one-loop quantum physics of matter
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one-loop renormalization as selective Gaussian integration
functional Gaussian integral via heat kernel
2d Weyl anomaly & s-wave Hawking radiation
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one-loop renormalization as selective Gaussian integration



renormalization = selective integration
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renormalization = selective integration
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recall the Gaussian integration
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renormalization = selective integration
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renormalization = selective integration
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textbook renormalization = selective integration + truncation
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textbook renormalization = selective integration + truncation
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renormalization = selective integration
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renormalization = selective integration

> > M 2 2 2 2 2
A —_—m — £ M 2 m-+ex 2
I P P
— 00 — OO

/ _ M2 vV 2T
= | dre 2 X .
vm + ex?

M : bare _ ,/Q_W/dx o~ 02— L log((1+¢/m)a?))
m

M + ¢/m : renormalized — 1/2_7T /daj e~ 3 (M+e/m)z*—O((e* /m?)x?)
m




textbook renormalization = selective integration + truncation
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g.f.t. renormalization = selective path-integral
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example : momentum shell integration
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example : U(l) gauge theory with massive charged field
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U(l) gauge theory with massive charged field
/ /d:c [ SFF* + D,®* D*® + m? ||

A, — A, +i0,0

d — O

Qv Qv

(0, —iA,)® — €90, —iA,)P



U(l) gauge theory with massive charged field
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functional determinant and functional trace
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log of determinant = trace of log

log Det@) = Trlog Q
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log of functional determinant of operator
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U(l) gauge theory with massive charged field
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U(l) gauge theory with massive charged field
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U(l) gauge theory with massive charged field
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U(l) gauge theory with massive charged field
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U(l) gauge theory with massive charged fields
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U(l) gauge theory with massive charged fields

more generally we may wish to integrate out partially, say, ;i* < p* < A*
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U(l) gauge theory with massive charged fields

more generally we may wish to integrate out partially, say, ;i* < p* < A*
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U(l) gauge theory with massive charged fields
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functional Gaussian integral via heat kernel



U(l) gauge theory with a massive charged scalar
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U(l) gauge theory with a massive charged scalar
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion: 3 power counting

I. each G > B_d/z
2. each x-integral = Bd/z
3. each s-integral > [

4. each derivative 2> B_l/ 2

5. each x > B2

2]%[0]® in QY > 61+(a_b)/2 at each iteration



heat kernel expansion for U(I) R.G.
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion for U(I) R.G.
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after one more iteration
- one-loop R.G. of U(I) gauge theory with massive charged scalar
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excursion: quantum one-loop as a functional Gaussian integral

how to derive the Asymptotic Freedom, or Yang-Mills beta function



Yang-Mills theory renormalization & asymptotic freedom
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Yang-Mills theory

[e=[at [ tFF]

Foy = 0,A, —9,A, —i[A,, A)]

what types of matrices are preserved under the commutator ?



Yang-Mills theory

/ / dz [ trFWFw]

Foy = 0,A, —9,A, —i[A,, A)]

what types of matrices are preserved under the commutator ?

(i[A, B))" = i*(AB — BA)t = —i(BYAT — ATBY) = —i[B, A] = i[A, B]



Yang-Mills theory

/ / dz [ trFWFw]
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a canonical example
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Yang-Mills theory
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more generally
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Yang-Mills theory

[e=[at [ tFF]

Foy = 0,A, —9,A, —i[A,, A)]

what types of matrices are preserved under the commutator ?

A, = A A, — UVAU+iU'O,U
F,., =F}, F., — U'F,U



Yang-Mills theory

/ / dz [ trF,uuFW]

Foy = 0,A, —9,A, —i[A,, A)]

what types of matrices are preserved under the commutator ?

A, = A A, — U'AU+iUO,U
F,., =F}, F., — U'F,U



Yang-Mills theory

/ / dz [ trF,uuFW]

Foy = 0,A, —9,A, —i[A,, A)]

what types of matrices are preserved under the commutator ?

A, = A A, — U'AU+iUO,U
F,., =F}, F., — U'F,U



Yang-Mills theory
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what types of matrices are preserved under the commutator ?
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F,., =F}, F., — U'F,U
AT =1A U € SO(N)



Yang-Mills theory

/ / dz [ trFWFw]

Foy = 0,A, —9,A, —i[A,, A)]

what types of matrices are preserved under the commutator ?
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Yang-Mills theory
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Yang-Mills theory with matter fields

1
/C = /da:4 [2—trF F* 4+ D, ®*D'® + m?*|®|* +
g°

D,®" = 0,0" — iAL(t")",®’

%, kil=1,...,n

[ta ] fabctc
for example SU/(2) = SP(1)

(5) Jgpzn s

s=0,1/2,1,3/2,...
n=1,23.4,...



Yang-Mills theory with matter fields
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Yang-Mills theory with matter fields
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heat kernel expansion for U(I) R.G.
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heat kernel expansion for Yang-Mills R.G.
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heat kernel expansion
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Yang-Mills theory with matter fields

tr t9" = 5975 (1)



Yang-Mills theory with matter fields
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— +
202(m, Aj ) e 292 9672

~

Iy (mspz’nor; My A)’T2 (tspinor)

+ 9672

~ 1/u? ds
Ly(m; p, A) E/ — e
1/A2 S



Yang-Mills theory with matter fields

Yang-Mills fields interact among themselves,
so there are additional contribution

/2< g[dA][d(b][dq)*][---]e_ er (A

/ [dA][d®][d®"] o~ | |5 trEu F*Y 4D, @" D o m? |2
p2<AZ?



Yang-Mills theory with matter fields

Yang-Mills fields interact among themselves,
so there are additional contribution

/ /da: [ trFWF“”]
A, — A, +ay,

1 1
4 v
/d:r: [—QQQtrFWF“ ] + lgtr(Dﬂa,, —D,a,)* + ]



Yang-Mills theory with matter fields

Yang-Mills fields interact among themselves,
so there are additional contribution

adjoint adjoint

5ab7‘2 (ta,dj otnt )



Yang-Mills theory with matter fields

gauge-fixing introduces further contribution from Faddeev-Popov ghost,
which is like minus of a single complex scalar in the adjoint representation

Faddeev-Popov ghost

adjoint tadjoint

5ab7‘2 (ta,dj otnt )



Yang-Mills theory with matter fields

1 vV
Weff: .+/292 trF/J,I/FM +...

1 1 1 -
1y (mscalar; 22 A)%(tscalar)

= — 4
2g%(m, A; ) ren 2g2 9672

~

Iy (mspz’nor; My A)’T2 (tspinor)

+ 9672

11

9671'2 f4 (O, s A)’]é(tadjoint)

~ 1/u? ds
Ly(m; p, A) E/ — e
1/A2 S



Yang-Mills theory with matter fields

Z 75 (tscalav") + 1 Z B(tspinor) > 1175(tadjoi71t)

G (M, N)yen
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Yang-Mills theory with matter fields

Z 7-2 (tscalar) + 4 Z 7-2(tsp7lnor) < 117—2(tadjoint)

(13m0 A yen

asymptotic
freedom !!!

14
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renormalization is selective path-integral

/[dAHd(I)Hd‘I)*] o~ L5 Fun FP 4Dy DI btm? (@)

= / dAle™ ] TP / d0][dp*] e~ J[Pue D atm?IoP]

/Aﬁ(m? A) =logDetp(—(0 —iA)* + m?)

_ [lan G sacirma)



usual textbook renormalization is
selective path-integral + truncation

/[dAHd(I)Hd‘I)*] o~ L5 Fun FP 4Dy DI btm? (@)

- / dAje ) wE e / d0][dp*] e~ J[Pue D atm?IoP]

/Aﬁ(m? A) =logDetp(—(0 —iA)* + m?)

~ #log(A/m)F,, F" + -

e



but there is far more to such renormalization
processes than mere replacement of numbers

/[dAHd(I)Hd‘I)*] o~ L5 Fun FP 4Dy DI btm? (@)

B / @A™ w2 / dD][dd*] e~ J [Pt Dretm?iep]

/Aﬁ(m? A) =logDetp(—(0 —iA)* + m?)

_ [lan G sacirma)



for example, what kind of things happen
if quantum matter “renormalize” geometry!?

/[dg”d(b”dq)*] €f ﬁ[ﬁR(g)—Dqu*D“@_mﬂ@P]
— /[dg]ef ﬁﬁR(g) X /[d@] [d@*] e_f\/g[Du‘I’*D”(I’+m2|<I)I2]

fﬁﬁ(g;m,z\) = log Detp (—V? 4+ m?)

_ / dgle] [mrom VIR@-ac(gm.0)



2d Weyl anomaly and s-wave Hawking radiation



Schwarzschild black holes

2GM -
g@ = _ (1 ¢ ) dt? + (1 — QGM) dr® +r? [d6° + sin® 0d¢*|

r r

r=2GM

r=2GM




Schwarzschild black holes

~1
g = _ (1 B QGM) a2+ (1 B QGM) dr? 4+ 12 [d92 1 sin? 9d¢2}

r r

Ry — =g R =

0= 5/da:4 ! VvV —g@®RW
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0:5/de

Schwarzschild black holes

2GM !
g(2>:_(1_ G )dt2+(1—2GM) dr?

1
167

A r

—g(2)e2% [R(2) +2(V®)* + QeZﬂ

g = ¢g@ 4 e72® [49? + sin® Od¢?]

0= 5/da:4 ! VvV —g@®RW
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Schwarzschild black holes

2G M -1
o (125 g (1260

r r

r=2GM

r=2GM




Schwarzschild black holes

g® = (1 - LH) —dt® + dr?]

r

/ r dr
r—TH

=r+rglog(r/rg —1)

<
*
I

r=2GM

r=2GM




in d=2, metric can always be put in such a conformal form

9(2) — e2°®) dg. dz’



a 2d real scalar field coupled to 2d “gravity”

[idglanle=s0 [ax) o] o= alsox0 X

Wi(gim) = %Tr log (—V2 + m2)

_ / dg|[d]e—5(6:®)~W (gm)



a 2d real scalar field coupled to 2d “gravity”

1 1
Wi(gsm) = ETr log (_vg + mz) Ve = ﬁ&-\/ﬁg 10,
— _1 /OO @ Tr [63V2—3m2:|
2 e=1/A? S

— _1 /OO @ B_SmQTr [GSVQ]
2/, s



a 2d real scalar field coupled to 2d “gravity”

1 1
Wi(g;m) = ETr log (—V* +m?) V2 = ﬁ@-\/ﬁg 10,
— 1 /OO ds e~ 5™ Ty [eSVQ] g9 i =gy
2 ). s
V2 = 0 /5g0
— iV 99 " Uj
\/g J

1 [ d _
W(e* g;m) = _5/ = ety [636 Wz}
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a 2d real scalar field coupled to 2d “gravity”

1 1

Wi(g;m) = ETr log (—V* +m?) V2 = \@az-\/ggijaj
— 1 /OO ds e~ 5™ Ty [eSVQ] g9 i =gy
2 ). s
V2 = 0 /5g0
— iV 99 " Uj
\/g J

5
0f ()

Wigim) = /OO ds e”5™ Tr {53;6263@2}



a 2d real scalar field coupled to 2d “gravity”

1 1

Wi(g;m) = ETr log (—V* +m?) V2 = \@az-\/ggijaj
— 1 /OO ds e~ 5™ Ty [eSVQ] g9 i =gy
2 ). s
V2 = 0 /5g0
— iV 99 " Uj
\/g J

5
0f ()

W(g;m) 2/ ds e ¥ Tr [633%6362]



a 2d real scalar field coupled to 2d “gravity”

1 1

Wi(g;m) = ETr log (—V* +m?) V2 = \@az-\/ggijaj
— 1 /OO ds e~ 5™ Ty [eSVQ] g9 i =gy
2 ). s
V2 = 0 /5g0
— iV 99 " Uj
\/g J

5 e g -
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a 2d real scalar field coupled to 2d “gravity”

1 1

Wi(g;m) = ETr log (—V* +m?) V2 = \@az-\/ggijaj
— 1 /OO ds e~ 5™ Ty [eSVQ] g9 i =gy
2 ). s
V2 = 0 /5g0
— iV 99 " Uj
\/g J

5
0f ()

W(gm) =e ™ Tr [536662]

—f ds de Tr [53;8362]
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a 2d real scalar field coupled to 2d “gravity”

1 1

Wi(g;m) = ETr log (—V* +m?) V2 = \@az-\/ggijaj
— 1 /OO ds e~ 5™ Ty [eSVQ] g9 i =gy
2 ). s
V2 = 0 /5g0
— iV 99 " Uj
\/g J

5
0f ()

W(g;m) = —e ™ Tr [5336662] —i—/ ds m2e™*™ Tr [(5336862}



a 2d real massless scalar field coupled to 2d “gravity”

1 y
1 2 _ . 1.
Wi(g;m) = 5 Trlog (=V? +m?) Vo= \/582\@9 70;

29i5(x) 595(@ W(gm=0) = —5ff$)

W (Gsm = o>|
f=1

= Tr [dﬂceevz}



Taylor expansion of metric

1 82gjk
2 OxP Oz

3,
gjr(x +0x) = gj(x) + 8g3k5 P +

6xPdz? + O(0z°)



with geodesic normal coordinate system

: 1 2 .
gin(@ +07) = gjr(x) + —E02P + 9 g 6xP5x? + O(52?)

p 2 OxP Oz
|

= 0jk + 3 Rpjg(x)0x"02" + O(6z”)



with geodesic normal coordinate system

1
gik(x +0x) = 01 + ngjkq(a:)(Sxpéxq + O(6x°)

1
Uojk(z + 0x) = 5 (—ijkp(w)éwp — Rpitm(x)0x? + Rimjp(x)da?

+Rpmjr(2)0x? + Rjppp(x)dx? + Rpmkj(:c)da:p) + O(62?)

= = (Rptons(2) = Ry () 327 + O(62)

Ryiki(z) = [0kl it — 010 k]

= 3 (Riimj(2) = Rigjim(2) — Rigm; (2) + Rijem(2))

xTr

(2Rkim; (%) + Rimjr(z) + Rijrm(z))

—_ W= W=

= 3 (ZRklmj (x) — Rikm; (7)) = Rklmj(il?) - ijkl(l‘)



with geodesic normal coordinate system

1
gik(x +0x) = 01 + ngjkq(x)éxpéxq -+ 0(5:1:3)

1
g~ §TE ngpkq(:):)&cpchq
1
Vg~1-— ngq(a:)cS:cpdxq
1 1



with geodesic normal coordinate system

1
9jk(x) = 0j) + = Rpjng(0)aPz? + O(a?)

3
1 o 1 1
V2~ (1 + ERisza:J) o (5mk (1 — ngqxp:Cq> + §Rmpkq:1:pa:q) oF
2 1 k 1 m k
~ 0° — ngqa:q@ + ngpch’? 2P x10
1 1
~ 0% — ngqﬂﬁq@k + ngpkqﬁmaﬁpxq@k



with geodesic normal coordinate system

1
gjr () = Gjic + 5 Rpjieq(0)2"2? + O(z?)

Q(l)

1
S Rmpkqamzvpa:qak

V9

1
3

1

— _V? =
@ 3

8m\/§g"”k8k ~ —0% 4 qua:q('?k —



with geodesic normal coordinate system

1
gik(x) = 01 + ngjkq(O)ﬂfpﬂfq + O(:ES)

- .
QU Gi(230) = | 5 Rk (0)2™0" ngpkq(O)apxmmkaq] GO (;0)

o o )
= | Rk 0272 + o R 0)0Pa" 27| GO (0

= [~ g Rk e GO0 = |3 Rs(0)270| 60 30




heat kernel expansion

0
~5508(y) = QGs(wy) = (@0 +QW) Gs(aiy)

QY = 9% + m?

QW =b,,02"0" + ¢, 00" x"

—Bm? 2
G as) = s | 300~ e @] +0(s200m, 5000
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with geodesic normal coordinate system at z

1
gik(x +0x) = 01 + ngjkq(:c)chpéajq + O(a:3)




a 2d massless real scalar field coupled to 2d “gravity”

Wi(g;m) = %Tr log (—V* +m?)




a 2d massless real scalar field coupled to 2d “gravity”

Wi(g;m) = %Tr log (—V* +m?)

W(g;:0) = Tr [5$€V2/A2] _ <x|BVQ/A2\x)

_ V92, 1 —ne 2 /A2
_47TA+247T\/§R TOW/A)



this result is widely known as Weyl or 2d conformal anomaly

W(g;0) = %Trlog( V) = —% log U o~ J de* vl 0:X0; X]}

0 1
29 gw(ga 0) = Z/;Az Sy ——/gR® + O(R?/A?)



integrating VWeyl anomaly

)
291155V (9 = €73:0) = N+ ViR
0 — p2P5. \/_ 2 1 2
6pW(g—e 0;0) = 7TA 247T[ 20 }
g 1
W(g =e*6;0) = —i—;f@‘i—%[ 82P] +



quantizing a 2d massless real scalar “renormalize” 2d gravity as

/[dg] [dq)]e—S(g,q)) /[dX] e—fdgg2 \/g[gijaa;Xan]




quantizing 2d massless real scalars “renormalize” 2d gravity as

/[dg d(I) —qu))/H de de' JaXma Xm]




s-wave Hawking radiation from black holes



back to Schwarzschild black holes

—1
gW = - (1 M ) dt? + (1 oM ) dr? + 7 [d§® + sin? 0o

r r

r=2GM

r=2GM




0:5/de

Schwarzschild black holes

2GM !
g(2>:_(1_ G )dt2+(1—2GM) dr?

1
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Schwarzschild black holes

2G M -1
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r r

r=2GM

r=2GM




black holes from collapsing stars

2G M 20GM\
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T>Tstar
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Schwarzschild black holes

g® = (1 - LH) —dt® + dr?]

r

/ r dr
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Schwarzschild black holes

9(2) = (1 — T—H) [—dw‘d:cﬂ = 2r(7+) [dm‘dwﬂ

T
r
r./TH r/r
x¥ =t+r, B/H—(——l)e/H
rH
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T = +00 e
rt=—00
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Schwarzschild black holes

g2 = H —r/rn [ gx-ax+] XE = bppyetr /2rm
r
= =t=Er, e’/ = (L —~ 1) e/
rH
r=20

f—_:gw 7" =00
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Xt =0 T = —00




black holes from collapsing stars

g2 = H —r/rn [ gx-ax+] XE = bppyetr /2rm
r
zt =t+r, e/ = (L - 1) e’/
H
r=20
X #0 T = oo
T = 400
r= Tstar(t) = —00




Schwarzschild black holes

9(2) = (1 — T—H> [—da:_da:ﬂ =0

r

= ¢2r(7+) [—dw_d$+]

xi:tzlzfr*

el = (L q) e
TH




s-waves of N scalar fields,
minimally coupled to spherically symmetric geometry

Sclassical — Sgravity + Smatter —

N
/d:cg L /@2 [R(Q) +2(V®)? + 262@} -2 % /d:pQ V=g (VT,)?
a=1

Srenomalized = Sgravity + Wesr (9(2)) -

1 N 1
fdxz V—g@e2® [R(Q) +2(V®)? + 262(1):| +/ dar* — [\/ —g@ R® _—_R® | ...

967 V2




quantized S-waves of N scalar fields,
minimally coupled to spherically symmetric geometry

Sclassical — Sgravity + Smatter —

N
/d:cg L /@2 [R(Q) +2(V®)? + 262@} -2 % /d:pQ V=g (VT,)?
a=1

2" §

~-Sma er =0
\/g 5913 tt

ijpclassical __
g Tij -

Srenomalized = Sgravity + Wesr (9(2)) -

1 N 1
/da? V—g@e?® [R(Q) +2(Vd)? + 262@] +/ d:cQW [\/g(2> R(Q)ﬁR(” e
T
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B 2g4 § N
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NEY AT
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quantized S-waves of N scalar fields,
minimally coupled to spherically symmetric geometry

. QQij ) N N
(VL B — . Y p2) Y —2pa2
97 ) = g Ver = g T = e O 70
i 1 ij
Vi{(Ti;) =0 (Thm) — §9km<g "Tij) #0

Srenomalized = Sgravity + Wesr (9(2)) -

1 N 1
Iy "o @e22 [R®) 4 o(Up)2? 4 2622 /d 2 N | o p@ L p@]|
/xlﬁer gie [R +2(Ve)T + 2 ]+ o6r |V I vzt




energy-momentum of N quantized scalar s-wave modes

g? = (1 — T—H) [—da:'_d:cﬂ

r

(Ti)

N o

o k += _
(Ty) = (T%) 29+ = 025

(T__) outflow energy density

(T, 1) inflow energy density




energy-momentum of N quantized scalar s-wave modes

g? = (1 — T—H) [—da:'_da:ﬂ

r

9"V i(T;;) =0

Vi(lT-—) ==-V_(T4_)

O (T ) = —V_(T_)




energy-momentum of N quantized scalar s-wave modes

g = (1 — TTH) [—da:'_da:ﬂ r=0

— ¢2r(r+) [—daz‘dwﬂ




energy-momentum of N quantized scalar s-wave modes

g = (1 — TTH) [—da:'_da:ﬂ r=0

— 2r(r4) [—daz_dwﬂ

V_(Te) = [0 T _](Te) = [0- —20-p)] (T+-)




energy-momentum of N quantized scalar s-wave modes

g = (1 — TTH) [—da:'_da:ﬂ r=0

— 2r(r4) [—daz_dwﬂ

V_(Te) = [0 T _](Te) = [0- —20-p)] (T+-)

1
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0. —2(8,,p)] 92 p



energy-momentum of N quantized scalar s-wave modes

g(2) = (1 — T—H) [—da:'_da:ﬂ r=0

r

— 2r(r4) [—daz_dwﬂ

V_(Te) = [0 T _](Te) = [0- —20-p)] (T+-)

= g (0. —2(0,.9) 02

(T__)y=t__(z7)+X(zT,27)

+

r 1
— -+ . 2
= / dx V<T+)|x pro dr, [0, Q(W&r*p

1

= = 2P F"(r) = F/(r)’]



energy-momentum of N quantized scalar s-wave modes

g? = (1 — T—H) [—da:'_da:ﬂ

.
gkivk<Tij> =0

(I) =t (x7) + 2(r)

physical initial condition for (T _) is

(T ~0

7“:7"515211‘(t)




energy-momentum of N quantized scalar s-wave modes

g? = (1 — T—H) [—da:'_da:ﬂ

.
gkivk<Tij> =0

(I-) =t (27) + X(rs)

physical initial condition for (T _) is




no radiation near horizon implies net outgoing radiation far away

g? = (1 — T—H) [—da:'_da:ﬂ

r

9"V i(T;;) =0

iy N
TN — R
g ( w) 247TR 750

(1) —2(r«)
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late-time (s-wave) Hawking radiation

9(2) = (1 - T—H) [—da:_d:cﬂ

r




Bogolyubov, Hawking, Unruh, and de Sitter



black holes from collapsing stars




how do we understand such radiation “out of nothing”

via direct quantum analysis of the scalar fields ?



how does one define

a quantum vacuum for a free field in curved space-time !

how does one define

a quantum state in curved spacetime !



time-slices/coordinates are needed to define a Hilbert space



time-slices/coordinates are needed to define a Hilbert space

9
ot



we must have an inner product of wavefunctions, which is
invariant under time-shift / coordinate changes

—

(f.g)e =i / 45" [f*V g — gV 7]

t

t

t
(f,9)e—(f,9)r = [ dVVH 1 f*V 9 — gV, 7] :z'/tl dV [[*V?g — gV f*] =0

t



bases related by Bogolyubov transformation

n T . - Wit
eiwnt f Qs i Bk et fq

T * * —lWs L%
e fx k ’8ﬁ,k 7k € i



bases related by Bogolyubov transformation

0); # [0)




- operators related by Bogolyubov transformation

* *
=~ = a — — - g
4271 Z mn;k Bn;k ak
~t - A . T
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with operators related by Bogolyubov transformation




the vacuum of one Hilbert space is not the vacuum of another




Schwarzschild black holes

2GM -
g@ = _ (1 ¢ ) dt? + (1 — QGM) dr® +r? [d6° + sin® 0d¢*|

r r

r=2GM

r=2GM




Schwarzschild black holes

g® = (1 - LH) —dt® + dr?]

r

/ r dr
r—TH

=r+rglog(r/rg —1)
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r=2GM
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Schwarzschild black holes

9(2) = (1 — T—H) [—dw‘d:cﬂ = 2r(7+) [dm‘dwﬂ

T
r
r./TH r/r
x¥ =t+r, B/H—(——l)e/H
rH
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T = +00 e
rt=—00
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Schwarzschild black holes

g2 = H —r/rn [ gx-ax+] XE = bppyetr /2rm
r
= =t=Er, e’/ = (L —~ 1) e/
rH
r=20

f—_:gw 7" =00

.CE+ = —Q

Xt =0 T = —00




back to the Schwarzschild black hole

4
= (1) (i) = B

r

+
X:l: ::’:THej::E /QTH

xi:tir*




back to the Schwarzschild black hole

==
X:l: :j:rr,He:l:.’li /2T’H

X_:

r = +0o0

sensible for observers
at the future horizon

€:|:7,QX_

xi:t:i:r*

VS.

sensible for observers
far away from black hole

e:l:iww_
-~ eiiw(t—r)

modes moving toward infinity



back to the Schwarzschild black hole

==
X:l: :j:rr,Heﬂ:.fL‘ /2T’H

X =0

r = +0o0

sensible for observers
at the future horizon

€:|:7,QX_

xi:t:i:r*

VS.

sensible for observers
far away from black hole

eiiww_ @(—X_)

invisible but necessary

e:l:iwa:_ @(X_)



back to the Schwarzschild black hole

+ +
X(it = +rgetTou/2rH Toye =t E 7
X_ —
r =400

sensible for observers
far away from black hole

SOXT ys. M =T O(—X7)

sensible for observers
at the future horizon

U =

invisible but necessary

ol = T Q(X )



what if the field is massive ?

what about higher angular momentum mode ?

what if the field has intrinsic spin ?



mode expansion of massive scalars in tortoise coordinate

= (1—T—H)_l 0 =07 |+ =+ +m’



mode expansion of massive scalars in tortoise coordinate

(=V2+m*) ¥ =0

T
(1 — _H) ~ /T — oI l/TH pear r =rg
T‘



mode expansion in tortoise coordinate

intrinsic spin,
angular momentum,
curvature effect, ....

P
(1 — —H) ~ e"=/TH — o=IT<|/TH  pear r = TH



back to the Schwarzschild black hole

— :l:THeim;tllt/2rH :|: — :|:2’I"H 10g( X:l:/TH)

+
X out
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0
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— 00



back to the Schwarzschild black hole

+
XE, = tryetTou/trn xE . = £2rylog(£XT /ry)
out t 0 OX— i -
o8 = (U) ~ [ dxe o i1
—00
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— 00

0
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0
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as we have to do an analytic continuation in the lower half plane

— log(Z/ry)




back to the Schwarzschild black hole

+
XL = d4rpetTou/?rn e =t+r,
out —4A7GMw
BQ w —€ 84 yw
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back to the Schwarzschild black hole

+
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~ bosonic thermal radiation
at temperature




back to the Schwarzschild black hole
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back to the Schwarzschild black hole

+
XL = d4rpetTou/?rn e =t+r,
Nout o /BOUt* out — 1
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~ bosonic thermal radiation
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n

- fully mixed, thermal state after partial trace
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fully mixed state from a perfect quantum entanglement
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which happens whenever there is an event horizon



with thermal spectra
whenever two coordinates are related via exponential

t = tge?t



with thermal spectra
whenever the time coordinates are related via exponential

_ vt
b= lo€ 8rGM
8 H
Tog = — il
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a



cosmological horizon in de Sitter universe

—(1 — H*r%)dt? + (1 — H*r?)"Ydr? + r2[df? + sin® 0d¢?]

typical
co-moving
observer

r=1/H r=1/H



Rindler horizon for uniformly accelerating observers

—dt? + dz? + dz® + dy? = —(a&)?dn? + d&? + da® + dy?

t = —¢&sinh(an) t = & sinh(an)
z = —£& cosh(an) z = £ cosh(an)



the Unruh temperature is a little more subtle
as each Rindler wedge has no obvious asymptotic frame;
the Unruh temperature refers to the observer at

£=1

TUnruh — T

more generally, the same formula works for other accelerated
observers if ( is replaced by her own acceleration



radiative vs. thermal equilibrium

Hartle-Hawking vacuum for BH;
radiation vacuum Bunch-Davies vacuum for de Sitter;
Unruh vacuum for Rindler wedges



