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Coarse Graining and Field Theory
e How to do RG systematically

e Ising universality class: H=—J3_; ysisi—h>_;s;, (s = £1)
o Landau-Ginzburg-Wilson Hamiltonian (Free energy)

M= [ dx [§(T00) + £620) + u*(x) — hox)
@(x): local order parpameter / coarse grained field
e Partition function:
Z= / Do(x)e M
@ Continuous spin model

H:—%ZJ(r—r’) (r)s(r) —hz +)\Z

r,r’

® Exact transformation: Hubbard-Stratonovich transformation
® Landau expansion — Coarse grained field theory



Exact Transformation: Ising-like system
Partition function:
1
Z = Z exp EZKUS'SJ +Zﬂh,‘5; s
{si=%1} iJ i

where Kij = 5J if (i,j) is n.n. and Kj; = 0 otherwise, and h; is local field.
One can write

e% Zi,j Kijsisf — (Const.)/H dw’ e_%Zf,j wi(Kil)iij-’—Zfsiwi?
i

where >~ K; ' Kjx = 6« and (const.) = (2)~"/?(det K)'/2. Spin terms
are now local and the trace can now be done as

Z e si(YitBh) — H2cosh(¢; + ﬁh’.) = e i A(1111+Bhf)7
{S,'::I:l} i

where A(x) = —In(2cosh x) ~ —In2 — x2/2 + x*/12 + O(x®).



Partition function now becomes a functional integral over a field 1);

Z = (const.) / H di; e 2 2y VilK ik = 5, A(ti+5h) (1)
= (const.) / H dip; o 3 2 j(Wi=Bh) (K™ 1) (4—Bhy) =32, Awi) (2)

Local Magnetization

dInZ =1\ (o). _ . — =1y ..
(si) = a(Bh) <Z(K )i (¥; th)>(2) <Z(K )U¢J>(1)

J J

Define ¢; = ZJ(K’l),-jwj, then (s;) = (¢;), where the last average is

w.r.t.
[T o el-sial.

where

S[e] = % > oiKidi+ Y A (Z Kb + 5/7,)
i i j




e Evaluate the functional integral using saddle point approximation
Saddle point equation

¢ =AY Kygy+ Bhi | =tanh [ Y Kygy + Bh;
J j

= Mean field theory

e Could do a systematic loop expansion;
Expansion parameter ~ 1/ (number of identical indep. spins on a
site)



e Expansion and Truncation: Note that

1 1
) Z 0iKijo; = 2 ZQLqKq%v
ij q
2

1 1
_EZ ZK,-J-(ZSJ' = —EZKfq(quKq(bq
i\ a

and
Ke=28—cq®+0(q"), zJ=Tc, K q=Kq,

Adding two terms,

1
EZKq(l |¢q| = Zr+cq ‘¢q|2+o( )
q

q

where r ~ (T — T.)/ T, and we assumed |T — T.| < T,



Taking the continuum limit and neglecting the higher order, higher
derivative terms, we obtain the Ginzburg-Landau-Wilson Hamiltonian

Stol = [ d*x [ 5(V o) + 562(x) + a6 (<) ~ ho(x)]

Neglected terms are irrelevant near the fixed points we are interested in.



Landau Theory

o Define an order parameter ¢: zero in disordered phase and nonzero
in ordered phase
e Construct the Landau free energy Fi[¢, T]
» F; has all the symmetries of the system (e.g. translation, rotational,

internal etc)
» F; is assumed to be analytic (polynomial) function of ¢

F n
fi= =2 alTle

» For an inhomogeneous system, order parameter — ¢(r); F. includes
the derivatives of ¢(r)
» Temperature dependence of coefficients: Typically a» changes sign at
Te:
2[T)=a)(T—T)+...
e Minimize F; with respect to ¢ to determine the nature of phase
transition



Meaning of Landau Free Energy

Coarse graining: order parameter

o(r) = Ni/\ z/% Si=(Sin

Field theory:
S e s = 3 / Do H 5o )e—AHIS]
{s) (s}
/ D63 [ 66 )e—AHIS]
(5} A

~ /D(bg p)e PHIAl = /D¢ e~ BF9l



Nature of Landau Free Energy

By evaluating the functional integral using the saddle point
approximation, we obtain the Landau free energy.

Landau theory is a Mean Field Theory which neglects the fluctuation
of the order parameter.

To take into account of fluctuation effects, we have to do the
functional integral — Renormalization Group approach

Landau free energy can be derived from a microscopic theory in
some cases (superconductors, magnets etc.). But in most cases, this
is difficult to do.

Landau theory is essentially phenomenological in nature (to be
motivated by physical reasoning, i.e. symmetry of the system and
the structure of order parameter etc.)



Momentum shell RG procedure

A d? )
¢(X) = (27T;ld elq-x¢q

Cutoff=A ~ 7/a (1st Brillouin zone; a =lattice spacing)



Momentum shell RG procedure

A dd )
¢(X) = / (27T;Id elq-x¢q

Cutoff=A ~ 7/a (1st Brillouin zone; a =lattice spacing)

@ Coarse grain over a block spin: Trace over ¢q having A/b < g < A
values — New cutoff = A/b



Momentum shell RG procedure

AN d
d q iq-x
o) = [ 55 €
Cutoff=A ~ 7/a (1st Brillouin zone; a =lattice spacing)

@ Coarse grain over a block spin: Trace over ¢q having A/b < g < A
values — New cutoff = A/b

@® Rescale length via g’ = bq or x’ = x/b: Cutoff becomes A again



Momentum shell RG procedure

A dd .
6= | e &

Cutoff=A ~ 7/a (1st Brillouin zone; a =lattice spacing)
@ Coarse grain over a block spin: Trace over ¢q having A/b < g < A
values — New cutoff = A/b
@® Rescale length via g’ = bq or x’ = x/b: Cutoff becomes A again
© Rescale fields via ¢q = g/ /p = (d)a/: c.f. block spins
s'(x) = (1/[ms|)save(x), X' = x/b with sae(x) = >_, s(y): The
extra factor is needed to make (s’) = £1



e Decomposition of Fourier components: ¢q

¢>q, 0<g<? -_f0 0<g<?
@ = 0, f<g<A’ 97| ¢q, 5<g<A

= ¢g + g

* ¢<(x) and ¢~ (x) are Fourier tranforms of ¢ and ¢, respectively.
Then ¢(x) = ¢~ (x) + ¢=(x).

e Meaning of (: Consider the field term

h/w&mgszv+mﬁﬂ=H%ﬂ
From h' = b"h and y,

=(d+2-mn)/2,
d+2-n
(==




Gaussian fixed point: v =10

1 (N d% 2
o= [ oy (e + Nl

1 (MP diq 2 <2, 1 N dq 2 >2
3| e T NP [ e (e 0l

© Integrate out ¢y

— _ > <
H/\/b_eH /D¢> A_eHAZO

® Rescale g’ = bq

1 ddq/ B
M M= 05 [ L (et 4 o ol

© Rescale fields; ¢q /= (Pg

;1 dq’ —d-22 /2
M=t [ o (e g ol



We recover the original form of Hamiltonian if we use

C/ _ C2b_d_2c, r/ _ C2b_dr

Look for fixed points when ¢? = b%*2 or = 0. Then .

e (c*,r*) = (c,0): Gaussian fixed point — physical situation for d > 4
o (c*,r*) =(c,+00): Far above T.or T = 0
o (c*,r*) = (c,—00): Far below Tcor T=0

[The case where (2 = b9 or ) = 2 gives either T =0 or T = c0/]



At the Gaussian f.p.
e ris relevant:
Yr=2=y,=1/v.
e Recall that y, = (d +2)/2 or

n=0
e Using scaling relations, v =1,
a=14%44d §—d&2 g_ d=2

2 d—2' 1
e MF values: v =1/2, n =0,
v=1 a=0,§=3, =1/2
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What about u?

e Ford >4, uis
irrelevant near G.

e Ford<4, uis
relevant near G.

e For d > 4, the scaling
exponents at G.f.p.
are OK? — No!

e u is “dangerously
irrelevant”.



dangerously irrelevant variables

Consider once again the flow of singular part of free energy
fu(t, h,u) = b=9f,(b"t, b h, b )

Stop at b™tt = 1.

h u
— d/y:
) =l (o )
Consider the magnetization

_ of
Y

m

o () (d=yn)/ye v
05 ()

Scaling law works only if F,, is nonsingular as u — 0. But we know that
ford >4

h=0

1

Frn(x) ~ ﬁ



N-vector model in 4 — € dimensions

Generalize to a model with O(N) symmetry: ¢;(x), i=1,2,--- | N.
(N =1 Ising)

d u 1 2, o 2 ’
H:/dx ;L(V(b;(x)) +2¢,}+U<Z¢i(x)> = Ho+ Ha

d < 4: uis a relevant perturbation to Gaussian fixed point
Expect new fixed point u* ~ O(e) with e =4 — d = O(e) calculation
Follow 3-step procedure:

© Integrate over ¢:"(x): Need to evaluate (cumulant expansion)

<67H4>>7

where

<...>>_Zt>/p¢>e7io>(...)
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Diagrams for r’/
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No contribution to ¢’ to O(u) order

,,,,,,, @ O(u?) contribution: — n = O(€?)

A qd—l
2(4 +2N)K, d
r+u2(4+ )d/\/bqr+q2
Adfl
=(1+ 8¢)? [r+(6€)u 2(4+2N)Kdr ] ,

r/ :b2—7]

+ A2

where b =146/ (b =€)

/\d
r+ A2

dr
0 =2r+u4(2+ N)Ky




Diagrams for v/
Let's take external momentum=0 for the moment.
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Following the same procedure as before,

du 5 A
% = €u—u 4(8+ N)Kdm

> |rrelevant terms:

® ug(qy,9,,q3) = u+ Ag? + - - -; higer order terms are irrelevant

@ Uﬁ(qla dp, - 7q5) etc.



dr
d?

r,u

2r* +4u* (24 N)

eu* —4u™(8 + N)

® r* = u* = 0: Gaussian fixed point
@ Wilson-Fisher fixed point

* €

_ 2
U= s )R T O

_ du
7

Fixed Points to O(e)

=0

* gk
r ,u

K N9
r* +A2
K49
(r + A2)2

=0

=0



Linearized RG

Let 6r=r —r* and du = u — u*.

d d
( a0 ) _ [ 2 wHN + 2 ey 4N +2)745 ( S >
0(e2) e — 8u* (N +8) K40 Su

Eigenvalues of the matrix: — y; and y, [Recall K/ = b’* K, etc]
> Gaussian fixed point: yy =2=v"tand y, =€ >0
> Wilson-Fisher fixed point:

(2 cli) o)

(e —e+ O(€?)




RG flow diagram for d =4 — ¢




Summary

e Renormalization Group Transformation
» Coarse graining + Change in length scale
» Useful tool to study problems where fluctuations at many length
(and time) scales are important
» Great success in treating problems near the critical point of a
continuous phase transition
» Applications to other fluctuation-dominated physical problems

e Real-space RG

» Conceptually easy to understand
» Practically not a systematic calculational method
» Field theory and momentum shell RG



