + (2MEE+ 0" Vi) Ry 1y - ¢



Square of SUSY

To use the idea of index theorem, we need to know QZ.

Q?=iLl, + Lorentz(i: Dy, v, + 0P Qp )
+Gauge(—ic€E +v™A,) + (VV,, + 2MEE) - Ry

(0™ = Ey™E) on all the fields.

For our choice of ellipsoid background and Killing spinors,
1 1
V"0, = —Z&p + Zﬁx,

QQ =L, + Gauge( — 10 — %AX + %A¢> + (2i€ + QLZ) U(1)



Determinant: Chiral Multiplet

Consider a path integral over

(¢,7, F;: ¢,7, F') = chiral multiplet of R-charge r,
charged +1 under a background U(1) vectormultiplet

(A, 0, \, A\, D) =(0,a,0,0,0).

Transformation rule:
Q¢ =8y, QY =iy"EDy¢ +ifop — 2rMEp + &F,
Qb =&Y, QY =1y"(Dn¢ +ilgo — 2rM&p + EF,
QF =iy Dptp — ioyp —idg + (2r — 1) M},

QF = £{iy" Dy —itpo + igpA\ + (2r — 1) My}

We move to a new set of path-integration variables.



Cohomological Variables

* The original integration variables: (¢, ), F; 0,0, F )

SUSY algebra is just Q° = H, where
1

)

Q=&Y =%  Qx=Ho, AN 20

=X, QX =F+iy"Dnop=4¢', Q¢ =HY/,

=X, QV=F-i&y"Dné=¢. Qd =HY.

/

 The new integration variables : ¢,x (Rya) =+r), x,¢' (Ry@p) =+r —2),

¢7>_( (RU(I) — _T)a >_</7 &l (RU(l) = =T+ 2)

Note: e the new variables are all Lorentz scalars.

 the change of variable is local and invertible.

Yp=—Ex+EX, v=Ex+EX

1
H=—--0, 28 — iGauge(a) + (— _Z>RU(1)



Determinant from Gaussian integral

The determinant is an integral over the fields {¢, ¢, ¢, ¢ :x, %, X', X}

with any convenient Q-exact weight function,

Z1loop = /d(ﬁelds) exp (—QV)

Let us choose YV = /d?’:c\/ﬁ(&HTX +x'¢")
Qv = [ day5(H1 Q) + QI +(QX) - (YQd)
— [ @2 y5(FHH + XHIx + o' ~ VHY)

det(HT), det(—H),_o  det(—H),_
det(H'H), det(1),_o  det(H),

Zl—loop —



The Ratio of Determinants

det( Y

We obtained :  Z1.100p = (H)

There is a pair of differential operators

T =8Y"6Dy, Jt = E’Yngmv

which commutes with Q? and shifts the R-charge by +2.

Generic eigenmodes of Q* are paired.

d@t(H)r_Q B det(H)KerH—
dot(H),  det(H)icergr

Zl-loop —

¢ Ry =r—2



Determinant and Index

e The ratio of determinants

det(H),_o  det(H)gerg- 1L A
det(H),  det(H)gergt L A\

Zl—loop —

is related to the “equivariant index”,
Str(e") = Tr(e™)ergt — Tr(eMerg- = DN =D e,
7 )

which is a generalization of the ordinary index.

Ind(J") = Dim(Kerd ") — Dim(Kerd ™).

« Sometimes Tr(e'),, Tr(e™),_, are not well-defined
because of infinite degeneracy for each eigenvalue of H.

The traces Tr(e™)ke5+ may be well-defined even in such cases.



Evaluation of Determinant

Let us compute det(H)ge g+ -

3+¢ = éyngmqb =0

i(o—y) | ¢ sinb . tcos . . 1 _

e [E COSQ(({?@ irV,) + Y, (Oy —irVy) fag ¢ = 0.
1 ( 1 ‘ . .

where v, = —5(1 - ?), v, = 5(1 - 7), £(6) = /2 sin? 0+ & cos2 6.
ansatz:
. . f siné@ f cosf
e ime—iny — _ _ <
b= ) = 0= 0y~ 4 = 1) + L vy 0

Need to solve this over 8 € |0, 5].

The behavior of & near the boundaries:

®(0) ~ cos™fsin"H | m,n =>0.



Evaluation of Determinant
Kerd™ is spanned by | ¢ = ®(0)e!™¢~"X ®(f) ~ cos™fsin™ 0 (m,n > 0)

i, i, 1,1
H=—-50,+ Zax — iGauge(a) + (27 T 27) Roq)

S R (L e
— 07 o\¢ 7)Y

Similarly, det(H)kerg— = H

m,n>0
Zl 1 _ det(H)¢/€Ker(3—) _ H mb + nb—l + 2§TQ —+ 14
oo det(H)¢€Ker(3+) m,n€l>go mb + nb~! + %Q —ia

:sb(—&+§(1—r)). (bz\/ﬁ,@zbﬁ—b—l,&z\/&a)



Determinant: Vector Multiplet

We next study the integral over the vectormultiplet fields (A, o, A, A, D)

around the saddle point (o) = a. Recall

1

SUSY: QA = —L(§9mA + &), QA= o3""¢Fy — D —i"EDyo
1 R .
QU: 5(5)‘_€)‘)7 Q)‘: §7mn§an+§D+7’7 fDmO',

%5 (Y™ DA — [0, A] 4+ iMA) .

1 1
The square of SUSY: Q°=iLl, — zGauge(CD) + (% E)RU(D

| | . .
V"0, = —28@ + Zax, b =0+ %Aap — %AX.

We need to gauge-fix.



Pestun's Gauge Fixing

We introduce the ghost multiplet (¢, ¢, B) and BRST symmetry Qg
« Qp =iGauge(c) on physical fields
QgA,, = Dpe, Qi =i{c,\},---

e Qpc=1tcc, Qpc=B, QB =0.

We determine the SUSY transformation rule of ghost so that

2 . . 1 1
Q =(Q+Qgp)?=iL, —iGauge(a) + <2_£ + Q_Z)RU(l)

on the saddle point labeled by (o) = a.

Qc=® —a, (@Ea+%A¢—%Ax>

Qc=0, QB =1iL,¢—ila,d].



Pestun's Gauge Fixing

Let us derive Qc = ® — a. ((I) =0+ EAQD — %Ax>

14
We require
~2 , , 1 1
Q =(Q+Qp) =iL, —iGauge(a) + (27 + 2_17) Ry)
. : 1 1
=1L, — iGauge(®P) + (2_6 _Z) Ry +{Q. Qs}-

1Q,Qs} = iGauge(® — a).

Take any physical field X. Then

{Q,Qs}X = Q|iGauge(c) X | + iGauge(c) | QX ]| = iGauge(Qc) X

= Gauge(P — a)X.
e ) Qc=P —a.

We use the total supercharge Q = Q + Qg for localization.



Cohomological Variables

» The vector + ghost multiplet {4, 0, A\, A, D; c, ¢, B}

consists of 6 bosons and 6 fermions.

e Move to a new set of fields (all Lorentz scalars).
P2 = EY"EAm Y2 = Qo = EY™ED, e — iEA
bo=EV"EAn  Xxo= Qo =Ey"EDme+ 5(EX - EN)
62 =8y"€Am  X-2=Qé_s = Ey"EDpC + N
Xo =EXAHEN ¢ = Qxp = —2D + &Y™ EFmn + ife, X0}

Qc=B

@

C Qc =0 —a+i€y"EA,, +icc

Similar to a chiral multiplet in the adjoint rep, R-charge +2.

Ry

+2



Determinant: Vectormultiplet

= the determinant for an adjoint chiral multiplet with r = 2.

Zl—loop — H Sb(_a’a - %)

acA
= H sp(ao — 5 — 57)sp(—ao — % — 57)
(XEA+
use sp(—2 + 2)sp(—2 — x) = 2cosh(mbx),

sp(—2 + )sp(—2 — ) = 2cosh(mz /b),

— H 4 sinh(mbaa) sinh(mb™ ' acy).
OzGA_|_



Ellipsoid Partition Function: Summary

a:%—kx% x§+x§

Iz 22

Ellipsoid:

metric:  ds? = £2 cos? 0dy? + 02 sin? 0dx> + f(0)%d6?

elds: Videm — 21— Daos L1 L 1
background fields: V,,dz™ = 2(1 f>d<p+2(1 f)dx’ M_Zf'

Exact partition function:

Zo — ﬁ / gdai [T 4sinh(ra - ab)sinh(ra - a/b) - exp {—S(a)}

O’.EA+

1;[ [ng sb(g(l —r)—a- w)]

6—503(&) _ eiﬂ'kTr(dQ)’ 6—SFI(&) _ 47rz'éa.

€

mb+nb1+ 9 — iz
sp(x) 1] :

m,n€l>q

mb—i—nb‘l—k%#—iaz. b=



IV. Yang-Mills Instantons

» Basics of Instantons
 Omega Deformation

e ADHM Construction

e Volume of Instanton Moduli Space



Motivations

* We would like to study 4D SUSY gauge theories through

exact computations of observables (e.g. sphere partition functions)

 Localization principle reduces the path integral to
a finite-dimensional integral over the space of saddle points,

but there is an interesting instanton correction.



Preliminary: 4D Spinors

Gamma matrices {y*}3_, are 4 x 4 matrices satisfying {y%,~v"} = 26%°.

We choose them so that

1 0
NS = yla2Ba4 = ( 2O><2 )

—1542

A 4-component spinor decomposes into a chiral spinor (7> = +1)

and an anti-chiral spinor (7°> = —1).

The gamma matrices take the form

o« (0O o
’Y_ 5.& 0 )

We also use

0“65 —|— O'b5'a p— 25ab12><2,

7200 + 5%0% = 26% 155,

Note: O_ab — _lgabcdo_cd’ 5_ab — _{_%gabcda_cd.

Our choice :

(’Ti : Pauli’s matrices)



Basics of Instantons



4D Euclidean Yang-Mills Theory

* Action
= [ d* L=T L v F 0 F..F
S = xL, =Ir 5g2  mntmn T Tgg2 Hmndmn g : Yang-Mills coupling
3 1 6 : theta angle
an = 8mAn - a77/4777, - Z[Ama An]y an = igmnlekl

e Tr is the standard trace.

» Theta angle is periodic, § ~ 6 + 27, because . . .

1 N
Instanton number : k= — / d4xTr[anan] e Z.
1672
1 1
k=— /Tr [FANF], F==F,,dx"dz"
2(27)? 2

Q. What is the action-minimizing configuration for a given k ?



Instantons

1

k=— /d4xTr[anan].
1672

~

1 0

29 1672 (anti-)self-dual part

1

1 i0 1 . F*f=_(F+F)
= [ d*zTr | =F% F* FronFEon 2 mn
/ x r[gQ mn mn+<16ﬂ_2:|:292> ]

/ d*xTr %anmn — 2mitk complex gauge coupling

= -9 - 60 Ar

4 1 B B - T = % + 29—2

dxTr | 5 Fp, Fr | — 2miTk
' g

For k > 0, the action minimizing configuration satisfies
the anti-self-duality £, = 0.

The solutions are called “k-instanton solutions”.

k| anti-instanton solutions are defined (for k < 0) in the same way.

The action : exp(—S) = { exp(2miTk) Ek >

exp(2miTk) (k<0

N— —r



1-Instanton Solution for SU(2)

(Belavin,Polyakov, Schwarz, Tyupkin)

Ansatz: A, =if(2?) - x0px (x=a2Mop,, X=2"6m)

Fon = 0mAn — On Ay —ilAnm, Ay
= O (1f X0nX) — Op (if X0 X) + i f? {xOmX - X0 X — XO0pX - XX}
= i {Opnf - XOpK — Onf - XOmX} + if {OmXOnK — OnXOmX)
+4 f2 X O (RX) O X — X 00 (XX) 0 X} —if? - (xR) {0 XOp X — O X0 X}

=i {(Omf + [20m(2°))x0nX — (m <> n)} +i(f — 2°f%) - 200n
ASD

The first term vanishes when f’ + f? = 0.

1 : .
f(a?) = el p = (size of instanton).



More general k-instanton solutions

... look like k blobs in R*.

... form a moduli space M.

dimM = 4Nk for k instantons of U(N).

e If saddle point approximation is accurate, the YM partition would be
7 — Z q" / d(moduli) - Z1-100p - {1 + - - - (perturbative series)}
k M
~ S volmy). (9= )
k
This is exact in “topologically twisted theories”.

« However, vol(M}) has various source of infinities.

UV : instantons can become zero-size.

IR : instantons can move anywhere in R*.



Omega Deformation



Omega deformation (Nekrasov)

e The volume of a symplectic manifold ( such as M)
can be deformed by using its symmetry.
e The “Omega-deformed” volume can be evaluated

as a sum over fixed point contributions.

[def] symplectic manifold

= a (2n)-dimensional manifold with a non-degenerate closed 2-form

1 . _
W= GWij (z)dz* A da’ (wij : regular matrix)
. w
symplectic volume form: T

(example) phase space, w = Z dp; N dg;



Omega deformation

Let M be a symplectic manifold and v a vector field generating its symmetry,

bx' =v'(x), dw = Lyw=0.
Low = (diy + iyd)w = d(i,w) = 0.

A function H is called the moment map function for v if it satisfies

dH = i,w, orin components, 0,H = v'w;;.
The Omega-deformed volume of M is then defined by
wn
Z(p) = —_ePH,
= e

B is the parameter of Omega-deformation.

Z(0) is the ordinary volume.



Omega deformation

[example 1] harmonic oscillators dip
1
W= g dp; Ndqg;, H = E pz+qz

apz'H — €iP; — wpiQi/qu — /qua (vpi) B (_Equ)

. . qi ey
8%'H = 64 = qu'pivpl = -, v Tep;

Naive volume of the phase space is infinite,

but Omega-deformed volume is finite.

n! n! 15 €1 €p

(Gaussian integral)

Omega deformation can be used as an IR regulator.



Duistermaat-Heckman's Theorem

The omega-deformed volume is a sum of fixed-point contributions.

Z(B) = /M Z_TQ—BH _ (%ﬂ)” 5 e—eﬁ(I;)(m.

p

Here e p is a fixed point at which v = 0.

e e(p) is a product of weights calculated as follows,

n n
6.
If w~]] dxo;—1 Ndxe;, H ~ E 51(3331—1 + 23;)

near the fixed point p: z; = 0, then e(p) = H €;.

1

This means that the saddle point approximation is exact.



. North pol
Omega deformation L

[example 2] unit sphere
w = sin 0dOdy = d(— cos 0)dp,

v =0, H = —cos?.

By an elementary integral we find

Z(B) = /we_ﬁH = /d(— cos ) dpel 3¢ = 2% (eﬁ _ e—B)

The two terms in the last line can be interpreted as contributions

from fixed points,

North pole: 6 =0, weight + 1,
South pole: 4 = 7. weight — 1.




DH Theorem and SUSY

The Omega-deformed volume can be written in the form of SUSY integral.

2(9) = [ “et = [een
2n

= /Hda:idtbi exp [2wi;(z)y'y! — BH(z)] = /DZCD¢ exp(—5)

SUSY: Quz'=v¢" Qu'=7v'(x), QS =0.

The integral localizes onto fixed points (zeroes of v).

Note: this Q is just an operator d + (37, acting on differential forms.

QS =0 < (d+ Biy)(w—BH)=0.

Since Q squares to SL,,, it defines a cohomology on the space of

L, -invariant differential forms, called equivariant cohomology.



ADHM Construction



ADHM Construction

e we would like to compute the Omega-deformed volume

of instanton moduli spaces.

e There is a nice parametrization of the moduli space
(and construction of instanton solutions)

due to Atiyah-Drinfeld-Hitchin-Manin.

There is an 1-1 correspondence between U(NN) k-instanton solutions

and a set of matrices called “ADHM data”.



ADHM data
is the following set of complex matrices
Bi, By (kxk), I(kxN), J(NxK)

which satisfies the ADHM equation
HC = [Bl,BQ] +1J = O,
ur := [B1, Bl] + [Bo, Bl| + IIT — JtJ =0,

and is identified by the U(k) equivalence relation

(Bl,BQ,I, J) I (UBqU_17UBZU_17U]7 ']U_1>

e The number of independent parameters is

2k? 4+ 2k + 2kN + 2kN — 2k% — k% — k? = 4kN.

 Slightly different definition :

matrices satisfying uc = 0, subject to the GL(k) equivalence



Construction of U(N) k-instantons

« Let X' X? X% X*: [k x k Hermite matrices Identified later with
H, H_: kX N complex matrices (B1, B2, I, J)

satisfying some conditions to be determined.

e For (z',2% 2% 2*) € R*, define

o ) (z* +iz®)1, (22 +izt)1y
x_(x0)®1k—<_(2_m1)1k (z* —ia®)1y, )7

e va X4 4iX? X2 4iX! _(H
X=5"9X Z(—(X2_z’X1) xi_ixs ) H={g )

D(z) = (x—X,H) : 2kx(2k+ N) matrix

(x? +i23)1, + X4 +iX3 (2% +ixh)1, + X2 + XY H,
— (2% — i1, — (X2 —iXY) (2t —ixd)1, + Xt —iX3 H_



Construction of U(N) k-instantons

D(z) = (x—X,H) : 2kx(2k+ N) matrix

(@t i)+ X X3 (P i) + X2+ X Hy
T\ (22—l — (X2 —iXY) (2t —ird)1, + X —iX3 H_

Condition 1: | ;11D (2) = 2k. (Vo € RY)

D(z)D(z)"is a 2k x 2k invertible matrix.

e Then there is a (2k + N) x N matrix u(z) satisfying
D(z)u(z) =0, u(z)lu(z) =1y,

which is unique up to U(N) gauge rotations u(x) — u(x)g(x).

e Let us then define a U(N) gauge field by A = iu'duw.



Construction of U(N) k-instantons

remember: D(z)u(z) =0, u(z)u(z) =1y

A = iu'du is anti-self-dual under certain conditions.

F=dA—iA? = idu'du + iu'duu' du wu! = projection op. to KerD
— iduT(l _ uuT)du (1— uuT) = projection op. to (KerD)*
— idu' DY(DD) "' Ddu = DY(DD")™'D

= iu' (dDV)(DD") " (dD)u

recall: D= (x—-X,H), dD = (dx,0), dx=dz"c" ® 1j.

F = iuf (dg‘> (DDN~! (dx 0)u

Condition 2: | DD' commutes with dx or dx.

Then F =iu' (dXdX(lgD ) 8) u, dxdx =dx"dx"c™" ® 1;.



Construction of U(N) k-instantons

The condition 2 amounts to : DD commutes with 7 ® 1 (a = 1,2, 3).

DDt = %x — %X — Xx 4+ XX + HH'

= (296° @ 1,)(2%0® ® 1) — (2%6° @ 11)(c® ® XP) — (6° ® X®)(2%0® ® 1) + - -
= (z%2%6%") @ 1}, — (%% + 2%6%0%) @ X + - ..
— 221,01, — 22%15, 0 X* + XX + HH'.

commutes with 7% ® 1.

i X44+iX3 X2 4iX! iBl Bl H, Jt
Denote X (—X2 + ’LXl X4 . ’LX3 — ZBl —’LBQ ) H_ 1

BIB, +BiB,+JtJ BIBI — BB} + JT1T>

B1Bys — BoB1+1J  BiB] + ByBY + I

It commutes with 7* ® 1, if pc = [B1, B2 +1J =0,
g == [By, Bl + [Bo, Bl + ITT — JtJ =0.



Construction of U(N) k-instantons

Let us show that A = iu'dwu has instanton number k.

e Thereis a (2k + N) x (2k) matrix v such that (v u) € U2k + N),

which is unique up to U (2k) rotations.

* A=iu'du, A’ =iv'dv are connections on the bundles

E = U KerD(z), E' = U SpanD(x)T.
r€ER4 r€ER4

e Since E @ E’ is a trivial bundle, one can show Tr(F") = —Tr(F'™).

So the instanton number of A is minus the instanton number of A’.

1 1
(instanton number) = +—— TI"(F/ A F/) = 372 /
™ Js

' Tr (A’dA’ - 24’3)
8T R4 3

3
oo



Construction of U(N) k-instantons

Let us show that A = iu'du has instanton number k.

e Since D(z) = (x—X,H) =5 (%,0) one can take

v(z)

L (X> . where x=2"0"® 1.

roe  |z| \O

e Substitute A’ = iv'dv in

1 21
(instanton number) = — / Tr ( AldA’ — 2 A%
872 S3 3
—_— 1 ~ ~
iy " Tr (xdxdxdx) = k.



Construction of U(N) k-instantons

Remark 1: * For U(N) gauge field on R* which is anti-self-dual,
the U(1) part can always be gauged away.

We may assume A is an SU (V) gauge field.

Remark 2: * The equation D(z)u(z) = 0 is invariant under

—1
D—>(12®U)D<12®U 0), —><12(§)U 2>u,

0 g_1

where U € U(k), g € U(N).
It acts on the ADHM data as
(B1,Ba,I,J) = (UBU L, UB U UIg™,gJU™Y)

This leaves A = ju'du invariant.



Construction of U(N) k-instantons

Remark 2': ¢ On the other hand, at * — oo one has

0
D(f) — ()_(, 02]€><N>7 u — ( %gkozN) .

Joo : the framing of the vector bundle E at infinity.

 If we require 9~ = 1n as boundary condition,

then the above transformation rule has to be modified.

—1
D%(12®U)D(12®U 0),

. 1,U 0
0 g_1

—1 —1
0 g)ug , A— gAg .

With the above boundary condition on u(x), the ¢ in
(B1,Bs,1,J) = (UBLU L, UBU Y, UIg™!,gJU™ )

corresponds to the constant U(N) gauge rotation.



ADHM Construction : Summary

SU(N) k-instanton solutions can be constructed from the ADHM data

Bi, By (kxk), I(kxN), J(NxK)
HC ‘= [Bl,BQ]—l—IJ:O,

pr = [By, Bl + [By, B + IIT — JTJ = 0.

(B1,By,1,J) ~ (UBU Y, UB,U UL, JU ™)

The moduli space of framed SU(N) k-instantons
= the space of ADHM data

Other facts:

e The moduli space is hyperKahler, so it is a symplectic manifold.

e It has bad singularities (corresponding to UV infinities),

which can be smoothed by

pr =0 — pr = (- 1. (¢ >0)



Volume of

the Instanton Moduli Space



Volume of the Moduli Space

e We introduce the Omega deformation corresponding to

e rotation of R*: (B1,Ba,1,J) — (' By, e’ By, I, eflc17¢2) )

* gauge rotation: (By, By, 1,J) — (B1, B, 197", gJ)

[vector field]

5(31, BQ, I, J) = (6131, EQBQ, ICL, (61 —|—€2)J—CLJ)

a = diag(a1,--- ,an) € U(N)

and compute the volume using the fixed point theorem.

e We need to

@ find all the fixed points.
@ compute the weights at each fixed point.



Fixed Points
Recall the ADHM data are subject to the U (k) identification
(B1,By,1,J) ~ (UBU Y, UBU ", UI,JU ™)
So the condition for fixed points is

5<B1 , By, I, J) = (6131, eaBy, Ta, (61 —|—€2)J—CLJ)

(a = diag(ai, - ,an) € U(N))

= ([@,Bl]a [907 B2]7 9017 —Jgp)

for a k x k Hermite matrix .
We solve the following for a generic choice of (€1,€2;a1, -+ ,an).
[QpaBl] :€1B17 QOI:ICL, [BlaB2]+IJ:07

[0, Ba] = €2Ba, Jo=aJ —(e1+e)J, [By,Bl|+[Bs, Bl +II" — JtJ=¢ 1,

We wish to show :

Each fixed point is labeled by k boxes forming N Young diagrams.



[, Bi] = e1B1, @I = Ia, [B1, Bs] + 1J =0,

lp, Ba] = €2Ba, Jo =aJ — (1 + €)J, [By,Bl]+[Bs, Bl +1IT —JtJ =¢-1,.

1. I, = (the i-th column of I), J; = (the i-th row of J)

are eigenvectors of .
9017; :CL@'IZ', Jigpz (CLi—El —Eg)Ji. (’L: 1,-“ ,N)

J; I, = 0 since the eigenvalues of ¢ do not match.

2. BT"BYI;, J;B{"BY are also ¢-eigenvectors.

QD(B{”BS z) = ((Ii + me; + n€2>Il‘,

(JZBF'BQ)QO = {CLrL' — (m + 1)61 — (n + 1)62} J;.

J; (any product of By, Bs) I;; = 0 | because of eigenvalue mismatch.



[, Bi] = e1B1, @I = Ia, [B1, Bs] + 1J =0,

lp, Ba] = €2Ba, Jo =aJ — (1 + €)J, [By,Bl]+[Bs, Bl +1IT —JtJ =¢-1,.

Assume hereafter ¢ > 0.

3. J=0.
[proof] If not, there is a nonzero .J;.

There is a nonzero row vector of the form A = J; - (product of By, Bs)

such that AB; = AB2 = 0. Then
0< (A= A([Bl,BI] + By, B + ITt — JU)AT
— A( — BIB, — BIB, — JTJ) AT < 0. (contradiction)
* A = I'A\T =0 from the lemma 2.

Now we also know: [Bi, Ba] =0.

4. 1T +#0.
[proof] (- Tr(1y) = Tr(I11").



[, Bi] = e1B1, @I = Ia, [B1, Bs] + 1J =0,

lp, Ba] = €2Ba, Jo =aJ — (1 + €)J, [By,Bl]+[Bs, Bl +1IT —JtJ =¢-1,.

5. BII, = BII, = 0.
[proof] If not, there is a nonzero vector of the form
A = (product of BI, B)I;, X\ # I,
such that BI A= Bg A =0. Then

0<C-ATA=) ([Bl, Bi] + [Bs, BI] + HT)A — ... < 0. (contradiction)

6. The vectors By"B3y1; span the k-dimensional space.
[proof] If a row vector \ satisfies ABT"B51; =0 (Vm,n,j),
then any vector of the form ABYBY satisfies the same.
Choose X\ which also satisfies AB; = ABy = 0.

Then 0 < C - M =... < 0. (contradiction)



Fixed Points: Summary
lp, Bi] = e1B1, ol = Ia, [B1, B +1J =0, (¢ >0)
lp, Ba) = €2B2, Jo=aJ — (e1+€)J, [By, Bl + By, Bi|+ ITt — JTJ =¢-1,.
The solutions are summarized as follows.
e J = 0, [Bl,BQ] = 0.
e There are k linearly independent vectors of the form B B3I},
where [; = (j-th column of T).
If B{" By 1, is nonzero, it is an eigenvector for ¢ = a; + me; + neg.

e The eigenvalues of ¢ are described by
k boxes forming N Young diagrams. p=ua;+(m—1e +(n—1e

4 S s =e

Y=Yy, --,Y;,---,Yy)

N




Weights and Character

At each fixed point, we need to study the action of the symmetry 9

on the tangent space, and compute the product of weights

H2Nl~c .
i=1 Wi-
Alternatively, one can consider the “character”

2Nk _w,
ch = Tre® = 7" eWi.



Weights and Character

Let p = (B1, Bo, I, J) be afixed point and

(b1, b2,1,7) the coordinates for small variations.

B1 + by Bi 4+ e 7%b1e?
o0 Bs + ba Bg + e27%hye?
[+ I+ e %ie”
J+7 J + efrte2Tage®
The matrix elements of (b1,02,%,7) transform Ebli ¢
b2) ke
under the symmetry § with the weights (i)t
(4)

k¢ -

ket -

ke -

65 — 661—¢k+sﬁe
65 — €2 Prtpe

0 —prtag

. e =€

66 — €1 +ex—ar+pe

The character : Tr(e®) = e“'Tr(e %) Tr(e¥) + e2Tr(e %) Tr(e¥)

+Tr(e”%)Tr(e®) + e*+2Tr(e” %) Tr(e?)

(2k* + 2Nk) weights is too many.



Correct Tangent Space

Tangent space coordinates (b1,b2,%, ) are subject to restrictions

and gauge equivalence.
 We need to restrict to variations preserving pc = [B1, B2+ 1J = 0.
A,LLC — [b17 BQ] + [B17 b2] + Z‘] + I.] = T(b17 b27 7’7]) = 0.

e We need to subtract variations generated by GL(k) gauge transformations.

bl Bl [faBl]
| =donw | 7| = |7 =0
j 1)\ e

e Note: Too(€) =[[¢, Bi1], Ba] + [By, [€, Bo]] + €1J + I(—J€) = 0.

e The correct tangent space is Kerr / Imo.



Correct Character

The correct character is a difference of traces

ch = Tr(eé){KerT/Inm7 — Tr(€6>’(b1,b2,i,j) — Tr(e‘s)‘AMC — Tr(eé)lg
= e Tr(e %) Tr(e?) + e2Tr(e”¥)Tr(e?) +Tr(e™ %) Tr(e”) + e +2Tr(e™*)Tr(e?)
—e 1t Tr(e?)Tr(e?) — Tr(e %) Tr(e?)
... should be a sum of 2Nk terms.

Let us rewrite using t; = e, t; = e“? and substituting

N

N
Tr(ezlza) _ Z eiai, Tr(€i<p> _ Z Z pt{ait(m—1er+(n—1)ez}

1=1 1=1 (m,n)€Y;



Nakajima-Yoshioka's formula

N
ch = Z e "% x(Y;,Y;),
ij=1
XYY =t Y T S AT o (-t —t) Y Y

(k,1)eY; (m,n)€eY; (k,D))eY; (m,n)eY;

—/ m,n a m,n m,n —a m.,n
_ Z t1Y( )t;_Y( )+ Z 1+€y( )2Y( )'

Here ay(m,n) = (height of the m-th column of Y) — n

ay (m,n) =2

ly (m,n) = (length of the n-th row of V) —




Volume of the Moduli Space: Summary

* Omega-deformed volume of the U(NN) k-instanton moduli space was defined

using SO(4) rotation & constant gauge symmetry.

Localization with a SUSY Q satisfying Q° = e;J 12 + €2J34 + Gauge(a)

* the application of DH fixed point formula gives

1
Vole, cgia(Mi) = 3 —.
%)

e The fixed points are labeled by a set of N Young diagrams }7,

whose total number of boxes is k.

e Nakajima-Yoshioka's formula




Comments:

At the fixed points, what do the instanton solutions look like?

... It is invariant under rotation (¢;, €3 ) and constant gauge transformation a,

so it is a sum of “point-like” “U(1) instantons” localized at the origin.

e There is a SUSY gauge theory whose path integral gives
the generating function of the volume of moduli space.

= Topological twisted ' = 2 SYM theory on the Omega background.

Z (path integral) = Z ¢~ vole, ey a(My)
k>0



IV. Four-Sphere Partition Function

e Basics of N=2 SUSY theories

e Killing Spinors

 Construction of SUSY theories

e Topological Twist and Omega background

e Exact Partition Function via Localization

e N=4 SYM and Gaussian Matrix Models

e AGT relation and Ellipsoid Partition Function



Basics of N=2 SUSY theories



4D N-extended SUSY

Qa4 : chiral spinor (7° = —iy"% = +1)

QQA : anti-chiral spinor (7°> = —1) (A=1,---

(QO&A)T — Qé

{QozAa Qf} — _25§(O_m)o¢dpm-

R-symmetry U (1) x SU(N) rotates the supercharges

preserving the anti-commutation relation.

We focus on the theories with A/ = 2 SUSY.



4D N = 2 field theories

Multiplets:

e vectormultiplet : gauge group G e hypermultiplet : representation R
vector Ay (1,1,1) scalar qa (1,1,2),
complex scalar G P (1,1,1)1s chiral spinor Yo (2,1,1) 4
chiral spinor Ad(2,1,2) anti-chiral spinor gZ (1,2,1);
anti-chiral spinor A4 (1.2,2)_; (auxiliary scalar)

(auxiliary scalar) Dap (1,1,3),

SUSY parameter: §a (2,1,2)1 , §4(1,2,2) 4

In Euclidean theory on R*, they transform under the symmetry

SU(2)1 x SU(2)2 xSU(2)r x U(1)x.

S0(4)




Hypermultiplets in detail

* “r hypermultiplets” means (¢ra,¥r,¢r) (I =1,--,2r)

e The scalars obey the reality condition

(qia)* = Q17 eABgy Q!7 . invariant tensor of Sp(r)

eAB . invariant tensor of Sp(1) = SU(2)

* Gauge fields couple to them via
Dimgra = Omqra — A% (%) qa,
where the representation matrix () ;// is Hermite and satisfies
ORI (1)L + Q1K (1), = 0,

namely the gauge group has to be a subgroup of Sp(r).



Hypermultiplets : Example

A hypermultiplet in the fundamental rep of SU(n) :
e qr4.%r1,%; are 2n component quantities.
Ay _ (0 1 iy _ (0 1,
Weuse (e77) = (_1 O)’ Q) = (_1n O)'

e Choose the first n to be in the fundamental, the rest anti-fundamental.

 The reality condition is satisfied by (gra) = (¢r1 qr2) = (g _(;1* ) :

1 fundamental hypermultiplet

= 1 fundamental scalar g, 1 anti-fundamental scalar ¢ and superpartners.

e The 2n x 2n representation matrix of SU(n) :

ay J .Z.\CL 0 ra
= ~ o
("), ( 0 —( t“)*) fundamental rep

gives an embedding SU (n) C Sp(n).



SUSY theory on R*

Transformation rules

e vectormultiplet

QA,, = iYomda — i€4GmAa,

Q¢ = —iE" A4,

Q¢ = +iE* A4,
Qs = 20™ €4 Fypp + 20MEA Dy + 2i€ a0, @] + DapE®,
Qs = 26" EAF i + 26" EADyd — 2i€a [0, ¢ + Dapé®,

QDuap = —2i§a0" D Ap) + 2i§a0™ DAy — 40, Earp)] + 4]0, Earp))-

 hypermultiplet (on-shell) Note:
Qqa = —iéath + i€ 4, There is no off-shell transformation rule
for hypermultiplet

_ m & A g 7 A
Q= 207CaDng” — dikaga™, - with finitely many auxiliary fields
Qv = 26" EADimq” — 4i€agq”. - realizing all the SUSY off-shell



SUSY theory on R*

Invariant Lagrangian

1 1

Ly = g—QTr > Fon P = ADpm D) + iX 0™ D da — 200, Aa] + 2040, A4l
112 1 AB i0 klmn
+4[p, |7 — §D Dap to52¢ Tr(FriFrn),
L1 = wABDAB, * for U(1) group only, wP = constant.
1 - 1
Lmat = 5Dmq”* Dmga — ¢*{¢, 6}aa + 50" Dang”

BT Dyt — b+ 060 — ¢ Aa + FAag”

* we have suppressed the indices I, J, ... according to the rule

ABQIJ

CJAQA =€ drA4JB, " -

» mass term for hypermultiplet can be introduced by

turning on background vectormultiplets.



Killing Spinors



Killing spinors on round sphere

e On round sphere of any dimension with radius ¢,

the Killing spinor equation of the following form has solutions.

— 1 ab — i

e For A/ =2 SUSY theory on 4-sphere,
the SUSY is generated by Killing spinors &4, &4 satisfying

1 a a .~ i -
D, s = (8m + ZO bﬂnf) £ = —2514, Dmffél = —g—QamfA,
- 1—a a - ; - L
Dpéa = (&m + 0 bm,’;) £ = —ify, D&y = —6—20m§A.

1% order differential equation for 16 functions (£4,a,&4,&4)-

The solutions correspond to the supercharges of 4D N=2 SCA.



Superconformal Theories on sphere

e 4D N=2 theories with no mass terms or FI terms are classically conformal.

Such theories on sphere can be obtained from the theories on R*

by a conformal map, because the round sphere is conformally flat.

2
dsis = > (daf + - +dad), e 7@ =14 %

Such theories are invariant under any of the 16 independent Killing spinors.

e Mass term or FI term break the superconformal invariance.

They are invariant under a subset of the Killing spinors satisfying

) _ _ ) _
Dinéa = =5;0mép tBy,  Dpéa= — 5 0méB t5,.

t,t : constant traceless U(2) matrices satisfying ¢t = tt = 1.

Using R-symmetries one can set ¢t =t = T3.

Let us study a particular solution.



A coordinate system on the four-sphere

NP(p =0)
round sphere: coordinates:
3 / . -
xo = £ cos p S® (size £sin p)
2, .2 2 2 .2 _ 2
T+ o1+ 2y + 35+ ry =L x1 = £sin pcos b cos
xo = £sin pcosfsin @ =
xg = £sin psin 6 cos x
x4 = {sin psin O sin x SP(p =)

Note: ®, x are the rotation angles of (z1,z2)-plane, (z3,24)-plane.

The North & South poles are the fixed points.
metric: ds® = 62{ sin? p(cos? Odyp? + sin® O0dx? + dh?) + dp2}

vielbein: E' =/sinpcosfdy, E> = {sin pdé,
E? =/¢sinpsinfdy, E*=/tdp.



A specific Killing spinor

i - _ i _ _
Dinga = =5;0mép tBy, Dpnéa = —5;0mtB t5, (t=t=r3)

has the following solution on the round sphere of radius /.

. P 1 L(£xEp—0)
(4) = (&162) = sing - (kg £-), where £t = (:Iezeéixi90+9)) o
(E4) = (£1,&) = cos g ik, —iKk_), Killing spinors on the round S°.

This satisfies £%¢a +£46% =1 and

a1 BN R N I )
2)_25 o anm—g(asO‘FaX)_g xlax2 x28x1+x36$4 x4(9$3

Near the north and the south poles, this is similar to the Omega-deformation

1
€1 — €2 — —.

14



Squashing

If the same &4, satisfy Killing spinor equation on the ellipsoid,

2 2 2 2 2
0 1 2 3 4
+ +

- =1
TZ 62 62
coordinates: vielbein:
Lo = TCOSIO El — gsinpcos ngp7 f(g) = \/62 Sin2 0 —f—gQ COS2 9,
x1 = £sin pcosfcos B2 — g :
= {sin psin Ody, , ~
X9 = £sin pcosfsin p B — (6) ,0' d@i ho)d 9(p,0) = \/7“2 sin® p + (202 f =2 cos? p,
5 : = sin : N
:cg:[ismpsmé’cosx [ de P h(@):£2_€2 cos psin f cos
x4 = £sin psin 0 sin = 9(p,0)dp. f ’

N 1 1
Then we have v = 2646™E40,, = Zago + Zﬁx,

1 1
Omega background with €1 = 7, €2 = 7



Generalized Killing spinor equation

We need to study whether £4,€a satisfy the Killing spinor equation
meA — DmgA + Tklo-klo-mgA + Zo_mg;l — 07
Q@EmA — DméA + Tkla'k:la'mgA + i5m€fq — 07
Qna =850 A D Ty + 16T 0118y — BME 4 + 2™ R (Vin ) By + 4i0™ €AV, = 0,

Qija = 8™ G AD Ty + 16iT  511E"y — 3MEA + 2i6™ER(Vinn) By — 4i6™ €A Vpn = 0,

where the covariant derivatives contain R-symmetry gauge fields,

1 , -
sU@) UQ)

and (Viun)“%, Vinn are their field strengths.

This Killing spinor equation originates from the off-shell 4D N=2 supergravity.
de Wit, van Holten, van Proeyen 1980, 1981; de Wit, van Holten, van Proeyen 1984,. . .

We solved this for the supergravity background fields

Tkl7 Tk‘l) (Vm)AB7 Vm7 M



Construction of SUSY theories



SUSY theory on curved backgrounds
Transformation rules (vectormultiplet)

QA,, = ifAUmj\A — i§A5'm)\A,

Q¢ = —it* A4,
Q& — +i§A5‘A7
Q)\A — O'mngA(an + SQETmn) + QUmgADme + O-mDmgAqb + QifA [¢7 QE] =+ DABng

QMg =

N~ N

5_mn§A(an + 8¢Tmn) + 25m€ADm(5 + 5mDm§A§E - 27;514 [¢7 (rg] + DABEBJ
QDap = —2i§A0" D Ap) + 2i£40" DAy — 4[), Eadmy] + 40, Earp)).

Square of SUSY

Q’ =iL, + Gauge(®) + Rsy(2)(Oap) + - ,
where 0™ = 2646™M¢y,
O = 206480 — 2064 €A + V" Ay,

O©ap = —i§a0" Dép)y + iDpm€ac™Epy + V" Vi aB.



SUSY theory on curved backgrounds

Off-shell transformation rules (hypermultiplet)

Note: we only have to realize off-shell a single supercharge Q
corresponding to a specific choice of (£4,&4).
Introduce an auxiliary field 7; and auxiliary spinors 74,74, (A = 1,2)
Qqa = —iay) + i€a7,
QY = 20"Ea D™ + 0" Dinéaq™ — 4i€adq™ + 2z F4,
QU = 2564 D™ + 5" Dinéaq™ — 4i€apq™ + 205 F4,
QF 5 = in 6™ Dmtp — 20100 — 20 17 Bq" + 2in 5 (0™ Ty )y

~i7 46" Dyt + 27 1% + 27 754" — 2i7 1 (G Tt -

The added terms are invariant under an SU(2) acting on the indices A, B, - - -

We choose 74,74 to satisfy

fAUB - gAﬁB =0, STAEA + 77‘477;1 = 0,

A+ 75 =0,  20MEs+ 1 0™is = 0.



SUSY theory on curved backgrounds

Off-shell transformation rules (hypermultiplet)

Qqa = —i€at) + i),

Qv = 20" €Dy + 0" Dpufag® — di€adg” + 28 1 FA,

QY = 26" EaDimg” + 5" Db aq™ — 4i€adg™ + 26, F,

QF 5 = i€ ;0™ Dpth — 2€ ;00 — 26 ;Mg + 2i€ 5 (T )y
~i€36™ Dt + 26 10 + 26 1A pq” — 20€ (" T ) .
Eang —Eallp =0, €44+ nAnA =0,

fAfA + ﬁAﬁA = 0, f’AamgA + nAamﬁA = 0.

Then the following is realized off-shell.
Q® = iL, + Gauge(®) + Rsy(2)(©an) + Rsy2)(©an) + - -

(:)AB - Zin(AO_mDmﬁB) o ZiDmn(AO-mﬁB)
+din g0 Tiangy — 4i 10" Tiaigy + 0™V, 45



An explicit choice of the auxiliary spinors

We chose (€4) = (&1 &) = Sing (ky ko),

/N
Y
s
N—"
|
—~
Y
}—l
Y|
[\V]
~—~
|
(@)
@)
0]
N
—
.
N
_|_
|
.
§
N—"
N
H_
Il

1 e%(iXiSO_e)

§ang — EAﬁB =0, A€ + nAnA =0,

E4a+1701 =0, EA6™MEL + o™i, = 0.

and need to solve

An explicit choiceis (n4) = (M n2) =cos = - (k4 K_),

N[

P

5 (thy, —ik_).

(74) = (71, 72) = — sin



SUSY theory on curved backgrounds

Lagrangians
1 _ _ _ L
Lyn = ;Tr(%anFm” + 16Fn (ST + T™") + 646> Ty T™" + 646 Ty ™"

—4D,, D™ + 2M b — 2iA 0" Dy da — 204[d, Aa] + 2346, Aa]
10
3272

+4[6, 6 = 3D P Dap) + o5 Tr (" By Py )

Lonat = 2Dpq* D" qa — ¢*{¢, ¢}qa + 2¢* Dapq® + £(M + R)q"qa
— L6 Dyt — 2 + 29 + Lpo Tiyyp — Lpa ' Tiyy)

—q* A4t + PAagt - %FAFA-



SUSY theory on curved backgrounds
Lagrangians
EFI = C {wABDAB — M(qb + Q_ﬁ) — 64¢TMTM — 64§Z_5TMTM — SFM (Tkl + Tkl)} y

where w?? = w®% is an SU(2)g -triplet background field satisfying

10" D, + 2Ty o™ ER,
— %5‘”Dn£A + QT]{;Z&MEA.

wABgB
wABﬁTB =
The matter mass can be introduced by turning on a background

vectormultiplet with im

b= = 5 Dap = —tmwap.

Note: w”*” here is related to 4, in the discussion of Killing spinors on 54



Summary: 4D A = 2 SUSY theories on curved spaces

On flat space

e There are vectormultiplet and hypermultiplets.

e Invariant Lagrangians: Lvi. Lmat, £r1 and the matter mass term.

 Difficulty in writing off-shell SUSY for hypermultiplets.

On sphere

 Killing spinor equation has 16 solutions (= supercharges in N=2 SCA)

 Straightforward to write superconformal theories.

For theories with mass / FI terms, Killing spinors satisfy stronger conditions (t, %)

On ellipsoid

 One needs to turn on supergravity backgrounds (TrmnsTmn, Vin, M)

e One can write the off-shell SUSY for hypermultiplets

since there is only one supercharge. We introduced F';;n4,74-



Topological Twists

and Omega Backgrounds



Topologically Twisted Gauge Theory witten 1983

It is known that
4D N=2 SUSY gauge theories can be put on any curved spaces

preserving a single “scalar SUSY”, by a procedure called “topological twist”.

Let us rephrase this within the supergravity framework.

Recall the Killing spinor equations:
DmgA + Tklo-k:lamgA + Zamgjél — 07
Dpéa+ THG10méa + iGmEy =0, - -

£ =065, €a=¢&,=¢, =0 solves these equations if T},, = T;,, =0 and

T _ab\a ZB | i Fd
D€l = U (@) €8 +i€5 (Vi) = 0,

1
namely if Vi, = ZQf‘fﬁab as 2 X 2 matrices.



Topologically Twisted Gauge Theory

* If one chooses £4 = 6% and V,, = Q%5
then the doublets of SU(2) R-symmetry behave the same way as

anti-chiral spinors under parallel transport.

* Letus look at a SUSY transformation rule
QA,, = ZEAO-m/_\A - Z.gAa'm)\A
— _Z.(Sg‘(a-m)da)\aA — _i(am)AaAozA = wm

Here we defined v,,, by simply “renaming” the components of Ay 4.

By a similar renaming we obtain A% — {x.\ ,n}, Dag — D; ..

e The SUSY Q acts on them as

Qe =, Q¢ =0, and Q? = Gauge(y).



Topologically Twisted Gauge Theory

QAm — ¢m7 QX;vi_ﬁm — D;?i_”m?
Qp =, Qp =0, Q2 — Gauge(sﬁ)a

Under the above scalar SUSY, the Yang-Mills action is almost exact.
SvM = 27T - L/Tl”JfT/\F—I—(Q(---).
812

This theory is therefore a model to compute the generating function

of integrals over instanton moduli spaces,

/@(ﬁelds)eSYM = Z e?™TF . (integral over My,),
k>0
(gauge s.t. F/t =0, instanton number k)

M = (gauge)

* the pair X;hn, D;hn serve as the Lagrange multipler to put

the constraint F.,, = 0.



Omega baCkgl“Ollnd Nekrasov, 2002

e To regularize the integral over the moduli spaces,

Nekrasov considered a deformation of topologically twisted theories on R*
such that
Q% = €1 J12 + €2J34 + Gauge(y)

If () = a, after Pestun's gauge fixing this becomes

Q’ = €1J12 + €234 + Gauge(a).
* The path integral of topological twisted SYM would then give

2 : 2miTk
6176270’ T T * VO 161,62,G(Mk3)'

k>0

This is called “Nekrasov's instanton partition function”.

* On the other hand, Nekrasov also argued that the path integral should give

€1,€2 ins ,A O ,
Z(€1,€2,a,T) ,:—>oexp(}“ i(a, A) + O(e 62))

€1€2




Omega background

Let us reinterpret the Omega-background within the supergravity framework.

Choose the Killing spinor on R* as

—. 1 . _.
§a = ﬁ&z? faa = —Um(0")aald, V"= (—€172, €121, —€224, €273)

so that Q2 = e1J12 +2 J34 + Gauge(- - - ).

This satisfies the Killing spinor equation

DmgA + Tklo'klo'mgA + iamé;l — O:
Dyl +TH616m6a + 158, =0, -

_ 1 . .
if Vo =Tk, =0 and T = —éD[kvﬁ . or more explicitly

1 €2 — €1
“Toodafdat =
g L RLAL AL 16

(detdx? — daxdda?).



Polar regions of the ellipsoid

Recall we chose the Killing spinor on the ellipsoid as

(€a) = (&1 &2) =sin§ - (ky, k),

(€4) = (&1 &) = cos £ - (ik4, —ik_), where x4+ are Killng spinors on S°.

Near the north pole p = 0, £a vanishes linearly but &4 remains finite.

By a local Lorentz and SU(2) R-symmetry rotation one can bring them

into the form

QY 1 leY m ~CY m
fA — _5A7 SozA — _Um(O' )ao’efA; v =

V2

L2 L1 T4 X3

(_Eagv_gag)

Therefore, on ellipsoid background we need Ty ~ 90, # 0.



Exact Partition Function

via Localization



Saddle Points

e On the ellipsoid we have only one supercharge Q.

We use it for the localization program.

e The usual saddle point condition QW = 0 for all the fermions ¥

turned out too complicated to solve.

e On the round sphere, Pestun found a nicer set of saddle-point conditions

(Qv)}bosonic - Z ‘Q\IJ‘Q
R4

1

= (total derivative) —|—Tr[(Dm(b1)2 — [b1, P2]* + i(DAB + iprwan)?

+(Din2)? + E36a(Fry + 40257,)° + EaA(FE, — 46257,

where ¢ =i(¢ + @), ¢ =0 — o,
Smn = (a nonzero background 2-form),

wap was introduced at the discussion of FI and mass terms.



Saddle Points (for sphere)

TT{(Dm%)Q — [¢1, $2]* + %(DAB +iprwap)?

(Do) + E€A(Frmp + 40257,)” + Ea8A(Ff, — 49257,)°| = 0

The above saddle point condition is solved by

¢1=a, Dap = —tawap, ¢2 = Ap, = 0.
But recall
e &4 =0 at the north pole F,,, can be nonzero at the north pole,
e &4 =0 at the south pole F,\.. can be nonzero at the south pole.

So we need to include the effect of
 point-like instantons localized at the north pole

-- topologically twisted theory on (2 -background = Nekrasov's partition function

e point-like anti-instantons localized at the south pole

-- anti topologically twisted theory



Saddle Points (for ellipsoid)

TT{(Dm%)Q — [¢1, $2]* + %(DAB +iprwap)?

+(Dimt2)? +E4€a(Frpy + 40257,)2 + EAEA (P, — 46257,)%] = 0
For ellipsoid, we could not find such a nice “re-completion” into squares
as the above.

So we assumed the same (following) saddle-point condition and proceeded.

¢1 :CL7 DAB — _Z.a’wABy ¢2 :Am :0

For hypermultiplets, g4 = F; = 0.



Partition Function

—S. _
4 = / d"ae 1(a) Zl—loop(av m,ey, 62>Zi1rlst (CL, m,eq, €2, Q)Zinst (CL, m,e€1, €2, Q>

—1 —1
where €1 =0, ea ={"".

e Nekrasov partition functions 7,

express the instanton contributions at N,S poles

* The classical action S(a) is a sum of

2 ~ ~
Sym(a) = SLQ%TI(CLZ), Sri(a) = —16im%llEa, Smas(a) = 0.
9

e It remains to compute Zi-loop-



One-Loop Determinant

We compute the determinant using cohomological variables.

* Vectormultiplet (plus ghosts)
{Am7¢17¢27>\aA7_i,DAB,C,E,B} <¢1>:a

consists of 10 Grassmann even fields, 10 Grassmann odd fields.

One can rearrange them into

_ (Am ~ €40 A — €3G mAa + Dipe
*= (¢2 ) QX = ( —igAN 4 — iEANA +ilc, o) )
[5 bosons] [5 fermions]
ZAB = 2§(aAB) — 2§(AaAB) ~ Dap+---
== C Q= = B
C a— P+ icc
[5 fermions] [5 bosons]

G = 2iEEnp — 2iEMEng — 2iEAGEA A,



One-Loop Determinant (vectormultiplet)

e Z1100p is the ratio of determinants of H = Q2.

Det(H)=

Zitoop = — o=
%P T Det (H)x

Y

H= i€10, + €20, + tGauge(a) + RSU@)[—%(Q + €2)T3]

+RSU(2)[' -],

One can find a differential operators mapping between the space of

wave functions of X and ZE,

but the following argument does not rely much on its explicit form.



Atiyah-Bott Fixed Point Theorem

 Now consider, instead of the ratio of determinant, the difference of traces,

Str[e_itﬁ] = Trx [e_itﬁ] — Trg [e_itﬁ].

e Here is a nice argument when computing the traces. Recall

AN

H = i€, 0, + ie20y + iGauge(a) + Ry (2) [—%(61 + €9)T3] (
- €1
+ Rsu)[- -],

| =
o)
O

Then ¢~H involves a finite diffeomorphism

—itH |

e . @:g0+61t, X:X—i_EQt.

It has two fixed points, the north and south poles.

Near the north pole one can introduce local complex coordinates 21, 22

such that = .
e—th .3 €1t = 2101,

= 2242.

| =



Atiyah-Bott Fixed Point Theorem

 For linear operators expressible in terms of integration kernels,

A

O() = [ dyKole.) ()
the trace is given by TrO = / deKo(z, ).

e o—itH ig g finite diffeomorphism operator, so it is expressed using the kernel

Ke—itﬁ = ( . ) . (52(21 — 21)52(22 — 52)

1
NOtEI /d221d22252(21 - Q121)52(22 - QQZQ) — ’1 q ‘2’1 q ‘2 .
— Y1 - {2

e The trace therefore localizes onto the two poles where z1 = 21, 22 = 2.

»e PN T —itH] _ Ty
{TI"X[e_”H] —Tra[e_ZtH]} _ Trxaepy[e™] — Trae) e

NP |1—CI1|2|1—(J2|2

—z‘tﬁ]




Atiyah-Bott Fixed Point Theorem

Let us compute the enumerator of

P PR T —1t — Tr= —itH
[TI‘X [e—th] — Tre [e—th]] _ I'X(NP) [6 ] : I'._.(Ng’) [6 ] ’
NP |1—q1‘ |1—qQ|
Wlth X = (Am7 ¢2)7 B = (EABaé7 C) and
H= i€10, + €20, + tGauge(a) + RSU(Q)[_%(El + €3)73]
e "™ rotates e the four components of A,, by phases 41,42, 1, @

e the 3 components of Z4p by phases 9142,1,71¢2

[TI‘X [e—itﬁ] . TI‘E [e—itﬁ]]
NP

= Traq;(e'®) - @+ @e+a+@e+l)— (e +1+qaep+1+1)
- 11— qi?|1 — gof?
1+ qigo

(1 - Q1)(1 - Q2)

= —Tradj (€ta) .



From Index to Determinant

we obtained
TI'X [e—itﬁ] . TI‘E [e—itﬁ]

— Tfadj(em) ' { [ — (1 _1q_:)c(]iqi QQ)}NP * [_ (1 —19—:)?iqi Q2>]SP}

To translate this into determinant, we need to series expand it in g1, 92-

By a suitable “regularization” one finds the correct expansion is

= Tragj(e') Y {-d'éd "' - """ - " e

m,n>0

Aterm (+/—)¢; "az"e"™® corresponds to an eigenvalue

AN

H = me; + nex +tax in the denominator / enumerator.



Determinant from vectormultiplet

Z1Seop = (comnst) - H H (mer + nex + iac) ((m + 1)er + (n+ 1)ex + iacy)
acA m,n>0

This can be expressed using Upsilon function

T (x) = const - H (z+mb+nb~")(Q —x +mb+nb" ')

m,n>0

(Q@=b+b"1h



One-Loop Determinant (hypermultiplet)

Let us move from the original set of fields ¢4, ¥a, ¥, F4

to cohomological variables.
qA, vy = QQA = —i€At + i€t + icqa,
Ei=na¥ -4,  fa=QEj=Fi+---.

The equivariant index localizes onto the north, south poles.

The north-pole contribution is

—itﬁ]

T —itH T —itH B TrCIA(NP) [e_itH] - TrEA(NP) e
Lga [6 ] — 1I'=, [6 ] — 9 9
NP 11— q1]?|1 — g2

Y

The enumerator can be computed most easily in the gauge

1 1

£G4 ~ E(SA’ San = —ﬁv (0m)aa ~ 0, [identification of indices]

R 1 . A= d&, A<=
A 5A —A m(a_m)a ~ 0.

na—ﬁavn —2\/§



One-Loop Determinant (hypermultiplet)

e M rotates

and g4
1 1 1 _ 1
2 2 2 2
142,44

 the 2 components of anti-chiral spinors'at NP by phases ¢

-1 _1
2 2

 the 2 components of chiral spinors at NP by phases 41 4> “,¢; "¢

N

and =

Why? Notice that dz1dzs, dz1dz are anti-self-dual 2-forms, and so are (Gmn), -

A~

—itH] —itﬁ]

tH ¢l T G
sy ], = Tl Pt
NP 11— q1|2|]1 — g2

1 1 1 1 1 1
5 3 -5 —3 5 —%
_ tay 4199 +q, "¢ " —q4793 ° —q1 °q
—TI'R@R(6 )' |1_q1|2|1_q2|2

1
q5
(1—g2)



One-Loop Determinant (hypermultiplet)

Try, [e_itﬁ] = Tr=, [e_itﬁ]
L. 11
) a7 g5 i 4
ReR(e") { (1—-q)(1—g2)Inp i (1 —q1)(1 —g2)lsp
a m+< n+t —m—3 —n—3
:TI"R@R(Gt ) Z { ! 2 5 2 + q 2(]2 2}

Notes:
e The eigenvalues appear in pairs of opposite sign.

e The one-loop determinant is the square-root of the product of eigenvalues,

because the hypermultiplet fields obey reality condition.



Partition Function: Summary

—S. _
Z = / d"ae 1(a) Zl—loop(aa m,ey, 6Q)Zinst (CL, m,eq, €2, Q)Zinst (CL, m,eq, €2, Q)

~

where 1 =0""', ea=0"
e Nekrasov partition functions 7,
express the instanton contributions at N,S poles

* The classical action S(a) is a sum of

872

Sym(a) = —-LTr(a?), Spi(a) = —16in°0la, Smat(a) = 0.
g°
* One-loop determinant: 2y, = H (2 ); Hgop H T(4 +ia-w)™!
acA weR

T (x) = const - H (x+mb4+nb 1) (Q —x+mb+nb 1) (Q=b+0b7")

m,n>0



A closer look at the “regularization”

1
How to justify our prescription of expanding I—)(1—p) into series?

Let us recall the problem of equivariant index for hypermultiplet,
Str[e‘itﬁ] = Tr,, [e_itﬁ] —Tr= [e‘itﬁ]

One can compute it using fixed point theorem, or one can compute it as
an index of a differential operator D,

Str[e_itH] = Tr[e_itH]KerD - Tr[e_itH]KerDT

=4(D) ipd® =24 (i7,46™Es — 10" ER) Ding®.

The index depends only on the terms of highest order in the derivative in D.

But the behavior of each zeromode of D, D! depends on the subleading terms.



A closer look at the “regularization”

Witten proposed to use a vector field v and deform D so that

the zeromodes localize to v-fixed points. Witten, “Holomorphic Morse Inequalities,” 1984

(1]

A(D) 154" = EA (038" E — in10™Ep) (D — 2isv)g®, s €R
Let us see what kind of zeromodes localize near the NP.

In the gauge &% ~ 5%, n ~ 64, D takes the form

Oz, + S€220 O, — s€121 )

i
D ~ 50’ (Zam + 2S/Um) - <821 + 86121 —822 + S€229

For €1,€2 > 0, =4 has no zeromodes but ¢4 has the following zeromodes.

(s >0) (s < 0)

2 2
A [Zrahemsalnl —selz] A _ 0 2 >
qg = O q 2:7[’)’1,236861|21| +S€2|Z2|



N=4 SYM

and Gaussian Matrix Models



Wilson loops in N=4 SYM

A conjecture by Drukker-Gross, Erickson-Semenoff-Zarembo

The expectation value of supersymmetric circular Wilson loops

in N=4 SYM is given by a Gaussian matrix integral.

Pestun succeeded in showing this using localization.

N=2%* theory

e The theory of a vectormultiplet and an adjoint hypermultiplet.
e Labeled by the mass parameter m for the hypermultiplet

* a special value of mass m = m, corresponds to the N=4 theory.



Partition function for N=2*% SYM

/= / da 6_%Tr(d2)lzi“8t|2 1 (5 + zmTJ(:ja aci;g(_éi 3,1 —ia- )
aEAL 2 2
Z1-loop
Special values of m:
m = £iQ/2 Z1geop =1 (cf. T(z) = T(Q —2))

Zinst = H(l —¢" )™ (g=e)

k>1
m:iz(b_l —b) Zl—loop — H ((AL'CE)2,
2 a€A+
Zinst = 1.

_8n2 2
For U(N) the partition function can be written as 7 = / AN Mo~ oz (M)



AGT Relation and

Ellipsoid Partition Function



Dynamics of Wrapped Mb5-branes

e M5-brane is another fundamental object in M-theory,

which has (5+1)-dimensional worldvolume.

e It is believed that the worldvolume of multiplet M5-branes support

a nontrivial 6d SCFT called (2,0) theory.

 When N M5-branes are wrapped on a Riemann surface -,
it gives rise to a 4D N = 2 superconformal gauge theory T (%),

which is a kind of quiver theory.

Let us look at examples of T5(X) (two M5-branes) for different 3.

matter matter

[example of quiver diagram] G G F

gauge symmetry flavor symmetry



Examples of 4D SCFTs

[1] 4-punctured sphere = SU(2) SQCD with Ny =4

3 ~ SU(2) gauge symmetry
(vectormultiplet)

_—— matters (hypermultiplet)

Facts:

e The shape (positions of punctures) determines gauge coupling.

The arrow — corresponds to the weak coupling limit.

 each puncture (external leg) correspond to an SU(2) flavor symmetry.

The SQCD has flavor symmetry
SO(8) D SU(2)1 x SU(2)y x SU(2)3 x SU(2)4

* One can associate a mass parameter to each puncture.



S-duality

SU(2) SQCDI2] 4-punctured sphere SU(2) SQCDI[1]

Facts:

e There are more than one weak-coupling limits.

They give different Lagrangian descriptions for a single “theory”.

SQCD[2] weak coupling SQCD[1] strong coupling
SQCDI2] strong coupling SQCDI[1] weak coupling

«S-duality”



Examples of 4D SCFTs

[2] 5-punctured sphere = an SU(2) x SU(2) gauge theory

3 4 ~ gauge symmetry
1 [

' matters




Examples of 4D SCFTs

[3] 1-punctured torus = SU(2) theory with an adjoint matter
(N = 2 theory)

a-cycle shrinks
e

(S-dual)

>

b &

[ -cycle shrinks



AGT FEIatiOn Alday, Gaiotto, Tachikawa, 2009

A surprising agreement was found between

e the partition function of 75(X) on the round 4-sphere

* the correlator of Liouville theory with ¢ = 25 on ..

<HZ sz >§-Liouvi11e) _ Zéiauge) (m’ 7_)

Liouville: sphere 4-point function

Gauge: SU(2) SQCD with 4 doublet matters

Liouville: torus 1-point function

Gauge: SU(2) theory with a triplet matter.

Generalization to N > 2 is also known.



Liouville Theory

Liouville theory is an interacting 2D CFT with a coupling constant b.

It has 2 copies of Virasoro algebra,

C
(Lo Ln] = (m = 1) Lin o + 751 = )80

with central charge cr, =1+ 6(b+b7")*.
It also exhibits strong-weak coupling duality (b <+ 1/b).

Z g4+ of gauge theory corresponds to Liouville correlators at b = 1.

What gauge theories correspond to the Liouville correlators for general b ?

There should be a SUSY deformation of round sphere.

The SUSY deformation (squashing) was first found for 3-sphere.

The squashing of the 4-sphere turned out much more difficult.



Conformal blocks

> (Liouville)

T

Liouville correlator (][, Vi, satisfies a set of

e holomorphic differential equation in 7

e holomorphic differential equation in 7

that follow from Virasoro symmetry.

The solutions (holomorphic functions in 7 or 7) are called conformal blocks.

One can find a complete set of conformal blocks for each channel.

Example: sphere 4-point function
 parametrizes

independent solutions

my ms
ma ms
[t] . t-channel s-channel a 8]
Finya(m) = o  <—— — = Fim.}.a
meo iy
mo may

(7)



Construction of Correlators

Example: sphere 4-point function

s-channel : a : F{[,i e ( )
<HZ Vmi>S_LiOUViHe) :/da A {mz ‘ Fons b |

Here A({m;},a) has to be chosen so that

the correlator is well-defined and channel-independent.

(The 4-sphere partition function of gauge theories takes the same structure.)



Change of basis

[example] sphere 4-point block in two channels.

a -
t-channel s-channel >a_<
- — >

Fioya(?) Fi ()

e Recall they are solutions to the same differential equation.

They are therefore related by a linear transform

F{[ﬂzi},a(T) — /d&G({mZ}7 a, &) | F{[i’]%},d(T)



Change of basis

[example] torus 1-point block in two channels.

a
a-cycle shrink
cycle shrinks _ F?L?,]a(T)
—

B-cycle shrinks

K_/> m

FIA () = / daG(m,a,a) - F,(r)

3

,a

The coefficient G(m,a,a) can in principle be computed using only

the representation theory of Virasoro algebra.

Adiao

23/2 /dasb(a +o+im+ L)s(a—o+im+2)

G(m,a,a) = : .
D= ) it Dt )

3d ellipsoid partition function?



S-duality wall

We now notice the similarity between m

e different channels in which to construct

the basis of conformal blocks
e different but mutually S-dual Lagrangians “
describing the same 4D theory "
[A corollary of AGT relation] Drukker, Gaiotto, Gomis '10

 When two mutual S-dual theories meet along a 3D wall,

a 3D N = 2 SUSY gauge theory is induced on it.
e The ellipsoid partition function of the wall theory

should agree with G(m, a, a).

Identification of the wall theory : for torus 1-point KH-Lee-Park '10

for sphere 4-point Le Floch, '1512
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