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ΔT/T=10-5 
(seeds structure  
formation of the Universe) 

ΔT/T=10-3 
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T=T
1&

T=T
2&

ds2 = dt2 − a2 (t)dx2
Causally connected region: LH ∝ ct
Physical volume size: Lp ∝ a(t)

radiation domination: a(t)∝ t1/2

matter domination: a(t)∝ t2/3

Horizon&problem&

T=T
3&
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ds2 = dt2 − a2 (t)dx2 Causally connected region: LH ∝ ct
Physical volume size: Lp ∝ a(t)

radiation domination: a(t)∝ t1/2

matter domination: a(t)∝ t2/3

during inflation: a(t)∝ tγ ,γ >1
                            a(t)∝γ (γ −1)

T=T
1&
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Flat&expansion&forever&

Hyperbolic&Expansion&forever,&&

Big&Freeze&or&Big&Rip?&

Big  Crunch? Big  Bang ? 
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Ω=1&

Ω&
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a(t)
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a(t)∝ tγ ,γ <1 a(t)∝γ (γ −1)
a2 (t)(Ω(t)−1) = const = a2 (t = tnow )(Ω(tnow )−1)
Ω(tnow ) =1.003−0.017

+0.013

Ω(t)≡energy/(criDcal&energy&density)&
&

Flatness&Problem:&Why&flat&today?&

&

Flat&today&&&&&&&&&&&&&&&Even&flaXer&before!&&
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Flatness&problem&
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Recall&from&Lecture&1&
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Inflation 

•  What is inducing the Inflation? 
Candidates: 
•  Constant term (no symmetry prohibits it) 
•  Fermion (not enough vacuum energy) 
•  Boson (let it mimic a constant term!) 
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Slow-roll inflation by a scalar field (�inflaton�) 

V(Φ) 

Φ 

Φ(x) 

x 

Φ1 Φ2 

Φ1 

Φ2 End&of&inflaDon&

reheaDng&
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•  Nice idea 
Can explain  
seeds of structure formation, horizon problem, flatness problem etc. 
 
•  Currently inflation is “dynamics” 

•  The realization in a sensible particle theory is another story. 

                              Inflation 

e.g.&InflaDon&by&right\handed&scalar&neutrino&&

(Murayama&et&al&‘94,&Ellis&et&al&‘04,&&Antusch&et&al&‘05,&KK&&&Yokoyama&’06,&…&)&

&

MoDvated&from&the&neutrino&physics.&&

Economical:&&

maXer/anDmaXer&asymmetry&of&the&Universe&too&(leptogenesis).&

SUSY&dark&maXer.&
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!!a
a
= −

4πG
3
(E +3p)

What&do&we&need&to&accelerate&the&Universe?&

&

SLOW%ROLL%%!!!&&Required&condiDon:&&

w ≡ p
E
< −
1
3

p = 1
2
!φ 2 −V (φ),E = 1

2
!φ 2 +V (φ)

w = −1, p = −Λ = −E

e.g.&Cosmological&constant&Λ

!!a
a
=
8πG
3

Λ⇒ a∝ exp( Λt)

E +3p = 2 !φ 2 −V( ) < 0

EquaDon&of&state&parameter&&

!φ 2 <V PotenDal&energy&need&dominate&potenDal&energy&

!φ 2 <V

Scalar&field&dynamics&
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determinant: g ≡ det gµν

φ = gµν∇µ∇νφ = −g( )−1/2
∂µ[ −g( )1/2 gµν∂νφ]

ds2 = gµν (x)dx
µdxν

 φ + ∂V
∂φ

=0
Klein\Gordon&equaDon&

gµν = diag(1,−a(t)
2,−a(t)2,−a(t)2 )

!!φ −∇2φ +3H !φ + ∂V
∂φ

= 0 (e.g.&during&inflaDon,&the&non\zero&k&modes&redshijed&away)&

H 2 =
1
3
ρ =

1
3
1
2
!φ 2 +V (φ)

!

"
#

$

%
&Friedmann&equaDon&

∇2φ &spaDal&gradient&term&neglected&in&considering&the&spaDally&homogeneous&classical&soluDon&&

ex:&Show&that&a&scalar&field&oscillaDng&in&a&quadraDc&potenDal&behaves&as&pressureless&dust&&

ρ∝1/ a3 Kenji&Kadota(CTPU,&IBS)& Summer&School&ParDcle&Cosmology&

ex:&A&scalar&field&oscillaDng&in&a&quadraDc&potenDal&behaves&as&pressureless&dust&& ρ∝1/ a3

!!φ +3H !φ +m2φ = 0

ρ = !φ 2 / 2 + V ~ !φ 2 ~ e−3Ht

φ(t)∝ exp[±imt − (3 / 2)Ht]For&H<<m,&&&

Using&the&virial&theorem,&&

H =
da / dt
a

→ a ~ eHt

P = !φ 2 / 2−V = 0
V = !φ 2 / 2 = ρφ / 2

SpaDally&coherent&oscillaDon&for&the&quadraDc&potenDal&behaves&as&no\relaDvisDc&maXer.&

Exercise:&How&about&for&a&quarDc&potenDal?&Ans.&it&behaves&like&the&radiaDon&&&&&&&&&ρ∝1/ a4

&

&

&

N ≡ ln a(tend )
a(t)

= H dt
t

tend∫Number&of&e\folds&

(the&space&is&stretched&by&a&factor&eN)&
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!!φ +3H !φ + ∂V
∂φ

= 0

Hubble&dragging&

(a) (b)

φ

V

φ

V

Figure 10. The two main classes of single-field inflation models: (a) large-field
inflation; (b) small-field inflation. The former is motivated by a mass-like potential,
the latter by something more like the Higgs potential.

The first inflation model (Guth 1981) was of the small-field type, but large-field models have
tended to be considered more plausible, for two reasons. The first is to do with initial conditions. If
inflation starts from anywhere near to thermal equilibrium at a temperature TGUT, we expect thermal
fluctuations in φ; the potential should generally differ from its minimum by an amount V ∼ T 4

GUT
.

How then is the special case needed to trap the potential near φ = 0 to arise? We have returned to
the sort of fine-tuned initial conditions from which inflation was designed to save us. The other issue
with simple small-field models relates to the issue of how inflation ends. This can be viewed as a form
of phase transition, which is continuous or second order in the case of large-field models. For small-
field models, however, the transition to the true vacuum can come about by quantum tunnelling, so
that the transition is effectively discontinuous and first order. As we will discuss further below, this
can lead to a universe that is insufficiently homogeneous to be consistent with observations.

chaotic inflation models Most attention is therefore currently paid to the large-field models
where the field finds itself some way from its potential minimum. This idea is also termed chaotic
inflation: there could be primordial chaos, within which conditions might vary. Some parts may
attain the vacuum-dominated conditions needed for inflation, in which case they will expand hugely,
leaving a universe inside a single bubble – which could be the one we inhabit. In principle this bubble
has an edge, but if inflation persists for sufficiently long, the distance to this nastiness is so much
greater than the current particle horizon that its existence has no testable consequences.
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H 2 ~ 8πG
3

V

Slow\roll&approximaDon:&

3H !φ + ∂V
∂φ

= 0→ !φ 2 ~

∂V
∂φ

#
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%

&
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H 2 ~

∂V
∂φ
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V
!φ 2 <<V→ ∂V /∂φ

V
#

$
%

&

'
(
2

≡ ε <<1Required&condiDon&for&acceleraDon:&

!H = −4πG(ρ +P) = −4πG !φ 23H !φ + ∂V
∂φ

= 0⇒ 3 !H !φ +3 !H !!φ + ∂
2V
∂φ 2
!φ = 0⇒ !H ~ −V ''

!φ 2 <<V→ !H <<VRequired&condiDon&for&acceleraDon:& V '' <<V→ V ''
V

≡ η <<1

V =m2φ 2 / 2
ex:&&Calculate&the&slow\roll&parameters&evaluated&at&N=50&from&the&end&of&inflaDon&

for&&&

Exercise:&Derive&the&slow&roll&condiDons&using&the&condiDon&for&the&acceleraDon&&&&&&&&&&&&&&&&&&&:&&
∂V /∂φ
V

"

#
$

%

&
'
2

≡ ε <<1
V ''
V

≡ η <<1

N ≡ ln a(tend )
a(t)

= H dt
t

tend∫ During&the&inflaDon,&the&number&of&e\folds&~exp[50]&may&be&required&&

!φ 2 <<V

Kenji&Kadota(CTPU,&IBS)& Summer&School&ParDcle&Cosmology&

(a) (b)

φ

V

φ

V

Figure 10. The two main classes of single-field inflation models: (a) large-field
inflation; (b) small-field inflation. The former is motivated by a mass-like potential,
the latter by something more like the Higgs potential.

The first inflation model (Guth 1981) was of the small-field type, but large-field models have
tended to be considered more plausible, for two reasons. The first is to do with initial conditions. If
inflation starts from anywhere near to thermal equilibrium at a temperature TGUT, we expect thermal
fluctuations in φ; the potential should generally differ from its minimum by an amount V ∼ T 4

GUT
.

How then is the special case needed to trap the potential near φ = 0 to arise? We have returned to
the sort of fine-tuned initial conditions from which inflation was designed to save us. The other issue
with simple small-field models relates to the issue of how inflation ends. This can be viewed as a form
of phase transition, which is continuous or second order in the case of large-field models. For small-
field models, however, the transition to the true vacuum can come about by quantum tunnelling, so
that the transition is effectively discontinuous and first order. As we will discuss further below, this
can lead to a universe that is insufficiently homogeneous to be consistent with observations.

chaotic inflation models Most attention is therefore currently paid to the large-field models
where the field finds itself some way from its potential minimum. This idea is also termed chaotic
inflation: there could be primordial chaos, within which conditions might vary. Some parts may
attain the vacuum-dominated conditions needed for inflation, in which case they will expand hugely,
leaving a universe inside a single bubble – which could be the one we inhabit. In principle this bubble
has an edge, but if inflation persists for sufficiently long, the distance to this nastiness is so much
greater than the current particle horizon that its existence has no testable consequences.
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ex:&&Calculate&the&slow\roll&parameters&evaluated&at&N=50&from&the&end&of&inflaDon&

for&&&V =m2φ 2 / 2

ε =η = 2 /φ 2

ε  or η ~ 1 for φend ~ 2Mp

N ≡ ln a(tend )
a(t)

= H dt
t

tend∫ ~ V
V '
dφ

φend

φ

∫ N = 50→φ* =14MPl ε ~η ~ 2 /142 ~ 0.01

ex:&Derive&the&condiDon&for&the&eternal&inflaDon&for&&

&

During&a&Hubble&Dme,&&&&&&&&&&&&&&&&&&&&&&&inflaton&gets&a&quantum&kick&of&&&&&&&&&&&&&&&

while&classically&rolling&down&by&&&&

H / 2π
!φΔt ~ !φ /H

Δt =1/H

H >> !φ /H→
V 3

V '2
>>1 φ >1/ mEternal&inflaDon&for&&

m ~1013GeVFrom&the&CMB:&&

V =m2φ 2 / 2
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Figure 10. The two main classes of single-field inflation models: (a) large-field
inflation; (b) small-field inflation. The former is motivated by a mass-like potential,
the latter by something more like the Higgs potential.

The first inflation model (Guth 1981) was of the small-field type, but large-field models have
tended to be considered more plausible, for two reasons. The first is to do with initial conditions. If
inflation starts from anywhere near to thermal equilibrium at a temperature TGUT, we expect thermal
fluctuations in φ; the potential should generally differ from its minimum by an amount V ∼ T 4

GUT
.

How then is the special case needed to trap the potential near φ = 0 to arise? We have returned to
the sort of fine-tuned initial conditions from which inflation was designed to save us. The other issue
with simple small-field models relates to the issue of how inflation ends. This can be viewed as a form
of phase transition, which is continuous or second order in the case of large-field models. For small-
field models, however, the transition to the true vacuum can come about by quantum tunnelling, so
that the transition is effectively discontinuous and first order. As we will discuss further below, this
can lead to a universe that is insufficiently homogeneous to be consistent with observations.

chaotic inflation models Most attention is therefore currently paid to the large-field models
where the field finds itself some way from its potential minimum. This idea is also termed chaotic
inflation: there could be primordial chaos, within which conditions might vary. Some parts may
attain the vacuum-dominated conditions needed for inflation, in which case they will expand hugely,
leaving a universe inside a single bubble – which could be the one we inhabit. In principle this bubble
has an edge, but if inflation persists for sufficiently long, the distance to this nastiness is so much
greater than the current particle horizon that its existence has no testable consequences.
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The first inflation model (Guth 1981) was of the small-field type, but large-field models have
tended to be considered more plausible, for two reasons. The first is to do with initial conditions. If
inflation starts from anywhere near to thermal equilibrium at a temperature TGUT, we expect thermal
fluctuations in φ; the potential should generally differ from its minimum by an amount V ∼ T 4

GUT
.

How then is the special case needed to trap the potential near φ = 0 to arise? We have returned to
the sort of fine-tuned initial conditions from which inflation was designed to save us. The other issue
with simple small-field models relates to the issue of how inflation ends. This can be viewed as a form
of phase transition, which is continuous or second order in the case of large-field models. For small-
field models, however, the transition to the true vacuum can come about by quantum tunnelling, so
that the transition is effectively discontinuous and first order. As we will discuss further below, this
can lead to a universe that is insufficiently homogeneous to be consistent with observations.

chaotic inflation models Most attention is therefore currently paid to the large-field models
where the field finds itself some way from its potential minimum. This idea is also termed chaotic
inflation: there could be primordial chaos, within which conditions might vary. Some parts may
attain the vacuum-dominated conditions needed for inflation, in which case they will expand hugely,
leaving a universe inside a single bubble – which could be the one we inhabit. In principle this bubble
has an edge, but if inflation persists for sufficiently long, the distance to this nastiness is so much
greater than the current particle horizon that its existence has no testable consequences.
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ψ

φ

V

Figure 11. A sketch of the potential in hybrid inflation. For φ = 0, V (ψ) has
the symmetry-breaking form of the potential for small-field inflation, but for large φ
there is a simple quadratic minimum in V (ψ). Evolution in this potential can drive
conditions towards ψ = 0 while φ is large, preparing the way for something similar to
small-field inflation.

the robustness of the predictions of the simple models. The form of the Lagrangian is also claimed to
have some fundamental motivation (although this has been said of many Lagrangians). As a result,
hybrid inflation is rather popular with inflationary theorists.

criteria for inflation Successful inflation in any of these models requires > 60 e-foldings
of the expansion. The implications of this are easily calculated using the slow-roll equation, which
gives the number of e-foldings between φ1 and φ2 as

N =

∫

H dt = −
8π

m2
P

∫ φ2

φ1

V

V ′
dφ (124)

For a potential that resembles a smooth polynomial, V ′ ∼ V/φ, and so we typically get N ∼
(φstart/mP)2, assuming that inflation terminates at a value of φ rather smaller than at the start. The
criterion for successful inflation is thus that the initial value of the field exceeds the Planck scale:

φstart ≫ mP. (125)
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V =
1
2
m2φ 2

V =V0 −
1
2
m2φ 2 +.. V =

1
2
m2φ 2 +

1
4
λ(ψ 2 −M 2 )2 + 1

2
λ 'φ 2ψ 2

Large&field&inflaDon& Small&field&inflaDon& Hybrid&inflaDon&

how&much&inflaDon&needed?&

•  ex.&How&many&e\folds&are&required&for&the&inflaDon&energy&scale&E?&
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the&horizon&size&~1/H:&

&The&patch&during&inflaDon&of&order&&&&&&&&&&&&&needs&to&cover&our&current&Horizon&size&&&&&&&&now&

1
H inf

1
H0

e.g.GUT scale inflation

ΔN = ln a0

ainf

"

#
$

%

&
'= ln ρr,inf

ρr,0

"

#
$$

%

&
''

1/4

~ ln
1015GeV( )

4

10−4eV( )
4

"

#

$
$

%

&

'
'

1/4

~ ln1028 ~ 64

1
H inf

~ 1
ρ1/2

inf

, post-inflation redshift= Einf

kTCMB
=

ρr,inf

ρr,0

!

"
##

$

%
&&

1/4

The stretch by inflation > ρr,inf

ρr,0

!

"
##

$

%
&&

1/4

=
a0

ainf

1
H inf

⇒
1
H inf

× (stretched by inflation)× (post-inflation redshift)> 1
H0

In&other&words,&the&number&of&inflaDonary&e\folds&>&post\inflaDonary&e\folds&
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Big&Bang&Nucleosynthesis(BBN)&&
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&

p&and&n&then&combine&to&form&a&long\lasDng&stable&4He&(binding&energy~28&MeV)&&

(3&minutes&old&Universe)&&&

e.g. 4He : p+ n→D+γ,D+D→ n+ 3He, 3He+D→ p+ 4He

Protons and neutrons combined to make long-lasting helium nuclei when 
universe was ~ 3 minutes old.

FormaDon&of&nuclei&(first&three&minutes&of&the&Universe).&

The&nucleus&formaDon&occurs&around&1&MeV&which&is&a&typical&nuclear&binding&energy&scale.&

&

(e.g.&The&deutrium:&D&mass=1875.62&MeV&and&the&mass&of&proton&plus&neutron&1877.84&MeV.&

the&binding&energy&is&hence&2.22&MeV)&

4He&has&a&big&binding&energy&(~28&MeV)&and&

preXy&much&all&neutrons&form&into&4He.&&

Even&though&many&baryonic&maXer(&&&&&&&&&&&&&&&&&&&&)&are&created&ajer&the&QCD&phase&transiDon&&

(~150&MeV),&&only&protons&and&neutrons&survive&Dll&T~1MeV.&

&& p,n,π,Λ

In&the&first&approximaDon,&no&elements&heavier&&

than&4He&are&produced&because&of&large&4He&binding&

&energy&and&the&low&reacDon&rate&due&to&small&baryon&density.&
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Neutron/Proton&raDo&

&

(important&because&essenDally&all&neutrons&end&up&with&Helium&4&most&Dghtly&bound&nucleus)&

AS 4022  Cosmology
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0.1% mass difference is critical !

nn / np ~ 1 if mn =mp!

ν + n↔ p+ e−

e+ + n↔ p+ν
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Deuterium&producDon&changes&n/p&further& n+ p→D+γ
Deuterium&however&has&a&small&binding&energy&&2.2&MeV&

&

High&energy&tails&of&blackbody&photons&can&break&up&D&easily&

&

Need&to&wait&unDl&the&photons&get&cooled&down&

Nucleosynthesis&starts&with&deuterium&producDon&to&from&heavier&elements&

n↔ p+ e− +ν

T ~ 0.1MeV (t ~ 300s)

While&waiDng,&the&neutrino&decay&become�&important&for&T~0.1&MeV&&&

AS 4022  Cosmology

Neutron / Proton =>  He / H

€ 

n

p

€ 

nn = n
0
e
−t /τ τ = 890s

n

p
=
1

5
e
−
200

890

 

 
 

 

 
 

≈
1

7

Neutron decay:

n/p = 1/5

€ 

1s

0.8MeV

€ 

200 s

0.1MeV

10
9
K

n/p = 1/7

Deuterium production:

€ 

B
D

= 2.2MeV η =109
photons

baryon

lnη = ln(109) ~ 20

t ≈ 200s kT ≈
B
D

lnη
= 0.1MeV

€ 

n + p→ D+ γ

€ 

Xp ≡
mass in H

total mass
= 0.75  Yp ≡

mass in He

total mass
= 0.25

Primordial

Abundances :

Xp ≡
mass in H
total mass

~ 0.75,Yp ≡
mass in He
total mass

~ 0.25Primordial&

Abundances&
nonstandard BBN (NBBN), where we allow the number of
neutrino flavors to differ from 3. There are many possible
choices that could be made for using Planck data sets. In
particular, Planck offers results based on several combinations
of their data such as including polarization, lensing, baryon
acoustic oscillations, etc. Here we choose the CMB data set
that uses both temperature and polarization (E-mode) data,
corresponding to the Planck TT; TE; EEþ lowP set. This is
labeled as plikHM_TTTEEE_lowTEB in the Planck archive.
Using the Planck Markov chain data (Planck Collaboration,
2015), we constructed the multidimensional likelihoods for the
following extended parameter chains, base_yhe and base_
nnu_yhe, for the plikHM_TTTEEE_lowTEB data set. As
noted earlier, we do not use thePlanck base chain, as it assumes
a BBN relationship between the helium abundance and the
baryon density. base_yhe refers to the data chain that allows
the helium abundance to vary independently while fixing
Neff ¼ 3.046, and base_nnu_yhe allows both the helium
abundance and the number of effective degrees of freedom
to vary independently.
From these two parameter sets we have the following

two- and three-dimensional likelihoods from the CMB:
LPLA−base yheðωb; YpÞ and LPLA−base nnu yheðωb; Yp; NνÞ. The
two-dimensional base_yhe likelihood LPLA−base yheðωb; YpÞ
is well represented by a 2D correlated Gaussian distribution,
with means and standard deviations for the baryon density and
4He mass fraction

ωb ¼ 0.022 305% 0.000 225; ð18Þ

Yp ¼ 0.250 03% 0.013 67; ð19Þ

and a correlation coefficient r ≡ covðωb; YpÞ=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varðωbÞvarðYpÞ

p
¼ þ0.7200. Recall that ωb ¼ ΩBh2.

These likelihoods are plotted in Figs. 4 and 6.
The two parameter data can be marginalized to yield one-

dimensional likelihood functions for η. The peak and 1σ
spread in η are given in the first row of Table IV. The following
rows correspond to different determinations of η. In the second
to fourth rows, no CMB data are used. That is, we fix η only
from the observed abundances of 4He, D, or both. Notice, for

example, in row 2, the value for η is low and has a large
uncertainty. This is due to the slightly low value for the
observational abundance (7) and the logarithmic dependence
of Yp on η. We see again that BBN+Yp is a poor baryometer.
This is described in more detail in Sec. IV.D. Row 5 uses the
BBN relation between η and Yp, but no observational input
from Yp is used. This is closest to the Planck determination
found in Table 4 and Eq. (72) of Ade et al. (2015), although
here Yp was taken to be free and the value of η in the table is a
result of marginalization over Yp. This accounts for the very
small difference in the results for η: η10 ¼ 6.09 (Planck) and
η10 ¼ 6.10 (Table IV). Rows 6–8 add the observational
determinations of 4He, D, and the combination. As one can
see, the inclusion of the observational data does very little to
affect the determination of η and thus we use η10 ¼ 6.10 as our
fiducial baryon-to-photon ratio.
The three-dimensional base_nnu_yhe likelihood

LPLA−base nnu yheðωb; Yp; NνÞ is close to, but not fully captured
by, a simple 3D correlated Gaussian distribution. But since
these distributions are single peaked and close to Gaussian, we
can correct for the non-Gaussianity via a 3D Hermite
expansion about a 3D correlated Gaussian base distribution.
Details of this prescription are given in the Appendix.
The calculated mean values and standard deviations for

these distributions are as follows:

ωb ¼ 0.022 212% 0.000 242; ð20Þ

Neff ¼ 2.7542% 0.3064; ð21Þ

Yp ¼ 0.261 16% 0.018 12. ð22Þ

These values correspond to the peak of the likelihood
distribution using CMB data alone. That is, no use is made
of the correlation between the baryon density and the helium
abundance through BBN. For this reason, the helium mass
fraction is found to be rather high. Our value of Yp ¼ 0.261%
0.036ð2σÞ can be compared with the value given by the
Planck Collaboration in Eq. (79) of Ade et al. (2015) with
Yp ¼ 0.263þ0.034

−0.037 .
In this case, we marginalize to form a 2D likelihood

function to determine both η and Neff . As in the 1D case
discussed previously, we can determine η and Nν using CMB
data alone. This result is shown in row 1 of Table V and does
not use any correlation between η and Yp. Note that the value

FIG. 2. The sensitivity of the 4He abundance to the neutron
mean lifetime, as shown through a scatter plot of our Monte Carlo
error propagation.

TABLE IV. Constraints on the baryon-to-photon ratio, using differ-
ent combinations of observational constraints. We have marginalized
over Yp to create 1D η likelihood distributions.

Constraints used η × 1010 ΩBh2

CMB only 6.108% 0.060 0.022 31% 0.000 22
BBNþ Yp 4.87þ2.46

−1.54 0.0178þ0.0090
−0.0056

BBNþ D 6.180% 0.195 0.022 57% 0.000 71
BBNþ Yp þ D 6.172% 0.195 0.022 54% 0.000 71
CMBþ BBN 6.098% 0.042 0.022 27% 0.000 15
CMBþ BBNþ Yp 6.098% 0.042 0.022 27% 0.000 15
CMBþ BBNþ D 6.102% 0.041 0.022 29% 0.000 15
CMBþ BBNþ Yp þ D 6.101% 0.041 0.022 28% 0.000 15

Cyburt et al.: Big bang nucleosynthesis: Present status 015004-11
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nn = n0e
−t/τ ,τ ~ 880s

n
p
~ 1
5
e−300/880 ~ 1
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The&equilibrium&densiDes&of&other&nuclei&elements&are&not&reached&Dll&this&Dme&because&they&are&

all&produced&from&D&(around&this&Dme&when&D&and&He&are&produced,&the&reacDon&rates&

are&by&now&too&slow&to&produce&any&heavier&parDcles).&&&DEUTERIUM&BOTTLENECK&
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&&&&&&&&H&

He&

Metals&

Cosmology&predicts&that&the&early&Universe&is&filled&with&hydrogen&and&helium&

The&early&Universe&is&metal&free&("metal"&refers&to&heavier&elements&not&H&or&He)&

All&metals&were&made&later&in&the&stars&(dense&and&hot&to&overcome&the&binding&energy)&&

&

Simplified&periodic&table&
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AS 4022  Cosmology

1975:  Big Bang Nuclear Fusion

Big Bang + 3 minutes

T ~ 109 K

First atomic nuclei forged.

Calculations predict:

75% H   and   25% He

AS OBSERVED !

+ traces of light elements
D, 3H, 3He, 7Be, 7Li

=> normal matter only 4% of
critical density.

Oxygen abundance =>

He
liu

m 
ab

un
da

nc
e

Deuterium&BoXleNeck&&

Made in Early Universe

Made in Stars

Made in the laboratory

Made in Supernovae

12

Kenji&Kadota(CTPU,&IBS)& Summer&School&ParDcle&Cosmology&

Using&BBN&to&constrain&the&parDcle&physics&models&&

\&AddiDonal&relaDvisDc&degrees&of&freedom:&& H 2 ∝ρ∝ gT 4

relaDvisDc&degrees&of&freedom&modifies&the&expansion&rate&and&hence&the&freeze\out&

&temperature.&e.g.&addiDonal&neutrino&species&can&make&the&neutron&freeze\out&earlier&&

with&a&larger&number&density&\>&More&4He&&

\&The&baryonic&abundance&&&

(e.g.less collision rate D+ p→ 3He+γ )

ηB
Less&baryons&decreases&the&reacDon&to&burn&D&into&heavier&elements.&\>&More&D&&&

\The&lepton&asymmetry&&&

ν + n↔ p+ e−

e+ + n↔ p+ν
n↔ p+ e+ν

The&lepton&asymmetry&change&can&change&neutron&to&proton&raDo&\>&4He&changes&&

Smaller& also&means&to&wait&longer&for&a&longer&cooling&Dme&

\>&more&neutrons&decay&\>&Less&He&&

(nb / nγ (nγ ~ 400 / cm
3))

nb / nγ
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\&Exercise:&How&can&the&BBN&be&sensiDve&to&expansion&rate&of&the&Universe?&

Big&expansion&rate\>&Big&cooling&rate&& H 2 ∝ρ∝ gT 4

If&cooling&is&huge,&no&Dme&for&the&neutrons&to&decay&

Abundances depend on two parameters:

  1) cooling time  vs neutron decay time

( proton - neutron ratio )

  2) photon-baryon ratio

(T at which D forms)

If cooling much faster,  no neutrons decay

   and       Np / Nn ~ 5

        Xp = 4/6 = 0.67       Yp = 2/6 = 0.33.

If cooling much slower, all neutrons decay

             Xp = 1    Yp = 0.

Sensitivity to Parameters
Abundances depend on two parameters:

  1) cooling time  vs neutron decay time

( proton - neutron ratio )

  2) photon-baryon ratio

(T at which D forms)

If cooling much faster,  no neutrons decay

   and       Np / Nn ~ 5

        Xp = 4/6 = 0.67       Yp = 2/6 = 0.33.

If cooling much slower, all neutrons decay

             Xp = 1    Yp = 0.

Sensitivity to Parameters

nn
np
~ 5,Xp ~ 2 / 3,Yp ~1/ 3

RelaDvisDc&degrees&of&freedom&constrained&by&the&BBN&

If&cooling&is&negligible,&all&neutrons&decay&

Abundances depend on two parameters:

  1) cooling time  vs neutron decay time

( proton - neutron ratio )

  2) photon-baryon ratio

(T at which D forms)

If cooling much faster,  no neutrons decay

   and       Np / Nn ~ 5

        Xp = 4/6 = 0.67       Yp = 2/6 = 0.33.

If cooling much slower, all neutrons decay

             Xp = 1    Yp = 0.

Sensitivity to Parameters

Xp ~1,Yp ~ 0
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Can&we&check&BBN&predicDons&by&observaDons?&&

Examine&the&primordial&(unprocessed)&gas&cloud&not&yet&polluted&by&stars&&

(typically&idenDfied&by&low&metaliciDes)&&

AS 4022  Cosmology

1975:  Big Bang Nuclear Fusion

Big Bang + 3 minutes

T ~ 109 K

First atomic nuclei forged.

Calculations predict:

75% H   and   25% He

AS OBSERVED !

+ traces of light elements
D, 3H, 3He, 7Be, 7Li

=> normal matter only 4% of
critical density.

Oxygen abundance =>

He
liu

m 
ab

un
da

nc
e

ExtrapolaDon&to&Oxygen/Hydrogen&raDo=0&gives&an&esDmate&for&the&primordial&He&abundance&Y&
AS 4022  Cosmology

 Observations can check the predictions,
but must find places not yet polluted by stars.

     - Lyman-alpha clouds

    Quasar spectra show absorption lines.  Line strengths give
abundances in primordial gas clouds (where few or no stars
have yet formed).

    - nearby dwarf galaxies

    High gas/star ratio and low metal/H in gas suggest that
interstellar medium still close to primordial

Primordial gas

quasarPrimordial gas cloud
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Measuring&the&deuterium&abundance&can&tell&us&the&baryon&density&

SensiDve&to&the&baryon&abundance&

BBN&gives&an&important&constraint&on&&

Ωbh
2 = 0.02

(Thanks&to&a&big&slope,&a&big&error&in&D&

abundance&gives&a&relaDvely&small&error&

in&baryon&density)&

is in agreement with 
allowing for large uncertainties in the 

inferred elemental abundances   
5.7 < η10 < 6.7 (95% CL)
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Baryonic Dark Matter: 
warm-hot IGM, Ly-α , X-ray gas … 

+ 
Non-baryonic dark matter: ? 
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There is a “lithium problem” possibly  
indicative of non-standard physics 

Constrains the Hubble expansion rate 
at t ~ 1 s : bounds on new particles 
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Summer&School&Cosmology&Lecture&

Plan&of&Lectures�

Brief&History&of&the&Universe&

FRW&cosmology&

Thermodynamics&in&the&Expanding&Universe&

InflaDon&

Big&Bang&Nucleosynthesis&

Baryogenesis/Leptogenesis&

Cosmic&Microwave&Backgrounds&&

Baryon&AcousDc&OscillaDons&

1.#Introduc,on#to#Standard#Cosmology#

3.#CMB#and#Large#Scale#Structure#of#the#Universe#

2.#The#Early#Universe#Phenomenology#
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Baryon&asymmetry&in&the&Universe&

How&can&the&baryon&asymmetry&arise&from&an&iniDally&symmetric&condiDon?&

Sakharov's&condiDons&(1967)&

1)&B&violaDon&

&

2)&C&and&CP&violaDon&

the&baryon&number&is&odd&under&C&and&CP&

(If&CP&were&an&exact&symmetry,&a&process&(producing&ΔB>0)&and&its&CP&conjugate&process&&

(producing&ΔB<0)&would&have&the&&same&rate.)&

3)&Departure&from&the&thermal&equilibrium&

(otherwise,&a&process&and&its&inverse&process&would&have&the&same&rate)&

The&expansion&of&the&Universe&can&realize&it&&

CKM&matrix&has&CP&violaDng&phase&

e.g.&CP&is&violated&in&Kaon&&&&&&&&&&&&&&&&&&decay&&(K 0 &K 0 )

K 0 → π −e+νe,K
0 → π +e−νe (more&positrons&(~10\3)&than&electrons)&
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Is&it&possible&in&the&Standard&Model?&

&The&SM&can&violate&B&(strictly&speaking&B+L&violaDon&by&axial&anomaly)&

1)&B&violaDon&

sphaleron&effects&wash\out&B+L&number&

ψ→ eiβψL =ψLγ
µ (∂µ − i

g
2
σ AWµ

A )ψL invariant&under&&&

Jµ
5 =ψγµψ

Classically,&from&Noether&theorem,&there&is&a&conserved&current&&

∂µJ
5µ = 0

Quantum&mechanically,&there&is&an&anomaly&& ∂µJ
5µ = −

g2

32π 2 Fµν
a !Faµν

In&the&SM,&the&global&U(1)
B+L
&is&anomalous&

Lagrangian&of&chiral&fermion&in&SU(2)&gauge&interacDons&

Fermions&are&created,&even&though&there&is&no&perturbaDve&interacDons&in&Lagrangian&&

to&create&it..&&&

d 4x∫ ∂µJ
5µ = dt ∂

∂t
d3xJ 5,0 =∫∫ Q5(t =∞)−Q5(t = −∞)

Q5 = d3xJ 5,0 =∫ d3xψγ 0ψ∫

ψγ 0ψ =ψ †ψ
number&operator&
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In&the&early&Universe,&before&Higgs&gets&vev,&all&gauge&fields&and&fermions&were&massless&&

&&&

Baryon&number&violaDon&due&to&&

Fermion&fluctuaDons&in&the&thermally&&

fluctuaDng&W&backgrounds&

For&a&lepton:&&

&

For&a&quark&&

(baryon&umber&1/3&x&3&colors)&&

Dirac&Sea&&

ΔL =1

ΔB =1

Bend ~ 0.35(B− L),Lend ~ −0.65(B− L)In&chemical&equilibrium,&&

Both&B&and&L&are&broken.&B\L&is&conserved&

To&see&where&they&came&from,&let&us&consider&the&Dirac&sea&picture&where&&

SU(2)&field&strength&tensor&is&non\zero.&The&chiral&fermion&is&sizng&in&an&external&gauge&

field.&IniDally,&all&the&negaDve&states&are&filled&and&all&the&posiDve&energy&states&are&empty&
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Electroweak&baryogenesis:&&

&

&

\&B&is&violated&by&the&sphaleron&effects.&

\&CP&is&violated&in&the&SM.&

\&First&order&of&electroweak&phase&transiDon&&

realizes&the&departure&from&the&equilibrium&

&

In&SM:&With&higgs&mass=125&GeV,&not&the&first&order&(need&mH<50&GeV)&

(the&strength&of&transiDon&depends&on&the&height&of&potenDal&<v>/Tc)&

CP&violaDng&effects&too&small&for&the&desirable&order&of&baryon&asymmetry&&

&

SUSY?&Need&the&light&stop&(~120&GeV)&for&the&first&order&(less&likely)&

chargino&sector&gives&an&addiDonal&CP&violaDng&phases&(sDll&not&enough)&

v ≠ 0
v = 0

ψL,ψR
chiral&flux&difference&because&&

of&the&different&reflecDon&

probability&for&L/R&(CP&violaDon)&
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FIG. 3 First and second order phase transitions.

What about finite temperatures? By analogy with the phase transition in the Landau-Ginsburg model of super-
conductivity, one might expect that the value of < Φ > will change as the temperature increases. To determine the
value of Φ, one must compute the free energy as a function of Φ.The leading temperature-dependent corrections are
obtained by simply noting that the masses of the various fields in the theory – the W and Z bosons and the Higgs
field, in particular, depend on Φ. So the contributions of each species to the free energy are Φ-dependent:

F(Φ)VT (Φ) = ±
∑

i

∫
d3p

2π3
ln
(
1 ∓ e−β

√
p2+m2

i (Φ)
)

(28)

where β = 1/T , T is the temperature, the sum is over all particle species (physical helicity states), and the plus sign
is for bosons, the minus for fermions. In the Standard Model, for temperature T ∼ 102 GeV, one can treat all the
quarks are massless, except for the top quark. The effective potential (28) then depends on the top quark mass, mt ,
the vector boson masses, MZ and mW , and on the Higgs mass, mH . Performing the integral in the equation yields

V (Φ, T ) = D(T 2 − T 2
o )Φ2 − ETΦ3 +

λ

4
Φ4 + . . . . (29)

The parameters To, D and E are given in terms of the gauge boson masses and the gauge couplings below. For the
moment, though, it is useful to note certain features of this expression. E turns out to be a rather small, dimensionless
number, of order 10−2. If we ignore the φ3 term, we have a second order transition, at temperature To, between a
phase with φ ̸= 0 and a phase with φ = 0. Because the W and Z masses are proportional to φ, this is a transition
between a state with massive and massless gauge bosons.

Because of the φ3 term in the potential, the phase transition is potentially at least weakly first order. This is
indicated in Fig. 3. Here one sees the appearance of a second, distinct, minimum at a critical temperature. A first
order transition is not, in general, an adiabatic process. As we lower the temperature to the transition tempera-
ture, the transition proceeds by the formation of bubbles; inside the bubble the system is in the true equilibrium
state (the state which minimizes the free energy) while outside it tends to the original state. These bubbles form
through thermal flucutations at different points in the system, and grown until they collide, completing the phase
transition. The moving bubble walls are regions where the Higgs fields are changing, and all of Sakharov’s conditions
are satisfied. It has been shown that various non-equilibrium processes near the wall can produce baryon and lepton
numbers (Cohen, Kaplan and Nelson, 1993; Rubakov and Shaposhnikov, 1996).

Describing these processes would take us far afield. Even without going through these details, however, one point is
crucial: after the bubble has passed any given region, the baryon violating processes should shut off. If these processes
continue, they wash out the baryon asymmetry produced during the phase transition.

Avoiding the washing out of the asymmetry requires that after the phase transition, the sphaleron rate should be
small compared to the expansion rate of the universe. According to eq. (25), this requires that after the transition the
sphaleron energy, which is proportional to (temperature-dependent) W -boson mass, MW , be large compared to the
temperature. This, in turn, means that the Higgs expectation value must be large immediately after the transition.
Using eq. (29) or more refined calculations to higher orders, one can relate the change in the Higgs expectation value
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Leptogenesis&

\&Lepton&number&violated&by&Majorana&mass&term&

\&CP&violaDon&from&the&complex&neutrino&Yukawa&matrix&

YNNLH +
1
2
MRNN

N→ LH N→ LHHeavy&Majorana&neutrino&decays.&

ex:&The&departure&from&the&thermal&equilibrium:&&

The&condiDon&of&out&of&equilibrium&decay&(strictly&speaking,&should&solve&Boltzmann&equaDon):&

N1

l

H

+ N1
H

l

N

H

l

+

l

H
NN1

l

H

Figure 1: Tree level and one-loop diagrams contributing to heavy neutrino decays whose

interference leads to Leptogenesis.

Once the temperature of the universe drops below the mass M1, the heavy neutrinos are

not able to follow the rapid change of the equilibrium distribution. Hence, the necessary

deviation from thermal equilibrium ensues as a result of having a too large number

density of heavy neutrinos, compared to the equilibrium density. Eventually, however, the

heavy neutrinos decay, and a lepton asymmetry is generated owing to the presence of CP-

violating processes. The CP asymmetry involves the interference between the tree-level

amplitude and the one-loop vertex and self-energy contributions (see Fig. (1)). In a basis,

where the right-handed neutrino mass matrix M is diagonal, one obtains [57] for the CP

asymmetry parameter ε1 assuming hierarchical heavy neutrino masses (M1 ≪ M2, M3):

ε1 ≃
3

16π

1

(hh†)11

∑

i=2,3

Im
[(

hh†
)2

i1

]
M1

Mi
. (55)

In the case of mass differences of order the decay widths, one obtains a significant en-

hancement from the self-energy contribution [58], although the influence of the thermal

bath on this effect is presently unclear.

The CP asymmetry of Eq. (55) can be obtained in a very simple way by first inte-

grating out the heavier neutrinos N2 and N3 in the leptonic Lagrangian. This yields

Leff
ν = h1jNR1ℓLjH −

1

2
M1N c

R1NR1 +
1

2
ηijℓLiHℓLjH + h.c. , (56)

with

ηij =
3∑

k=2

hT
ik

1

Mk
hkj . (57)

The asymmetry ε1 is then obtained from the interference of the Born graph and the one-

loop graph involving the cubic and the quartic couplings. This includes automatically

both, vertex and self-energy corrections [59] and yields an expression for ε1 directly in

terms of the light neutrino mass matrix:

ε1 ≃ −
3

16π

M1

(hh†)11v2
F

Im
(
h∗mνh

†
)

11
. (58)

The CP asymmetry then leads to a (B-L)-asymmetry [12],

YB−L ≃ −YL = −
nL − nL

s
= −κ

ε1

g∗
. (59)
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16π

MN < H (T ~ MN ) =
π 2g*
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90
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16π
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mν =
Y ∗Y v 2

MN

<
π 2g*
90

v2
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