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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Evolution in the big bang cosmology

Comoving scale,  Physical scale  

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Comoving mode,  Physical mode  

Inflation RD MD DE
⇢ const R�4 R�3 const

R(t) exp(Ht) t1/2 t2/3 exp(Ht)
H const 2t 2

3

t const

Table 1: Neutrino Yukawa coupling matrix of the four benchmark 1, 2, 3 and 4
used in this work are shown. The resultant

P
m⌫ for a given input parameter

m
1

or m
3

is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Inflation RD MD DE
⇢ const R�4 R�3 const

R(t) exp(Ht) t1/2 t2/3 exp(Ht)
H�1 const 2t 3

2

t const

Table 1: Neutrino Yukawa coupling matrix of the four benchmark 1, 2, 3 and 4
used in this work are shown. The resultant

P
m⌫ for a given input parameter

m
1

or m
3

is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Comoving scale,  Physical scale  
Hubble scale

Inflation RD MD DE
⇢ const R�4 R�3 const

R(t) exp(Ht) t1/2 t2/3 exp(Ht)
H�1 const 2t 3

2

t const

Table 1: Neutrino Yukawa coupling matrix of the four benchmark 1, 2, 3 and 4
used in this work are shown. The resultant

P
m⌫ for a given input parameter

m
1

or m
3

is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Inflation RD MD DE
⇢ const R�4 R�3 const

R(t) exp(Ht) t1/2 t2/3 exp(Ht)
H�1 const 2t 3
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Table 1: Neutrino Yukawa coupling matrix of the four benchmark 1, 2, 3 and 4
used in this work are shown. The resultant

P
m⌫ for a given input parameter

m
1

or m
3

is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Comoving mode,  Physical mode  

Inflation RD MD DE
⇢ const R�4 R�3 const

R(t) exp(Ht) t1/2 t2/3 exp(Ht)
H�1 const 2t 3

2

t const

Table 1: Neutrino Yukawa coupling matrix of the four benchmark 1, 2, 3 and 4
used in this work are shown. The resultant

P
m⌫ for a given input parameter

m
1

or m
3

is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Inflation RD MD DE
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R(t) exp(Ht) t1/2 t2/3 exp(Ht)
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Table 1: Neutrino Yukawa coupling matrix of the four benchmark 1, 2, 3 and 4
used in this work are shown. The resultant

P
m⌫ for a given input parameter

m
1

or m
3

is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Horizon exit and reentry:

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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physical scale

Matter dom.

Inflation RD MD DE
⇢ const R�4 R�3 const

R(t) exp(Ht) t1/2 t2/3 exp(Ht)
H�1 const 2t 3

2

t const

Table 1: Neutrino Yukawa coupling matrix of the four benchmark 1, 2, 3 and 4
used in this work are shown. The resultant

P
m⌫ for a given input parameter

m
1

or m
3

is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.

1 Formulae
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The scale and the horizon entry

The small scale enters the horizon earlier.

At a given time, a mode in super-horizon
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왜 인플레이션이 필요한가?
Flatness problem, horizon problem, Monopole problem, …

우주의 급격한 팽창과 재가열에 의하여 위의 모든 것을 설명

관측가능한 우주 크기
열적평형

양자요동 관측가능한 우주내에서 물질의 분포는
 균일, 등방적으로 보인다.

하지만 양자요동에 해당하는 
비균일한 분포가 존재한다.
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Inflation, also can explain the origin of the large scale structure of the Universe.
The quantum fluctuations in the microscopic inflationary region is magnified to 
cosmic size and become the seeds of the growth of structure in the Universe.

The small fluctuation in the density?

• Inflation

8

A massless scalar field acquires a perturbation  and freezes in after horizon exit 
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with almost Gaussian distribution. It gives a power spectrum
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defined by

[Mukhanov, Chibisov, 1981]

Size of the Hubble expansion during inflation
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Tensor spectrum : the power spectrum for the two polarization modes

slow-roll conditions. We will return to primordial non-Gaussianity in Lecture 4. In this lecture we

restrict our computation to Gaussian fluctuations and the associated power spectra.

The power spectrum for the two polarization modes of hij , i.e. h ⌘ h+, h⇥, is defined as

hh
k

h
k

0i = (2⇡)3 �(k + k0) Ph(k) , �2
h =

k3

2⇡2
Ph(k) . (149)

We define the power spectrum of tensor perturbations as the sum of the power spectra for the two

polarizations

�2
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h . (150)

Its scale-dependence is defined analogously to Eqn. (146) but for historical reasons without the �1,
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, (151)

i.e.
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t
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Aim of this Lecture

It will be the aim of this lecture to compute the power spectra of scalar and tensor fluctuations,

PR(k) and Ph(k), from first principles. This is one of the most important calculations in modern

theoretical cosmology, so to understand it will be well worth our e↵orts.

10 Preview: The Quantum Origin of Structure

In the last lecture we discussed the classical evolution of the inflaton field. Something remarkable

happens when one considers quantum fluctuations of the inflaton: inflation combined with quantum

mechanics provides an elegant mechanism for generating the initial seeds of all structure in the

universe. In other words, quantum fluctuations during inflation are the source of the primordial

power spectra of scalar and tensor fluctuations, Ps(k) and Pt(k). In this section we sketch the

mechanism by which inflation relates microscopic physics to macroscopic observables. In §12 we

present the full calculation.

10.1 Quantum Zero-Point Fluctuations

As we will explain quantitatively in §12 quantum fluctuations during inflation induce a non-zero

variance for fluctuations in all light fields (like the inflaton or the metric perturbations). This is very

similar to the variance in the amplitude of a harmonic oscillator induced by zero-point fluctuations

in the ground state; see §11. The amplitude of fluctuations scales with the expansion parameter H
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From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
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system. However in the larger scales, such as galaxy, clusters of galaxies or in
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•  Origin of the primordial curvature perturbation : Inflation
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[Lyth, Malik, Sasaki, 2005]

Radiation dominated era

If not, it can be changed
eg, multi-field

Friday, August 29, 14



[Planck, 2013]

Friday, August 29, 14



13

Perturbation equations

Friday, August 29, 14



L

4�r2
�N(r) ⇥ L

N(r) ⇥ 4�r2
(1)

� v(r) = H � r H (2)

Gµ� =
8�G

c4
Tµ� (3)

1

아인슈타인 방정식

시공간의 구조와 물질밀도를 연결시키는 방정식

인플레이션기간동안 인플라톤 입자의 양자요동은 시공간의 요동을
일으킨다. (스칼라, 텐서 요동)

ds2 = (1 + 2φ)dt2 − a2[(1− 2ψ)δij − hij ]dx
idxj (1)

mn −mp ≃ 1.29 MeV (2)

mG > 50 TeV ⟨σannv⟩ ≃ 10−9 GeV−2 (3)

5.66 < η10 < 6.58 Nν = 3.2± 1.2 (95%CL) (4)

∆Yp ≃ 0.013∆Nν (5)

Γweak ≃ H g∗ = 5.5 +
7

4
Nν (6)

T ∼ 0.07 MeV (t ∼ 3min) τn ≃ 615 sec n/p ≃ 1/7 (7)

n+ p ↔ D + γ (8)

T ∼ 1 MeV (t ∼ 1 sec)
n

p
= e−(mn−mp)/T ≃

1

6
(9)

T ≫ 1 MeV n+ νe ↔ p+ e−

p+ νe ↔ n+ e+

(t ≪ 1 sec)

(10)

ηB =
nB

nγ
≃ 6× 10−9 R−3

(11)

Y ≡ n

s
= constant g∗S = g∗ (12)

s(T )R3 = constant T ∝ g−1/3
∗ R−1 (13)

1012 sec ∼ 1 eV EA, EB ≪ mX (14)

µA + µB = µC + µD (15)

5× 10−9 ρB = mNNB ≃ 938MeV× 5× 10−9nγ nγ = 421 cm−3 ΩB ≃ 0.04
(16)

p+ p+ n+ n → 4He p+ n → D + γ D +D → He3 + n D +D → T + p
(17)

1

Metric perturbation

텐서 요동

7.1 Perturbations and gauge-invariant variables 291

gauge-invariant variables. The relation between the different coordinate systems
prevalent in the literature is also discussed.

7.1.1 Classification of perturbations

The metric of a flat Friedmann universe with small perturbations can be written as

ds2 =
[(0)gαβ + δgαβ(xγ )

]
dxαdxβ, (7.2)

where |δgαβ | ≪ |(0)gαβ |. Using conformal time, the background metric becomes

(0)gαβdxαdxβ = a2(η)
(
dη2 − δi j dxi dx j) . (7.3)

The metric perturbations δgαβ can be categorized into three distinct types: scalar,
vector and tensor perturbations. This classification is based on the symmetry prop-
erties of the homogeneous, isotropic background, which at a given moment of time
is obviously invariant with respect to the group of spatial rotations and translations.
The δg00 component behaves as a scalar under these rotations and hence

δg00 = 2a2φ, (7.4)

where φ is a 3-scalar.
The spacetime components δg0i can be decomposed into the sum of the spatial

gradient of some scalar B and a vector Si with zero divergence:

δg0i = a2(B,i + Si
)
. (7.5)

Here a comma with index denotes differentiation with respect to the corresponding
spatial coordinate, e.g. B,i = ∂ B/∂xi . The vector Si satisfies the constraint Si

,i = 0
and therefore has two independent components. From now on the spatial indices
are always raised and lowered with the unit metric δi j and we assume summation
over repeated spatial indices.

In a similar way, the components δgi j , which behave as a tensor under 3-rotations,
can be written as the sum of the irreducible pieces:

δgi j = a2(2ψδi j + 2E,i j + Fi, j + Fj,i + hi j
)
. (7.6)

Here ψ and E are scalar functions, vector Fi has zero divergence (Fi
,i = 0) and the

3-tensor hi j satisfies the four constraints

hi
i = 0, hi

j,i = 0, (7.7)

that is, it is traceless and transverse. Counting the number of independent functions
used to form δgαβ, we find we have four functions for the scalar perturbations, four
functions for the vector perturbations (two 3-vectors with one constraint each), and
two functions for the tensor perturbations (a symmetric 3-tensor has six independent

traceless, transverse

스칼라 요동

밀도 섭동

δρ(t,x) δp(t,x) (1)

Gµν
0 (t) =

8πG

c4
T µν
0 (t)

δGµν(t,x) =
8πG

c4
δT µν(t,x)

(2)

Gµν = Gµν
0 (t) + δGµν(t,x)

T µν = T µν
0 (t) + δT µν(t,x)

(3)

δρ(t,x)

ρ0(t)
∼ δT (t,x)

T0(t)
∼ 10−5 (4)

ρ(t,x) = ρ0(t) + δρ(t,x), T (t,x) = T0(t) + δT (t,x), · · · (5)

T ≃ 100 MeV T ≃ 1 MeV (6)

T ≫ MZ g∗ = 106.75

T ≪ MZ T ≪ MW T ≪ mtop
(7)

A+B ↔ X̄ +X A+B ← X̄ +X (8)

T ≫ m T ≪ m (9)

log ρ log

(

1

T

)

(10)

(z = 0)

(z ≃ 0.4)

(z ≃ 5000)

(11)

(

R

R0

)−1

=
ρ0M
ρ0R

=
0.26

5× 10−5
≃ 5000 = 1 + z (12)

1

중력파 생성
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The components of δT
α

β can also be decomposed into scalar, vector and tensor
pieces; each piece contributes only to the evolution of the corresponding perturba-
tion.

Scalar perturbations The left hand side in (7.37) is gauge-invariant and depends
only on the metric perturbations. Therefore it can be expressed entirely in terms of
the potentials $ and %. The direct calculation of δG

α

β for the metric (7.17) gives
the equations:

&% − 3H
(
% ′ + H$

)
= 4πGa2δT

0
0 , (7.38)

(
% ′ + H$

)
,i = 4πGa2δT

0
i , (7.39)

[
% ′′ + H(2% + $)′ +

(
2H′ + H2

)
$ + 1

2&($ − %)
]
δi j

− 1
2 ($ − %),i j = −4πGa2δT

i
j .

(7.40)

We have to stress that these equations can be derived without imposing any gauge
conditions and they are valid in an arbitrary coordinate system. To obtain the explicit
form of the equations for the metric perturbations in a particular coordinate system,
we simply have to express $ and % in (7.38)–(7.40) through these perturbations.
For example, in the synchronous coordinate system, we would use the expressions
in (7.28).

Problem 7.5 Write down the equations for ψs and Es in the synchronous coordinate
system. (Hint Do not forget that Es enters the definition of δT

α

β .)

The equations for the metric perturbations in the conformal-Newtonian coordi-
nate system obviously coincide with (7.38)–(7.40). Therefore calculations in these
coordinates are identical to calculations in terms of the gauge-invariant potentials,
with the advantage that we need not carry B and E through the intermediate for-
mulae.

Problem 7.6 Derive (7.38)–(7.40). (Hint: The direct calculation of δG
α

β in terms
of the gauge-invariant potentials is rather tedious. However, it can be significantly
simplified if we take into account that these potentials coincide with the metric
perturbations in the conformal-Newtonian coordinate system. Therefore, calculate
the Einstein tensor for the metric (7.26) and then replace φl , ψl with $ and %

respectively. It is convenient to calculate δGα
β in two steps: (a) set a = 1 in (7.26)

and find the Einstein tensor in this case, (b) make a conformal transformation to an
arbitrary a(t) and calculate δGα

β using formulae (5.110), (5.111), where F = a2.)

Scalar perturbations

Vector perturbations
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Vector perturbations The equations for the vector perturbations take the forms

!V i = 16πGa2δT
0
i(V ), (7.41)

(
V i, j + V j,i

)′ + 2H
(
V i, j + V j,i

)
= −16πGa2δT

i
j(V ), (7.42)

where V i is defined in (7.24) and δT
α

β(V ) is the vector part of the energy–momentum
tensor.

Tensor perturbations For the gravitational waves we obtain
(
h′′

i j + 2Hh′
i j − !hi j

)
= 16πGa2δT

i
j(T ), (7.43)

where δT
i
j(T ) is that part of the energy–momentum tensor which has the same

structural form as hi j .

Problem 7.7 Derive (7.41), (7.42) and (7.43).

7.3 Hydrodynamical perturbations

Let us consider a perfect fluid with energy–momentum tensor

T α
β = (ε + p) uαuβ − pδα

β . (7.44)

One can easily verify that its gauge-invariant perturbations, defined in (7.35), can
be written as

δT
0
0 = δε, δT

0
i = 1

a
(ε0 + p0)

(
δu!i + δu⊥i

)
, δT

i
j = −δpδi

j , (7.45)

where δε, δu!i and δp are defined in (7.20), (7.21). The only term, which contributes
to the vector perturbations is proportional to δu⊥i ; all other terms have the same
structural form as the scalar metric perturbations.

7.3.1 Scalar perturbations

Since δT i
j = 0 for i ̸= j, (7.40) reduces to

(' − (),i j = 0 (i ̸= j) . (7.46)

The only solution consistent with ' and ( being perturbations is ( = '. Then
substituting (7.45) into (7.38)–(7.40) we arrive at the following set of equations for
the scalar perturbations:

!' − 3H
(
'′ + H'

)
= 4πGa2δε, (7.47)

(a')′,i = 4πGa2(ε0 + p0) δu!i , (7.48)

'′′ + 3H'′ +
(
2H′ + H2)' = 4πGa2δp. (7.49)

Tensor perturbations

7.3 Hydrodynamical perturbations 299

Vector perturbations The equations for the vector perturbations take the forms

!V i = 16πGa2δT
0
i(V ), (7.41)

(
V i, j + V j,i

)′ + 2H
(
V i, j + V j,i

)
= −16πGa2δT

i
j(V ), (7.42)

where V i is defined in (7.24) and δT
α

β(V ) is the vector part of the energy–momentum
tensor.

Tensor perturbations For the gravitational waves we obtain
(
h′′

i j + 2Hh′
i j − !hi j

)
= 16πGa2δT

i
j(T ), (7.43)

where δT
i
j(T ) is that part of the energy–momentum tensor which has the same

structural form as hi j .

Problem 7.7 Derive (7.41), (7.42) and (7.43).

7.3 Hydrodynamical perturbations

Let us consider a perfect fluid with energy–momentum tensor

T α
β = (ε + p) uαuβ − pδα

β . (7.44)

One can easily verify that its gauge-invariant perturbations, defined in (7.35), can
be written as

δT
0
0 = δε, δT

0
i = 1

a
(ε0 + p0)

(
δu!i + δu⊥i

)
, δT

i
j = −δpδi

j , (7.45)

where δε, δu!i and δp are defined in (7.20), (7.21). The only term, which contributes
to the vector perturbations is proportional to δu⊥i ; all other terms have the same
structural form as the scalar metric perturbations.

7.3.1 Scalar perturbations

Since δT i
j = 0 for i ̸= j, (7.40) reduces to

(' − (),i j = 0 (i ̸= j) . (7.46)

The only solution consistent with ' and ( being perturbations is ( = '. Then
substituting (7.45) into (7.38)–(7.40) we arrive at the following set of equations for
the scalar perturbations:

!' − 3H
(
'′ + H'

)
= 4πGa2δε, (7.47)

(a')′,i = 4πGa2(ε0 + p0) δu!i , (7.48)

'′′ + 3H'′ +
(
2H′ + H2)' = 4πGa2δp. (7.49)

7.2 Equations for cosmological perturbations 297

7.2 Equations for cosmological perturbations

To derive the equations for the perturbations we have to linearize the Einstein
equations

Gα
β ≡ Rα

β − 1
2δ

α
β R = 8πGT α

β ,

for small inhomogeneities about a Friedmann universe. The calculation of the
Einstein tensor for the background metric (7.3) is very simple and the result is

(0)G0
0 = 3H2

a2
, (0)G0

i = 0, (0)Gi
j = 1

a2

(
2H′ + H2)δi j , (7.32)

where H ≡ a′/a. It is clear that in order to satisfy the background Einstein equa-
tions, the energy–momentum tensor for the matter, (0)T α

β , must have the following
symmetry properties:

(0)T 0
i = 0, (0)T i

j ∝ δi j . (7.33)

For a metric with small perturbations, the Einstein tensor can be written as
Gα

β = (0)Gα
β + δGα

β + · · · , where δGα
β denote terms linear in metric fluctuations.

The energy–momentum tensor can be split in a similar way and the linearized
equations for perturbations are

δGα
β = 8πGδT α

β . (7.34)

Neither δGα
β nor δT α

β are gauge-invariant. Combining them with the metric per-
turbations, however, we can construct corresponding gauge-invariant quantities.

Problem 7.4 Derive the transformation laws for δT α
β and verify that

δT
0
0 = δT 0

0 −
(
(0)T 0

0

)′(B − E ′),

δT
0
i = δT 0

i −
(
(0)T 0

0 − (0)T k
k /3

)(
B − E ′)

,i ,

δT
i
j = δT i

j −
(
(0)T i

j

)′(B − E ′),

(7.35)

where T k
k is the trace of the spatial components, are gauge-invariant.

In a similar manner to (7.35), we can construct

δG
0
0 = δG0

0 −
((0)G0

0

)′(
B − E ′) , etc. (7.36)

and rewrite (7.34) in the form

δG
α

β = 8πGδT
α

β . (7.37)Then the linear order Einstein equation                          gives perturbation 
equations.
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We want to solve the equations for

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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photon, baryon, DM, neutrino

Initial conditions

given by the value from inflation at around the horizon exit. 
They are constant on superhorizon scale and evolve when the 
scale enters the horizon.
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Vector perturbations The equations for the vector perturbations take the forms

!V i = 16πGa2δT
0
i(V ), (7.41)

(
V i, j + V j,i

)′ + 2H
(
V i, j + V j,i

)
= −16πGa2δT

i
j(V ), (7.42)

where V i is defined in (7.24) and δT
α

β(V ) is the vector part of the energy–momentum
tensor.

Tensor perturbations For the gravitational waves we obtain
(
h′′

i j + 2Hh′
i j − !hi j

)
= 16πGa2δT

i
j(T ), (7.43)

where δT
i
j(T ) is that part of the energy–momentum tensor which has the same

structural form as hi j .

Problem 7.7 Derive (7.41), (7.42) and (7.43).

7.3 Hydrodynamical perturbations

Let us consider a perfect fluid with energy–momentum tensor

T α
β = (ε + p) uαuβ − pδα

β . (7.44)

One can easily verify that its gauge-invariant perturbations, defined in (7.35), can
be written as

δT
0
0 = δε, δT

0
i = 1

a
(ε0 + p0)

(
δu!i + δu⊥i

)
, δT

i
j = −δpδi

j , (7.45)

where δε, δu!i and δp are defined in (7.20), (7.21). The only term, which contributes
to the vector perturbations is proportional to δu⊥i ; all other terms have the same
structural form as the scalar metric perturbations.

7.3.1 Scalar perturbations

Since δT i
j = 0 for i ̸= j, (7.40) reduces to

(' − (),i j = 0 (i ̸= j) . (7.46)

The only solution consistent with ' and ( being perturbations is ( = '. Then
substituting (7.45) into (7.38)–(7.40) we arrive at the following set of equations for
the scalar perturbations:

!' − 3H
(
'′ + H'

)
= 4πGa2δε, (7.47)

(a')′,i = 4πGa2(ε0 + p0) δu!i , (7.48)

'′′ + 3H'′ +
(
2H′ + H2)' = 4πGa2δp. (7.49)

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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universe with perfect fluid δT
i
j(T ) = 0, (7.43) simplifies to

(
h′′

i j + 2Hh′
i j − "hi j

)
= 0. (7.95)

Introducing the rescaled variable v via

hi j = v

a
ei j , (7.96)

where ei j is a time-independent polarization tensor, and considering a plane wave
perturbation with the wavenumber k , (7.95) becomes

v′′ +
(

k2 − a′′

a

)
v = 0. (7.97)

In a radiation-dominated universe a ∝ η, hence a′′ = 0 and v ∝ exp(±ikη) . In
this case the exact solution of (7.95) is

hi j = 1
η

(C1 sin(kη) + C2 cos(kη)) ei j . (7.98)

The nondecaying mode of the gravitational wave with wavelength larger than the
Hubble scale (kη ≪ 1) is constant. After the wavelength becomes smaller than
the Hubble radius, the amplitude decays in inverse proportion to the scale factor.
This is a general result valid for any equation of state. In fact, for long-wavelength
perturbations with kη ≪ 1, we can neglect the k2 term in (7.97) and its solution
becomes

v ≃ C1a + C2a
∫

dη

a2
. (7.99)

Hence,

hi j =
(

C1 + C2

∫
dη

a2

)
ei j . (7.100)

For p < ε the second term describes the decaying mode.
For short-wavelength perturbations (kη ≫ 1) , we have k2 ≫ a′′/a and h ∝

exp(±ikη) /a.

Problem 7.15 Find the exact solution of (7.95) for an arbitrary constant equa-
tion of state p = wε and analyze the behavior of the short- and long-wavelengh
gravitational waves. Consider separately the cases p = ±ε.

7.4 Baryon–radiation plasma and cold dark matter

Understanding the perturbations in a multi-component medium consisting of a mix-
ture of a baryon–radiation plasma and cold dark matter is important both to analyze

with 
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In superhorizon, the amplitude is constant,

In the subhorizon, it decreases inverse proportional to the scale factor. 

This is in general true independent on the equation of state.

17

With Fourier transform, for each mode,  

determined by the value fixed at around horizon exit.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Scalar perturbation 

Outside horizon : density perturbation      is constant 
                          with adiabatic condition

Inside horizon : density perturbation grows for larger than Jeans scale 
and oscillate for smaller scales.
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Fig. 7.2.

at η ∼ k−1. It follows from (7.47) that for a constant potential ", the amplitude of
δε/ε0 is always equal to −2" on superhorizon scales.

The change in the amplitude of " can also be inferred from a widely used
“conservation law” for the quantity

ζ ≡ 2
3

(
8πG

3

)1/2

θ2
(u
θ

)′
. (7.72)

Substituting the long-wavelength solution (7.67) into (7.72), we see that ζ remains
constant (is conserved) even if w ≡ p/ε is changing. Recalling the definitions of
u, θ and using the background equations of motion, ζ becomes

ζ = 2
3
H−1"′ + "

1 + w
+ ". (7.73)

Let us assume the equation of state w is initially a constant wi , and later on changes
to another constant w f . In this case the initial and final values of " are also constants

[Mukhanov]

equalityRD MD

superhorizon subhorizon
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Baryon-radiation plasma and cold dark matter and CMB anisotropy

Before recombination, baryons are strongly coupled to radiation and the baryon  
and radiation can be treated as a single fluid.

The other component, dark matter, which is non-relativistic and interact only 
gravitationally with the baryon-photon plasma. 

We assume the perturbation of dark matter and radiation are initially same 
: adiabatic perturbation.
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2/24/11 10:55 PMUniverse in a box: formation of large-scale structure

Page 1 of 2http://cosmicweb.uchicago.edu/filaments.html

The movie stills pictured above illustrate the formation formation of clusters and large-scale filaments in the
Cold Dark Matter model with dark energy. The frames show the evolution of structures in a 43 million

parsecs (or 140 million light years) box from redshift of 30 to the present epoch (upper left z=30 to lower
right z=0). Click to see the full-resolution version of each panel. At the initial epoch (z=30), when the age of

the Universe was less than 1% of its current age, distribution of matter appears to be uniform. This is
because the seed fluctuations are still fairly small. As time goes on, the fluctuations grow resulting in a
wealth of structures from the smallest bright clumps which have sizes and masses similar to those of
galaxies to the large filaments. Notice the filament spanning the entire box from left to right and how it

becomes more and more pronounced with time. Also, note that it does not change much between z=0.5 and
z=0 (i.e., the last two panels). This is because the expansion of the universe is in the stage of acceleration

as the "dark energy" becomes dominant at z<1. On large scales seen here, gravity cannot compete with the
dark energy-driven acceleration and the growth of structures ceases. As the contraction of large-scale

structures is halted they expand with the universe and appear "frozen" in our co-moving system of
coordinates.

You can download the movie as
an MPEG movie: full size (10Mb), half size (1.3Mb) 

The same simulation but with a rotating box (3D geometry of the filaments can be appreciated better)
an animated gif: half size (5Mb), quarter size (1Mb)

MPEG movie: full size (9Mb) half size (1Mb) 

Home

Computer Simulations

Visualizations:

Formation of filaments

Formation of a group of
galaxies

Formation of a galaxy

Screen savers

Additional info and links

Formation of the large-scale structure in the
Universe: filaments

43Mpc box

!44
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The	 decoupled	 photons	 makes	 the	 cosmic	 microwave	 background.	 
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Anisotropy	 of	 CMB

The	 motion	 of	 Earth,	 scattering	 of	 photons	 by	 intergalactic	 
electrons	 in	 clusters	 of	 galaxies,	 and	 primordial	 anisotropy.

Dipole	 anisotropy

The	 photon	 phase	 space	 distribution	 function	 is	 

In	 a	 frame	 with	 velocity	 with	 a	 momentum	 	 	 	 what	 is	 the	 
shape	 of	 the	 distribution	 function?	 	 	 

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

Thanks for all your e↵orts to the Institute and to the members. Your support
and the enthusiasm will remain in our heart forever!
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to	 an	 observer	 at	 rest	 in	 the	 radiation	 background.

For	 Lorentz	 transformation,	 the	 phase	 space	 volume	 and	 the	 
number	 of	 photons	 are	 Lorentz	 invariant,	 so	 
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For	 example,	 
moving	 to	 first	 direction,	 the	 Lorentz	 transformation	 is

2 The Cosmic Microwave Radiation Background

by an observer at rest in the radiation background. The phase space volume
is Lorentz invariant, and the number of photons is also Lorentz invariant,
so Nγ is a scalar, in the sense that a Lorentz transformation to a coordinate
system moving with respect to the radiation background that takes p to p′
also takes Nγ to N ′

γ , where

N ′
γ (p′) = Nγ (p) . (2.4.2)

If the earth is moving in the three-direction with a velocity (in units of c) ofβ,
and we take p to be the photon momentum in the frame at rest in the cosmic
microwave background and p′ to be the photon momentum measured on
the earth, then

⎛

⎜⎜⎝

p1
p2
p3
|p|

⎞

⎟⎟⎠ =

⎛

⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 γ βγ
0 0 βγ γ

⎞

⎟⎟⎠

⎛

⎜⎜⎝

p′1
p′2
p′3
|p′|

⎞

⎟⎟⎠ , (2.4.3)

where as usual γ ≡ (1− β2)−1/2. In particular

|p| = γ
(
1 + β cos θ

)
|p′| (2.4.4)

where θ is the angle between p′ and the three-axis. Thus

N ′
γ (p′) = 1

h3
1

exp (|p′|c/kT ′)− 1
, (2.4.5)

where the temperature is a function of the angle between the direction of
the photon and the earth’s velocity

T ′ = T

γ
(
1 + β cos θ

) . (2.4.6)

Since the galaxy can be expected to be moving at a velocity of several hun-
dred kilometers per second, comparable to the peculiar velocities observed
for other galaxies relative to the mean Hubble flow, and the solar sys-
tem is moving with a similar velocity within the galaxy, we expect β to
be roughly of order 10−3, in which case γ is essentially unity. The appar-
ent temperature is greatest if we observe photons coming from the direc-
tion toward which the earth is moving, for which cos θ = −1, where it is
greater than the intrinsic temperature by a fractional amount βearth. It is
least if we observe photons moving in the same direction as the earth, for
which cos θ = +1, and the temperature is decreased by the same fractional
amount.
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2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.

Thanks for all your e↵orts to the Institute and to the members. Your support
and the enthusiasm will remain in our heart forever!
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where	 the	 temperature	 is	 a	 function	 of	 the	 angle	 between	 the	 
direction	 of	 the	 photon	 and	 the	 velocity	 of	 the	 earth
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2.4 The dipole anisotropy

This effect was first observed in 1969 with a ground-based radiometer,
but at the time it was only possible to measure the component of the earth’s
velocity in the earth’s equatorial plane, found to be 350 km/sec in a direction
corresponding to right ascension 11 h 20 m.1 The full velocity vector of the
earth was measured in 1977 by a Berkeley group,2 using measurements from
a U2 aircraft flying above most of the earth’s atmosphere. Our knowledge
of this effect has been greatly improved by measurements from the COBE
satellite. The Far Infrared Absolute Spectrophotometer group3 found a
maximum temperature increase !T of 3.372 ± 0.014 mK (95% confidence
level) in a direction with galactic coordinates4 ℓ = 264◦.14 ± 0◦.30, b =
48◦.26 ± 0◦.30; the Differential Microwave Interferometer group5 found
!T = 3.353 ± 0.024 mK (95% confidence level) in a direction with galactic
coordinates ℓ = 264◦.26±0◦.33, b = 48◦.22±0◦.13, corresponding to right
ascension 11h12m.2 ± 0m.8, declination −7◦.06 ± 0◦.16.

More recently, the WMAP satellite experiment6 (discussed in detail in
Chapter 7) has given a maximum temperature increase of 3.346±0.017 mK
in a direction ℓ = 263◦.85±0◦.1, b = 48◦.25±0◦.04. These results indicate a
motion of the solar system with a velocity (0.00335)c/(2.725) = 370 km/sec,
not quite in the direction of the Virgo cluster, which has ℓ ≈ 284 and b ≈ 74.
For comparison, the rotation of the galaxy gives the earth a velocity relative
to the center of the galaxy of about 215 km/sec, more or less in the opposite
direction. Taking this into account gives a net velocity of the local group
of galaxies7 relative to the microwave background of 627 ± 22 km/sec in a
direction (ℓ = 276◦ ± 3◦, b = 30◦ ± 3◦) between the Hydra and Centaurus
clusters of galaxies.

Expanding Eq. (2.4.6) in powers of β, the temperature shift can be
expressed as a sum of Legendre polynomials

!T ≡ T ′ − T = T

[

−β
2

6
− βP1(cos θ) + 2β2

3
P2(cos θ) + . . .

]

. (2.4.7)

Because β = 370 km/sec/c = 0.0013 is small, the temperature shift is
primarily a dipole, but Eq. (2.4.7) also exhibits a “kinematic quadrupole”

1E. K. Conklin, Nature 222, 971 (1969).
2G. F. Smoot, M. V. Gorenstein, and R. A. Muller, Phys. Rev. Lett. 39, 898 (1977).
3D. J. Fixsen et al., Astrophys. J. 473, 576 (1996).
4The galactic coordinate b is the angle between the line of sight and the plane of our galaxy, so that

the north galactic pole is at b = 90◦; the galactic coordinate ℓ is the azimuthal angle around the axis of
rotation of our galaxy, with the center of the galaxy at ℓ = 0◦.

5C. L. Bennett et al., Astrophys. J. 464, L1 (1996).
6C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003).
7G. F. Smoot, C. L. Bennett, A. Kogut, J. Aymon, C. Backus et al., Astrophys. J. 371, L1 (1991);

A. Kogut, C. Lineweaver, G. F. Smoot, C. L. Bennett, A. Banday et al., Astrophys. J. 419, 1 (1993).
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motion of the solar system with a velocity (0.00335)c/(2.725) = 370 km/sec,
not quite in the direction of the Virgo cluster, which has ℓ ≈ 284 and b ≈ 74.
For comparison, the rotation of the galaxy gives the earth a velocity relative
to the center of the galaxy of about 215 km/sec, more or less in the opposite
direction. Taking this into account gives a net velocity of the local group
of galaxies7 relative to the microwave background of 627 ± 22 km/sec in a
direction (ℓ = 276◦ ± 3◦, b = 30◦ ± 3◦) between the Hydra and Centaurus
clusters of galaxies.

Expanding Eq. (2.4.6) in powers of β, the temperature shift can be
expressed as a sum of Legendre polynomials

!T ≡ T ′ − T = T

[

−β
2

6
− βP1(cos θ) + 2β2

3
P2(cos θ) + . . .

]

. (2.4.7)

Because β = 370 km/sec/c = 0.0013 is small, the temperature shift is
primarily a dipole, but Eq. (2.4.7) also exhibits a “kinematic quadrupole”

1E. K. Conklin, Nature 222, 971 (1969).
2G. F. Smoot, M. V. Gorenstein, and R. A. Muller, Phys. Rev. Lett. 39, 898 (1977).
3D. J. Fixsen et al., Astrophys. J. 473, 576 (1996).
4The galactic coordinate b is the angle between the line of sight and the plane of our galaxy, so that

the north galactic pole is at b = 90◦; the galactic coordinate ℓ is the azimuthal angle around the axis of
rotation of our galaxy, with the center of the galaxy at ℓ = 0◦.

5C. L. Bennett et al., Astrophys. J. 464, L1 (1996).
6C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003).
7G. F. Smoot, C. L. Bennett, A. Kogut, J. Aymon, C. Backus et al., Astrophys. J. 371, L1 (1991);

A. Kogut, C. Lineweaver, G. F. Smoot, C. L. Bennett, A. Banday et al., Astrophys. J. 419, 1 (1993).
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Expanding	 in	 powers	 of	 	 	 	 the	 temperature	 shift	 can	 be	 expressed	 
as	 Legendre	 Polynomials

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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2.4 The dipole anisotropy

This effect was first observed in 1969 with a ground-based radiometer,
but at the time it was only possible to measure the component of the earth’s
velocity in the earth’s equatorial plane, found to be 350 km/sec in a direction
corresponding to right ascension 11 h 20 m.1 The full velocity vector of the
earth was measured in 1977 by a Berkeley group,2 using measurements from
a U2 aircraft flying above most of the earth’s atmosphere. Our knowledge
of this effect has been greatly improved by measurements from the COBE
satellite. The Far Infrared Absolute Spectrophotometer group3 found a
maximum temperature increase !T of 3.372 ± 0.014 mK (95% confidence
level) in a direction with galactic coordinates4 ℓ = 264◦.14 ± 0◦.30, b =
48◦.26 ± 0◦.30; the Differential Microwave Interferometer group5 found
!T = 3.353 ± 0.024 mK (95% confidence level) in a direction with galactic
coordinates ℓ = 264◦.26±0◦.33, b = 48◦.22±0◦.13, corresponding to right
ascension 11h12m.2 ± 0m.8, declination −7◦.06 ± 0◦.16.

More recently, the WMAP satellite experiment6 (discussed in detail in
Chapter 7) has given a maximum temperature increase of 3.346±0.017 mK
in a direction ℓ = 263◦.85±0◦.1, b = 48◦.25±0◦.04. These results indicate a
motion of the solar system with a velocity (0.00335)c/(2.725) = 370 km/sec,
not quite in the direction of the Virgo cluster, which has ℓ ≈ 284 and b ≈ 74.
For comparison, the rotation of the galaxy gives the earth a velocity relative
to the center of the galaxy of about 215 km/sec, more or less in the opposite
direction. Taking this into account gives a net velocity of the local group
of galaxies7 relative to the microwave background of 627 ± 22 km/sec in a
direction (ℓ = 276◦ ± 3◦, b = 30◦ ± 3◦) between the Hydra and Centaurus
clusters of galaxies.

Expanding Eq. (2.4.6) in powers of β, the temperature shift can be
expressed as a sum of Legendre polynomials

!T ≡ T ′ − T = T
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− βP1(cos θ) + 2β2

3
P2(cos θ) + . . .

]

. (2.4.7)

Because β = 370 km/sec/c = 0.0013 is small, the temperature shift is
primarily a dipole, but Eq. (2.4.7) also exhibits a “kinematic quadrupole”

1E. K. Conklin, Nature 222, 971 (1969).
2G. F. Smoot, M. V. Gorenstein, and R. A. Muller, Phys. Rev. Lett. 39, 898 (1977).
3D. J. Fixsen et al., Astrophys. J. 473, 576 (1996).
4The galactic coordinate b is the angle between the line of sight and the plane of our galaxy, so that

the north galactic pole is at b = 90◦; the galactic coordinate ℓ is the azimuthal angle around the axis of
rotation of our galaxy, with the center of the galaxy at ℓ = 0◦.

5C. L. Bennett et al., Astrophys. J. 464, L1 (1996).
6C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003).
7G. F. Smoot, C. L. Bennett, A. Kogut, J. Aymon, C. Backus et al., Astrophys. J. 371, L1 (1991);

A. Kogut, C. Lineweaver, G. F. Smoot, C. L. Bennett, A. Banday et al., Astrophys. J. 419, 1 (1993).
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Because	 

is	 small,	 the	 temperature	 shift	 is	 primarily	 dipole	 and	 there	 is	 
small	 quadrupole	 contribution.

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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• Sunyaev-Zeldovich effect : depends on the density of the gas and 
size (S) of the cluster

Inverse Compton 
scattering

1 Formulae

2 Dark Matter

I will talk about dark matter. Short introduction on the needs of dark matter in
the early Universe and at the present universe. What is the candidates of dark
matter and what are the signatures of them with recent anomalous observations.

We know the fundamental particles at low energy in the standard model,
quarks, leptons and Higgs. They all existed in the early Universe, at that time
it was very dense and hot. All the particles were in the plasma and interacts
each other to make them in the thermal equilibrium with a given temperature.

However the Universe is expanding and the density and temperature of the
plasma decreases. So the phase transition happens. At 100 MeV the quark-
hadron transition occurs, and 1 MeV neutrinos decouples and electron-positron
annihilates. The proton and neutron combine to make light nuclei. At 1 MeV,
nuclei combine with electron to make neutral atom and the photons decouple
from the palsma. The decoupled photon is the CMB we observe now from all
directions in the Universe. The neutral atoms collapse due to gravitation and
finally forms the structures such as galaxy, clusters of galaxies etc.

The radiation and relativistic particles in thermal equilibrium the density
decreases as T to the 4, however non-relativistic matter as T to the 3. There-
fore at some point matter dominates the Universe, it is called Radiation-Matter
equality corresponding to 10 to 12 sec or the1 eV of temperature.
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30

The distribution, shown in Mollweide projection with the Galactic plane horizontal and the Milky 
Way centre in the middle, of the 1227 \Planck\ clusters and candidates across the sky (red 
thick dots). The masked point-sources (black thin dots), the Magellanic clouds (large black 
areas) and the Galactic mask, covering a total of 16.3\% of the sky and used by the SZ-finder 
algorithms to detect SZ sources, are also shown.

Planck SZ sources
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Electromagnetic wave: amplitude and polarization
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Thanks.
Cosmology is the study to answer the questions about the Universe: Its

origin, evolution, the present and the future.
First I will give you brief history on the cosmology and then the recent

developments.
We live in a big and large space which contains all the starts and galaxies

as well as our planet, Sun and Milky Way.

1

✦ Temperature perturbation expanded in spherical harmonics

- Radiation power spectrum

- depends on all the cosmological parameters,  
  and can be used to constrain them

✦ Polarization perturbation

- Three additional power spectrum
- Two independent modes of polarization and the cross-correlation between 
temperature anisotropies and one polarization mode

• Perturbations in the CMB

What they observe?
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CMB temperature shows almost Gaussian distribution

Probability
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The temperature anisotropy can be expanded in spherical harmonics:

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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2 The Cosmic Microwave Radiation Background

the sum over ℓ running over all positive-definite integers, and the sum over
m running over integers from −ℓ to ℓ. Since "T (n̂) is real, the coefficients
aℓm must satisfy the reality condition

a∗ℓm = aℓ −m . (2.6.2)

(We are defining the spherical harmonics so that Y m
ℓ (n̂)∗ = Y−m

ℓ (n̂).) As we
saw in Section 2.4, the earth’s motion contributes to "T (n̂) an anisotropy
that to a good approximation is proportional to P1(cos θ) ∝ Y 0

1 (θ ,φ) (with
the z-axis taken in the direction of the earth’s motion), so the main aℓm
produced by this effect is that with ℓ = 1 and m = 0.

The coefficients aℓm reflect not only what was happening at the time of
last scattering, but also the particular position of the earth in the universe.
No cosmological theory can tell us this. The quantities of greatest cosmolog-
ical interest are averages, which may be regarded either as averages over the
possible positions from which the radiation could be observed, or averages
over the historical accidents that produced a particular pattern of fluctu-
ations. The ergodic theorem described in Appendix D shows that, under
reasonable assumptions, these two kinds of average are the same. These aver-
ages will be denoted ⟨· · · ⟩. As discussed in Chapter 10, for anisotropies that
arise from quantum fluctuations during inflation, it is these averages over
historical accidents that are related to quantum mechanical expectation val-
ues. We will return shortly to the question of how to use observations from
one position in a universe produced by one specific sequence of accidents to
learn about these averages, but first we must introduce some notation.

We assume that the universe is rotationally invariant on the average, so all
averages ⟨"T (n̂1)"T (n̂2)"T (n̂3) · · · ⟩ are rotationally invariant functions
of the directions n̂1, n̂2, etc. In particular, ⟨"T (n̂)⟩ is independent of n̂,
Since"T (n̂) is defined as the departure of the temperature from its angular
average, its angular average

∫
"T (n̂)d2n̂/4π vanishes. Averaging over the

position of the observer, we have
∫
⟨"T (n̂)⟩d2n̂ = 0, so since ⟨"T (n̂)⟩ is

independent of n̂, it too vanishes.
The simplest non-trivial quantity characterizing the anisotropies in the

microwave background is the average of a product of two "T s. Rotational
invariance requires that the product of two as takes the form

⟨aℓmaℓ′m′ ⟩ = δℓℓ′δm−m′Cℓ , (2.6.3)

for in this case the average of the product of two "T s is rotationally
invariant:

⟨"T (n̂)"T (n̂′)⟩ =
∑

ℓm

CℓY m
ℓ (n̂)Y−m

ℓ (n̂′) =
∑

ℓ

Cℓ

(
2ℓ+ 1

4π

)
Pℓ(n̂ · n̂′) ,

(2.6.4)
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2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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The earth’s motion gives dipole contribution. For z-axis along the earth’s movement, 
this dipole contributes to l=1, m=0.

1. the average over the possible positions from which the radiation could be observed

Averages
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the z-axis taken in the direction of the earth’s motion), so the main aℓm
produced by this effect is that with ℓ = 1 and m = 0.

The coefficients aℓm reflect not only what was happening at the time of
last scattering, but also the particular position of the earth in the universe.
No cosmological theory can tell us this. The quantities of greatest cosmolog-
ical interest are averages, which may be regarded either as averages over the
possible positions from which the radiation could be observed, or averages
over the historical accidents that produced a particular pattern of fluctu-
ations. The ergodic theorem described in Appendix D shows that, under
reasonable assumptions, these two kinds of average are the same. These aver-
ages will be denoted ⟨· · · ⟩. As discussed in Chapter 10, for anisotropies that
arise from quantum fluctuations during inflation, it is these averages over
historical accidents that are related to quantum mechanical expectation val-
ues. We will return shortly to the question of how to use observations from
one position in a universe produced by one specific sequence of accidents to
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of the directions n̂1, n̂2, etc. In particular, ⟨"T (n̂)⟩ is independent of n̂,
Since"T (n̂) is defined as the departure of the temperature from its angular
average, its angular average

∫
"T (n̂)d2n̂/4π vanishes. Averaging over the

position of the observer, we have
∫
⟨"T (n̂)⟩d2n̂ = 0, so since ⟨"T (n̂)⟩ is

independent of n̂, it too vanishes.
The simplest non-trivial quantity characterizing the anisotropies in the

microwave background is the average of a product of two "T s. Rotational
invariance requires that the product of two as takes the form
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2. the average over the historical accidents that produced a particular pattern of fluctuations

Ergodic theorem says these two kinds of the averages are the same.
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2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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We are concerned only about the averages.
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2 The Cosmic Microwave Radiation Background

the sum over ℓ running over all positive-definite integers, and the sum over
m running over integers from −ℓ to ℓ. Since "T (n̂) is real, the coefficients
aℓm must satisfy the reality condition

a∗ℓm = aℓ −m . (2.6.2)

(We are defining the spherical harmonics so that Y m
ℓ (n̂)∗ = Y−m

ℓ (n̂).) As we
saw in Section 2.4, the earth’s motion contributes to "T (n̂) an anisotropy
that to a good approximation is proportional to P1(cos θ) ∝ Y 0

1 (θ ,φ) (with
the z-axis taken in the direction of the earth’s motion), so the main aℓm
produced by this effect is that with ℓ = 1 and m = 0.

The coefficients aℓm reflect not only what was happening at the time of
last scattering, but also the particular position of the earth in the universe.
No cosmological theory can tell us this. The quantities of greatest cosmolog-
ical interest are averages, which may be regarded either as averages over the
possible positions from which the radiation could be observed, or averages
over the historical accidents that produced a particular pattern of fluctu-
ations. The ergodic theorem described in Appendix D shows that, under
reasonable assumptions, these two kinds of average are the same. These aver-
ages will be denoted ⟨· · · ⟩. As discussed in Chapter 10, for anisotropies that
arise from quantum fluctuations during inflation, it is these averages over
historical accidents that are related to quantum mechanical expectation val-
ues. We will return shortly to the question of how to use observations from
one position in a universe produced by one specific sequence of accidents to
learn about these averages, but first we must introduce some notation.

We assume that the universe is rotationally invariant on the average, so all
averages ⟨"T (n̂1)"T (n̂2)"T (n̂3) · · · ⟩ are rotationally invariant functions
of the directions n̂1, n̂2, etc. In particular, ⟨"T (n̂)⟩ is independent of n̂,
Since"T (n̂) is defined as the departure of the temperature from its angular
average, its angular average

∫
"T (n̂)d2n̂/4π vanishes. Averaging over the

position of the observer, we have
∫
⟨"T (n̂)⟩d2n̂ = 0, so since ⟨"T (n̂)⟩ is

independent of n̂, it too vanishes.
The simplest non-trivial quantity characterizing the anisotropies in the

microwave background is the average of a product of two "T s. Rotational
invariance requires that the product of two as takes the form

⟨aℓmaℓ′m′ ⟩ = δℓℓ′δm−m′Cℓ , (2.6.3)

for in this case the average of the product of two "T s is rotationally
invariant:

⟨"T (n̂)"T (n̂′)⟩ =
∑

ℓm

CℓY m
ℓ (n̂)Y−m

ℓ (n̂′) =
∑

ℓ

Cℓ

(
2ℓ+ 1

4π

)
Pℓ(n̂ · n̂′) ,

(2.6.4)
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Due to the rotational invariance, the average is angle independent.
By definition,                            vanishes.
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ations. The ergodic theorem described in Appendix D shows that, under
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ages will be denoted ⟨· · · ⟩. As discussed in Chapter 10, for anisotropies that
arise from quantum fluctuations during inflation, it is these averages over
historical accidents that are related to quantum mechanical expectation val-
ues. We will return shortly to the question of how to use observations from
one position in a universe produced by one specific sequence of accidents to
learn about these averages, but first we must introduce some notation.

We assume that the universe is rotationally invariant on the average, so all
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the sum over ℓ running over all positive-definite integers, and the sum over
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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2 The Cosmic Microwave Radiation Background

the sum over ℓ running over all positive-definite integers, and the sum over
m running over integers from −ℓ to ℓ. Since "T (n̂) is real, the coefficients
aℓm must satisfy the reality condition

a∗ℓm = aℓ −m . (2.6.2)

(We are defining the spherical harmonics so that Y m
ℓ (n̂)∗ = Y−m

ℓ (n̂).) As we
saw in Section 2.4, the earth’s motion contributes to "T (n̂) an anisotropy
that to a good approximation is proportional to P1(cos θ) ∝ Y 0

1 (θ ,φ) (with
the z-axis taken in the direction of the earth’s motion), so the main aℓm
produced by this effect is that with ℓ = 1 and m = 0.

The coefficients aℓm reflect not only what was happening at the time of
last scattering, but also the particular position of the earth in the universe.
No cosmological theory can tell us this. The quantities of greatest cosmolog-
ical interest are averages, which may be regarded either as averages over the
possible positions from which the radiation could be observed, or averages
over the historical accidents that produced a particular pattern of fluctu-
ations. The ergodic theorem described in Appendix D shows that, under
reasonable assumptions, these two kinds of average are the same. These aver-
ages will be denoted ⟨· · · ⟩. As discussed in Chapter 10, for anisotropies that
arise from quantum fluctuations during inflation, it is these averages over
historical accidents that are related to quantum mechanical expectation val-
ues. We will return shortly to the question of how to use observations from
one position in a universe produced by one specific sequence of accidents to
learn about these averages, but first we must introduce some notation.

We assume that the universe is rotationally invariant on the average, so all
averages ⟨"T (n̂1)"T (n̂2)"T (n̂3) · · · ⟩ are rotationally invariant functions
of the directions n̂1, n̂2, etc. In particular, ⟨"T (n̂)⟩ is independent of n̂,
Since"T (n̂) is defined as the departure of the temperature from its angular
average, its angular average

∫
"T (n̂)d2n̂/4π vanishes. Averaging over the

position of the observer, we have
∫
⟨"T (n̂)⟩d2n̂ = 0, so since ⟨"T (n̂)⟩ is

independent of n̂, it too vanishes.
The simplest non-trivial quantity characterizing the anisotropies in the

microwave background is the average of a product of two "T s. Rotational
invariance requires that the product of two as takes the form

⟨aℓmaℓ′m′ ⟩ = δℓℓ′δm−m′Cℓ , (2.6.3)

for in this case the average of the product of two "T s is rotationally
invariant:

⟨"T (n̂)"T (n̂′)⟩ =
∑

ℓm

CℓY m
ℓ (n̂)Y−m

ℓ (n̂′) =
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2.6 Primary fluctuations in the microwave background: A first look

where Pℓ is the usual Legendre polynomial. Given the left-hand side, we
can find Cℓ by inverting the Legendre transformation

Cℓ = 1
4π

∫
d2n̂ d2n̂′ Pℓ(n̂ · n̂′)⟨#T (n̂)#T (n̂′)⟩ . (2.6.5)

Instead of Eq. (2.6.3), we could equivalently define the multipole coefficients
Cℓ by

⟨aℓma∗ℓ′m′ ⟩ = δℓℓ′δm m′Cℓ ,
which shows that the Cℓ are real and positive. For perturbations #T that
are Gaussian in the sense described in Appendix E, a knowledge of the Cℓ

tells us all we need to know about averages of all products of #T s.
Of course, we cannot average over positions from which to view the

microwave background. What is actually observed is a quantity averaged
over m but not position:

Cobs
ℓ ≡ 1

2ℓ+ 1

∑

m
aℓm aℓ−m = 1

4π

∫
d2n̂ d2n̂′ Pℓ(n̂ · n̂′)#T (n̂)#T (n̂′) .

(2.6.6)

The fractional difference between the cosmologically interesting Cℓ and the
observed Cobs

ℓ is known as the cosmic variance. Fortunately, for Gaussian
perturbations, the mean square cosmic variance decreases with ℓ. The mean
square fractional difference is
〈(

Cℓ − Cobs
ℓ

Cℓ

)2〉

= 1− 2 + 1
(2ℓ+ 1)2C2

ℓ

∑

m m′

〈
aℓm aℓ−m aℓm′ aℓ−m′

〉
.

(2.6.7)

If #T is governed by a Gaussian distribution, then so are its multipole
coefficients aℓm (but not quantities quadratic in the aℓm, such as Cℓ.) It
follows then that2

〈
aℓm aℓ−m aℓm′ aℓ−m′

〉
= ⟨aℓm aℓ−m⟩

〈
aℓm′ aℓ−m′

〉

+ ⟨aℓm aℓm′ ⟩
〈
aℓ−m aℓ−m′

〉

+
〈
aℓm aℓ−m′

〉 ⟨aℓ−m aℓm′ ⟩ . (2.6.8)

2Non-Gaussian terms in the probability distribution of anisotropies would show up as non-vanishing
averages of products of odd numbers of the aℓm, as well as corrections to formulas like Eq. (2.6.8) for
the averages of products of even numbers of the aℓm. Such non-Gaussian terms are produced both in
the early universe and at relatively late times. For a review, see N. Bartolo, E. Komatsu, S. Matarrese,
and A. Riotto, Phys. Rep. 402, 103 (2004). Non-Gaussian terms produced by quantum fluctuations
during inflation were calculated in the tree graph approximation by J. Maldacena, J. High Energy Phys.
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However we cannot average over the positions, what is actually observed is a quantity 
averaged over m but not position,
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their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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The fractional difference between        and         is called cosmic variance.
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where Pℓ is the usual Legendre polynomial. Given the left-hand side, we
can find Cℓ by inverting the Legendre transformation

Cℓ = 1
4π

∫
d2n̂ d2n̂′ Pℓ(n̂ · n̂′)⟨#T (n̂)#T (n̂′)⟩ . (2.6.5)

Instead of Eq. (2.6.3), we could equivalently define the multipole coefficients
Cℓ by

⟨aℓma∗ℓ′m′ ⟩ = δℓℓ′δm m′Cℓ ,
which shows that the Cℓ are real and positive. For perturbations #T that
are Gaussian in the sense described in Appendix E, a knowledge of the Cℓ

tells us all we need to know about averages of all products of #T s.
Of course, we cannot average over positions from which to view the

microwave background. What is actually observed is a quantity averaged
over m but not position:

Cobs
ℓ ≡ 1

2ℓ+ 1

∑

m
aℓm aℓ−m = 1

4π

∫
d2n̂ d2n̂′ Pℓ(n̂ · n̂′)#T (n̂)#T (n̂′) .

(2.6.6)

The fractional difference between the cosmologically interesting Cℓ and the
observed Cobs

ℓ is known as the cosmic variance. Fortunately, for Gaussian
perturbations, the mean square cosmic variance decreases with ℓ. The mean
square fractional difference is
〈(

Cℓ − Cobs
ℓ

Cℓ

)2〉

= 1− 2 + 1
(2ℓ+ 1)2C2

ℓ

∑

m m′

〈
aℓm aℓ−m aℓm′ aℓ−m′

〉
.

(2.6.7)

If #T is governed by a Gaussian distribution, then so are its multipole
coefficients aℓm (but not quantities quadratic in the aℓm, such as Cℓ.) It
follows then that2

〈
aℓm aℓ−m aℓm′ aℓ−m′

〉
= ⟨aℓm aℓ−m⟩

〈
aℓm′ aℓ−m′

〉

+ ⟨aℓm aℓm′ ⟩
〈
aℓ−m aℓ−m′

〉

+
〈
aℓm aℓ−m′

〉 ⟨aℓ−m aℓm′ ⟩ . (2.6.8)

2Non-Gaussian terms in the probability distribution of anisotropies would show up as non-vanishing
averages of products of odd numbers of the aℓm, as well as corrections to formulas like Eq. (2.6.8) for
the averages of products of even numbers of the aℓm. Such non-Gaussian terms are produced both in
the early universe and at relatively late times. For a review, see N. Bartolo, E. Komatsu, S. Matarrese,
and A. Riotto, Phys. Rep. 402, 103 (2004). Non-Gaussian terms produced by quantum fluctuations
during inflation were calculated in the tree graph approximation by J. Maldacena, J. High Energy Phys.
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2 The Cosmic Microwave Radiation Background

Using Eq. (2.6.3), we find that the first term on the right-hand side of
Eq. (2.6.8) contributes (2ℓ + 1)2C2

ℓ to the sum in Eq. (2.6.7), while the
second and third terms each contribute (2ℓ+ 1)C2

ℓ to the sum, so that

〈(
Cℓ − Cobs

ℓ

Cℓ

)2〉

= 2
2ℓ+ 1

. (2.6.9)

This sets a limit on the accuracy with which we can measure Cℓ for small
values of ℓ. On the other hand, the same analysis shows that for ℓ ̸= ℓ′,

〈(
Cℓ − Cobs

ℓ

Cℓ

)(
Cℓ′ − Cobs

ℓ′

Cℓ′

)〉

= 0 , (2.6.10)

so the fluctuations of Cobs
ℓ away from the smoothly varying quantity Cℓ

are uncorrelated for different values of ℓ. This means that when Cobs
ℓ is

measured for all ℓ in some range "ℓ in which Cℓ actually varies little, the
uncertainty due to cosmic variance in the value of Cℓ obtained in this range
is reduced by a factor 1/

√
"ℓ. Even so, measurements of Cℓ for ℓ < 5

probably tell us little about cosmology. Also, measurements for ℓ > 2, 000
are corrupted by foreground effects, such as the Sunyaev–Zel’dovich effect
discussed in the previous section. Fortunately there is lots of structure in
Cℓ at values of ℓ between 5 and 2,000 that provides invaluable cosmological
information.

The primary anisotropies in the cosmic microwave background arise
from several sources:

1. Intrinsic temperature fluctuations in the electron–nucleon–photon
plasma at the time of last scattering,3 at a redshift of about
1,090.

05 (2003) 013. The effect of loop graphs is considered by S. Weinberg, Phys. Rev. D 72, 043514
(2005) [hep-ph/0506236]; Phys. Rev. D. 74, 023508 (2006) [hep-ph/0605244]; K. Chaicherdsakul, Phys.
Rev. D 75, 063522 (2007) [hep-th/0611352]. For late-time contributions, see M. Liguori, F. K. Hansen,
E. Komatsu, S. Matarrese, and A. Riotto, Phys. Rev. D 73, 043505 (2006) [astro-ph/0509098]. The
weakness of microwave background anisotropies indicates that any non-Gaussian terms are likely to be
quite small. So far, there is no observational evidence of such terms.

3Strictly speaking, in the approximation of a sudden drop in opacity at a fixed temperature TL ≃
3, 000 K, it is not the intrinsic fluctuation in temperature we observe, but the consequent fluctuation in
the redshift zL of last scattering. Since the unperturbed temperature T̄ (t) goes as 1/a(t), the value aL of
a(t) at which the total temperature T̄ (t)+δT (t) reaches a fixed value TL is shifted by an amount δaL such
that−(TL/aL)δaL +δT (tL) = 0. The observed temperature (leaving aside other effects) is TLa(tL)/a0,
so to first order this is shifted by a fractional amount TLδaL/a0T0 = δT (tL)aL/a0T0 = δT (tL)/TL,
just as if it were the intrinsic temperature fluctuation that we observe.
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for Gaussian distribution.

Appendix E

Gaussian Distributions

Consider a random variable ϕ(x) depending on a D-dimensional coor-
dinate x. We will define it to have zero average value, by subtracting from
ϕ any non-zero average it may have. The distribution function governing ϕ
is said to be Gaussian if the average of a product of an even number of ϕs
is the sum over all ways of pairing ϕs with each other of a product of the
average values of the pairs:

⟨ϕ(x1)ϕ(x2) · · · ⟩ =
∑

pairings

∏

pairs

⟨ϕϕ⟩ , (E.1)

(with the sum over pairings not distinguishing those which interchange
coordinates in a pair, or which merely interchange pairs), while the aver-
age of the product of any odd number of ϕs vanishes. For instance

⟨ϕ(x1)ϕ(x2)ϕ(x3)ϕ(x4)⟩ =⟨ ϕ(x1)ϕ(x2)⟩⟨ϕ(x3)ϕ(x4)⟩
+ ⟨ϕ(x1)ϕ(x3)⟩⟨ϕ(x2)ϕ(x4)⟩+⟨ ϕ(x1)ϕ(x4)⟩⟨ϕ(x2)ϕ(x3)⟩ . (E.2)

(Of course, there is no way of pairing all of an odd number of ϕs, which is
why for Gaussian distributions the average of any odd number of ϕs must
vanish.) More generally, in the average of a product of 2n factors of ϕ, each
of (2n)! permutations of the coordinates defines a pairing (with the first
permuted ϕ paired with the second, the third with the fourth, and so on),
but 2nn! of these differ only by permutations of the two coordinates within
a pair or permutations of the n pairs, so in general this average contains
(2n)!/2nn! terms.

If ϕ(x) is governed by a Gaussian distribution, then so is any linear
functional of ϕ(x). For instance, consider a set of linear functionals of the
form

Fi[ϕ] ≡
∫

dDx fi(x)ϕ(x) . (E.3)

By multiplying Eq. (E.2) by f1(x1) f2(x2) f3(x3) f4(x4) and integrating, we
find

⟨F1F2F3F4⟩ =⟨ F1F2⟩⟨F3F4⟩+⟨ F1F3⟩⟨F2F4⟩+⟨ F1F4⟩⟨F2F3⟩ . (E.4)

Such distributions are called Gaussian because of the form taken by the
probability distribution of general linear functionals F [ϕ] =

∫
dDxf (x)ϕ(x)

of ϕ. In ⟨F 2n[ϕ]⟩, each of the (2n)!/2nn! terms makes the same contribution
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⟨F 2[ϕ]⟩n, so
⟨F 2n[ϕ]⟩ = ⟨F 2[ϕ]⟩n(2n)!/2nn! . (E.5)

This implies that the probability P(F ) dF that the functional is between F
and F + dF is the Gaussian function

P(F ) dF = 1
√

2π⟨F 2⟩
exp

(

− F 2

2⟨F 2⟩

)

dF . (E.6)

Distributions of this sort arise commonly when ϕ(x) is the sum of a large
number of independently fluctuating terms. The central limit theorem tells
us that in this case the distribution of the sum is Gaussian. In the application
that most concerns us here, the fluctuations in the temperature of the cosmic
microwave background are believed to be nearly Gaussian because they arise
(as discussed in Chapter 10) from the quantum fluctuations of one or more
nearly free quantum fields.
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2.6 Primary fluctuations in the microwave background: A first look
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The fractional difference between the cosmologically interesting Cℓ and the
observed Cobs

ℓ is known as the cosmic variance. Fortunately, for Gaussian
perturbations, the mean square cosmic variance decreases with ℓ. The mean
square fractional difference is
〈(

Cℓ − Cobs
ℓ

Cℓ

)2〉

= 1− 2 + 1
(2ℓ+ 1)2C2

ℓ

∑

m m′

〈
aℓm aℓ−m aℓm′ aℓ−m′

〉
.

(2.6.7)

If #T is governed by a Gaussian distribution, then so are its multipole
coefficients aℓm (but not quantities quadratic in the aℓm, such as Cℓ.) It
follows then that2

〈
aℓm aℓ−m aℓm′ aℓ−m′

〉
= ⟨aℓm aℓ−m⟩

〈
aℓm′ aℓ−m′

〉

+ ⟨aℓm aℓm′ ⟩
〈
aℓ−m aℓ−m′

〉

+
〈
aℓm aℓ−m′

〉 ⟨aℓ−m aℓm′ ⟩ . (2.6.8)

2Non-Gaussian terms in the probability distribution of anisotropies would show up as non-vanishing
averages of products of odd numbers of the aℓm, as well as corrections to formulas like Eq. (2.6.8) for
the averages of products of even numbers of the aℓm. Such non-Gaussian terms are produced both in
the early universe and at relatively late times. For a review, see N. Bartolo, E. Komatsu, S. Matarrese,
and A. Riotto, Phys. Rep. 402, 103 (2004). Non-Gaussian terms produced by quantum fluctuations
during inflation were calculated in the tree graph approximation by J. Maldacena, J. High Energy Phys.
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Planck Collaboration: The Planck mission
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Fig. 19. The temperature angular power spectrum of the primary CMB from Planck, showing a precise measurement of seven acoustic peaks, that
are well fit by a simple six-parameter⇤CDM theoretical model (the model plotted is the one labelled [Planck+WP+highL] in Planck Collaboration
XVI (2013)). The shaded area around the best-fit curve represents cosmic variance, including the sky cut used. The error bars on individual points
also include cosmic variance. The horizontal axis is logarithmic up to ` = 50, and linear beyond. The vertical scale is `(`+ 1)Cl/2⇡. The measured
spectrum shown here is exactly the same as the one shown in Fig. 1 of Planck Collaboration XVI (2013), but it has been rebinned to show better
the low-` region.
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Fig. 20. The temperature angular power spectrum of the CMB, esti-
mated from the SMICA Planck map. The model plotted is the one la-
belled [Planck+WP+highL] in Planck Collaboration XVI (2013). The
shaded area around the best-fit curve represents cosmic variance, in-
cluding the sky cut used. The error bars on individual points do not in-
clude cosmic variance. The horizontal axis is logarithmic up to ` = 50,
and linear beyond. The vertical scale is `(` + 1)Cl/2⇡. The binning
scheme is the same as in Fig. 19.

8.1.1. Main catalogue

The Planck Catalogue of Compact Sources (PCCS, Planck
Collaboration XXVIII (2013)) is a list of compact sources de-

tected by Planck over the entire sky, and which therefore con-
tains both Galactic and extragalactic objects. No polarization in-
formation is provided for the sources at this time. The PCCS
di↵ers from the ERCSC in its extraction philosophy: more e↵ort
has been made on the completeness of the catalogue, without re-
ducing notably the reliability of the detected sources, whereas
the ERCSC was built in the spirit of releasing a reliable catalog
suitable for quick follow-up (in particular with the short-lived
Herschel telescope). The greater amount of data, di↵erent selec-
tion process and the improvements in the calibration and map-
making processing (references) help the PCCS to improve the
performance (in depth and numbers) with respect to the previ-
ous ERCSC.

The sources were extracted from the 2013 Planck frequency
maps (Sect. 6), which include data acquired over more than two
sky coverages. This implies that the flux densities of most of
the sources are an average of three or more di↵erent observa-
tions over a period of 15.5 months. The Mexican Hat Wavelet
algorithm (López-Caniego et al. 2006) has been selected as the
baseline method for the production of the PCCS. However, one
additional methods, MTXF (González-Nuevo et al. 2006) was
implemented in order to support the validation and characteriza-
tion of the PCCS.

The source selection for the PCCS is made on the basis of
Signal-to-Noise Ratio (SNR). However, the properties of the
background in the Planck maps vary substantially depending on
frequency and part of the sky. Up to 217 GHz, the CMB is the
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Cover from large to small scales
[Planck collaboration, 2013]

 Acoustic peaks

cosmic variance

where P (alm) is the probability density for the random variable alm. For a hypothetical ensemble of
Universes like ours, the mean values of products of the coefficients alm would obey

halmal0m0i = Cl�ll0�mm0 . (5)

We can measure only one Universe, but this formula is still used to extract the angular spectrum
Cl from the data. For given l, there are (2l + 1) independent coefficients alm, so there exists an
irreducible statistical uncertainty of order �Cl/Cl ⇠ 1/

p
2l + 1, called cosmic variance. It is particularly

pronounced at small l and, indeed, it is much larger than the experimental errors in this part of the
angular spectrum (as an example, error bars in the left part of Fig. 2 are precisely due to the cosmic
variance).

In the case of Gaussian random variables, all odd correlators are zero and all even correlators are
expressed through the two-point correlator according to the Wick theorem. Under this distribution,
the mean value of the temperature fluctuation squared equals:

h[�T (n)]2i =
X

l

2l + 1

4⇡
Cl ⇡

Z
dl

l

l(l + 1)

2⇡
Cl =

Z
dl

l
Dl. (6)

Usually, graphs presenting the anisotropy spectrum show Dl (for example, in Fig.2). It is worth noting
that the approximate relationship between the multipole number l and angular scale is �✓ ' ⇡/l.
Hence, the first peak in Fig.2 corresponds to temperature fluctuation of angular size of about 1

0.

Figure 2: The angular spectrum of the CMB temperature anisotropy [12]. The line is a prediction of
the standard ⇤CDM model. The quantity in vertical axis is Dl defined by (6).

Gaussianity of temperature fluctuations is a very interesting property. The linear evolution pre-
serves Gaussianity, so this property means that the primordial density perturbations are Gaussian ran-
dom field. We recall in this regard that vacuum fluctuations of free quantum fields are also Gaussian.
Hence, we have an observational hint that the mechanism of the generation of primordial perturbations

is the amplification of vacuum fluctuations of some linear quantum field(s). This is indeed the case in
the inflationary scenario, and also in some other models.
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or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.
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How do the acoustic peaks generated?

1. We can solve the perturbation equation of photon until the last 
scattering of photons.

2. From the last scattering, the photons travel to the observer.
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The coordinate t is the physical time, it is the proper time of cosmological observers. Sometimes
another time coordinate is used, so-called conformal time

⌘(t) =

tZ
dt0

a(t0)
. (12)

In coordinates ⌘, x
1

, x
2

, x
3

the metric (7) for  = 0 reads:

ds2 = a(⌘)2(d⌘2 � dx2

), (13)

i. e., the metric is conformally flat. Since the light propagation satisfies ds2 = 0, in coordinates
⌘, x

1

, x
2

, x
3

the light propagates as in the Minkowski space–time.

3.2 The angular spectrum of the CMB temperature anisotropy

3.2.1 Sachs–Wolfe, Doppler and integrated Sachs–Wolfe effects

As we have already pointed out, the major source of the CMB anisotropy are the density perturbations
and gravitational potentials associated with them2. In cosmological literature these are called scalar
perturbations, since the relevant quantities are scalars under spatial rotations. In a certain gauge
(conformal Newtonian gauge), metric with scalar perturbations is written as follows:

ds2 = (1 + 2�)dt2 � a2(t)(1 + 2 )dx2, (14)

where �(x, t) and  (x, t) are two gravitational potentials. In the Newtonian limit, � coincides with
the Newtonian potential.

In the case of scalar perturbations, the observed temperature fluctuation of the CMB photons
coming to us along the direction n from the point x where they have last scattered is given by the
general formula3:

�T

T
=

1

4

�⇢�
⇢�

(x) + �(x) + n · v�(x) +

t0Z

tr

dt ( ˙�� ˙

 ), (15)

where �⇢�(x) is the density perturbation of photons at last scattering, v�(x) is the velocity of the
baryon–photon medium at that time, and the integral is evaluated along the photon world line from
last scattering to detection. All terms here have transparent interpretation. The first term is the
perturbation of the temperature of the photon gas at last scattering: in general ⇢� / T 4

� and we have
1/4·�⇢�(x)/⇢� = �T�(x)/T� . The second term reflects the fact that photons get redshifted (blueshifted)
when they escape from potential wells (humps). The first and second contributions together are called
the Sachs–Wolfe effect. The third term is self-evident: this is the Doppler effect. Finally, the integral
in (15) represents the integrated Sachs–Wolfe effect: as photons propagate through the Universe, they
get red- or blueshifted due to time-dependent gravitational field. Namely, if a photon meets a potential
well, it falls into it and gains energy. Suppose now that by the time the photon starts escaping from
the well, the well has become shallower. Then the photon looses less energy when climbing the well,
and the net effect is the blueshift of the photon. Since photons are relativistic, this effect is caused by
both temporal (�g

00

/ �) and spatial (�gij /  �ij) components of metric perturbations.
For scalar perturbations, both Doppler and integrated Sachs–Wolfe effects are numerically rather

small. We simplify our discussion and consider the Sachs–Wolfe effect alone (the first two terms in
(15). The main contributions here come from perturbations in the baryon–photon medium and dark

2We do not consider the effects due to structures in the relatively late Universe, such as Sunyaev–Zel’dovich effect
and gravitational lensing. Yet another possible source is gravity waves, see below.

3This formula does not account for aforementioned smearing effects, so it is valid, strictly speaking, only at relatively
large angular scales corresponding to l . 1500. However, smearing leaves almost unaffected some properties of the CMB
angular spectrum, such as positions of the peaks. We use this formula for qualitative analysis anyway.
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The observed temperature perturbation of the CMB photons coming to us along the 
direction n from the point x where they have scattered  is given by 

temperature perturbation from the density perturbation of 
photons at last scattering

Doppler effect due to the velocity of the 
baryon-photon plasma

red(blue)-shift when they escape form the 
gravitational potential

Integrates Sachs-Wolfe effect
due to the time-dep. gravitational potential
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2. From the last scattering, the photons travel to the observer.
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Sachs-Wolfe effect come from the perturbations in the baryon-photon plasma and 
dark matter, and this is the dominant source. The other Doppler and ISW effects are
numerically rather small.Anisotropies in the Cosmic Microwave Background 13

Fig. 4. Contribution of the various terms in (14) to the temperature-anisotropy
power spectrum from adiabatic initial conditions. At high l, the contributions are
(from top to bottom): total power; δγ/4 + ψ (denoted SW for Sachs–Wolfe [3]);
Doppler effect from vb; and the integrated Sachs–Wolfe effect (ISW) coming from
evolution of the potential along the line of sight.

tial condition, and the observation that the driving term in (27) mimics the
cosine WKB solution of the homogeneous equation (see Fig. 2), set the oscil-
lation mostly in the cos krs mode. The midpoint of the oscillation is roughly
at δγ/4 = −(1 + R)ψ. This behaviour is illustrated in Fig. 3. Modes with
krs(η∗) = π have undergone half an oscillation at last scattering, and are max-
imally compressed. The large value of Θ0 +ψ at this particular scale gives rise
to the first acoustic peak in Fig. 1, now measured to be at l = 220.1±0.8 [42].
The subsequent extrema of the acoustic oscillation at krs(η∗) = nπ give rise
to the further acoustic peaks. The angular spacing of the peaks is almost
constant and is set by the sound horizon at last scattering and the angular
diameter distance to last scattering. The acoustic part of the anisotropy spec-
trum thus encodes a wealth of information on the cosmological parameters;
see Sect. 3. The photon velocity vγ oscillates as sin krs, so the Doppler term
in (14) tends to fill in power between the acoustic peaks. The relative phase
of the oscillation of the photon velocity has important implications for the
polarization properties of the CMB as discussed in Sect. 4. The contributions
of the various terms in (14) to the temperature-anisotropy power spectrum
are shown in Fig. 4 for adiabatic perturbations.

[Challinor, 2004]

ISW rise Sachs-Wolfe
 Plateau

Acoustic 
peaks

Damping
 tail

ISW
Doppler

SW Silk damping
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Baryon-photon plasma and cold dark matter
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Baryon-photon plasma and cold dark matter

Much before the matter-radiation equality, the baryon density and DM density are 
negligible to the radiation. Thus photon’s contribution is dominant, however around 
matter-radiation equality the dark matter and baryon’s contribution becomes 
important. 

Before recombination, baryons are tightly coupled to the photons and we consider 
this as a single fluid, baryon-photon plasma.

At the same time, there is a dark matter component, which is decoupled from the 
baryon-photon plasma but interact only with gravity.

The sound speed of baryon-photon plasma is also affected by the baryon fraction 
and changes around recombination.
We want to derive the photon density perturbation at last scattering moment 
(recombination).
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1. The scale which enters the horizon after equality, still outside 
horizon at recombination

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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7.4 Baryon–radiation plasma and cold dark matter 319

Transfer functions For long-wavelength perturbations with kηr ≪ 1, the ampli-
tudes of the metric and radiation fluctuations after equality in terms of "0 are given
in (7.120) and (7.121). To find the transfer functions for short-wavelength inhomo-
geneities we have to express "

(
η > ηeq

)
andAk, entering (7.127), in terms of "0

k .

This can be done analytically in two limiting cases: for perturbations which enter
the horizon long enough after and well before equality, that is, for the modes with
kηeq ≪ 1 and kηeq ≫ 1.

The perturbation with kηeq ≪ 1 enters the horizon when the cold matter already
dominates and determines the gravitational potential. Therefore the gravitational
potential does not change and it is given by

"k
(
η > ηeq

)
= 9

10"
0
k . (7.133)

The solution (7.127) for δγ is applicable even when the wavelength of the perturba-
tion exceeds the curvature scale (see Problem 7.17). After equality at η ≫ ηeq, the
amplitude of δγ for the supercurvature modes with kη ≪ 1, according to (7.127),
should be equal to δγ ≃ −8"k/3 = const. Assuming that the baryons have a neg-
ligible effect on the speed of sound at this time, so that c2

s → 1/3, we find that
A = 4"k/33/4. As a result, after equality but before recombination, we have
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for the modes with η−1
eq ≫ k ≫ η−1

r .

Now we consider perturbations with kηeq ≫ 1, which enter the horizon well be-
fore equality. At η ≪ ηeq , radiation dominates over dark matter and baryons. There-
fore, " and δγ are well approximated by (7.61) and (7.62), describing perturbations
in the radiation-dominated universe. Neglecting the decaying mode on supercurva-
ture scales and expressing C1 in terms of "0

k , we find that at ηeq ≫ η ≫ k−1

δγ ≃ 6"0
k cos

(
kη/

√
3
)

, "k(η) ≃ − 9"0
k

(kη)2 cos
(

kη/
√

3
)

. (7.135)

To determine the fluctuations in the cold dark matter component, we integrate
(7.108) to obtain

δd(η) = 3"(η) +
η∫

dη̃

a

η̃∫
a%"dη̄. (7.136)

This is an exact relation which is always valid for any k. During the radiation-domi-
nated epoch, the main contribution to the gravitational potential is due to radiation,
and, therefore, we can treat " in (7.136) as an external source given by (7.61).
The two constants of integration can be fixed by substituting (7.61) in (7.136) and

,
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where η∗ = ηeq/(
√

2 − 1). Neglecting the decaying mode and using the relation
between the gravitational potential and δd , verify that

#k
(
η > ηeq

)
≃

ln
(
0.15kηeq

)

(
0.27kηeq

)2 #0
k . (7.142)

The fluctuations in the radiation component after equality continue to behave as
sound waves in the external gravitational potential given by (7.142). The integration
constant A in (7.127) can be fixed by comparing the oscillating part of this solution
to the result in (7.135) at η ∼ ηeq . Then we find that at η > ηeq,
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for modes with kηeq ≫ 1.
It follows from (7.134) and (7.143) that, for k > η−1

r , the spectrum of δγ at
recombination is partially modulated by the cosine. This is because all sound waves
with the same k = |k| enter the horizon and begin to oscillate simultaneously. As
we will see in the next chapter, this leads to peaks and valleys in the spectrum of
the temperature fluctuations of background radiation.

In summary, the results obtained in this section allow us to express the gravi-
tational potential and the radiation energy density fluctuations at recombination in
terms of the basic cosmic parameters and the primordial perturbation spectrum. The
primordial spectrum is described by the gravitational potential #0

k , characterizing
a perturbation with comoving wavenumber k at very early times when its size still
exceeds the curvature scale. For modes whose wavelength exceeds the curvature
scale at recombination, the spectrum of # remains unchanged except that its am-
plitude drops by a factor of 9/10 after matter–radiation equality, and the amplitude
of radiation fluctuations is given in (7.121). For perturbations whose wavelength is
less than the Hubble scale, we have derived asymptotic expressions for the modes
which enter the curvature scale well before equality (see (7.142), (7.143)), and
long enough after equality (see (7.133), (7.134)). For these perturbations the initial
spectrum is substantially changed as a result of evolution.
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The approximate solutions at recombination epoch for different scales.
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Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Sachs-Wolfe plateau

At large scales, the mode which is superhorizon at the recombination epoch, the first 
and second term dominate.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

�T

T
' 1

4

�⇢�
⇢�

+ � ' �1

3
�(⌘r) = � 3

10
�0 (1)

� =
�"

"
=

�"� + �"d
"� + "d

(2)

l(l + 1)Cl

2⇡
�� =

3

4
�B =

3

4
�d = �2�0 (3)

⌘eq ⌘r ⌘eq � k�1 ⌘r � k�1 � ⌘eq k�1 � ⌘r (4)

H�1 ak�1 ⌘�1 = aH ⌘�1 = aH/2 k�1 ⌘ k�1 = ⌘ (5)

⌘
0

⌦
⇤

zr ' 1100 (6)

c2s
⇢B
⇢�

⌧ 1 z + 1 =
a
0

a(t)

a(t
0

)

a(tr)
=

Tr

T
0

= zr + 1 (7)

ln ' ⇡n
⌘
0

rs
l
1

= 220 0.8� l
3

' 520 l
5

' 820 l
7

' 1120 l
9

' 1420

(8)

kn
⇡

l
' �✓ =

�x

⌘
0

=
⇡

⌘
0

kn
(9)

1

1. The scale which enters the horizon after equality, still outside 
horizon at recombination

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

⌘eq ⌘r ⌘eq � k�1 ⌘r � k�1 � ⌘eq k�1 � ⌘r (1)

H�1 ak�1 ⌘�1 = aH ⌘�1 = aH/2 k�1 ⌘ k�1 = ⌘ (2)

⌘
0

⌦
⇤

zr ' 1100 (3)

c2s
⇢B
⇢�

⌧ 1 z + 1 =
a
0

a(t)

a(t
0

)

a(tr)
=

Tr

T
0

= zr + 1 (4)

ln ' ⇡n
⌘
0

rs
l
1

= 220 0.8� l
3

' 520 l
5

' 820 l
7

' 1120 l
9

' 1420

(5)

kn
⇡

l
' �✓ =

�x

⌘
0

=
⇡

⌘
0

kn
(6)

rs =

Z ⌘

0

csd⌘̃ =

Z t

0

cs
dt0

a(t0)
a(tr)rs rs (7)

�� = �8

3

✓
9

10
�

0

◆
(8)

�Cl

Cl
⇠ 1p

2l + 1
(9)

1

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

� =
10

9
�0 �� = �8

3
� = �12

5
�0 (1)

k�1 � ⌘ > ⌘eq c2s =
1

3
�� ' �4�(⌘) +Ak

1

31/4
= �8

3
�(⌘) Ak =

4

33/4
�k

(2)

�T

T
' 1

4

�⇢�
⇢�

+ � ' �1

3
�(⌘r) = � 3

10
�0 � = 0 (3)

� =
�"

"
=

�"� + �"d
"� + "d

(4)

l(l + 1)Cl

2⇡
�� =

3

4
�B =

3

4
�d = �2�0 (5)

⌘eq ⌘r ⌘eq � k�1 ⌘r � k�1 � ⌘eq k�1 � ⌘r (6)

H�1 ak�1 ⌘�1 = aH ⌘�1 = aH/2 k�1 ⌘ k�1 = ⌘ (7)

⌘
0

⌦
⇤

zr ' 1100 (8)

c2s
⇢B
⇢�

⌧ 1 z + 1 =
a
0

a(t)

a(t
0

)

a(tr)
=

Tr

T
0

= zr + 1 (9)

1

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

� =
10

9
�0 �� = �8

3
� = �12

5
�0 �d = �2� = �9

5
�0 (1)

k�1 � ⌘ > ⌘eq c2s =
1

3
�� ' �4�(⌘) +Ak

1

31/4
= �8

3
�(⌘) Ak =

4

33/4
�k

(2)

�T

T
' 1

4

�⇢�
⇢�

+ � ' �1

3
�(⌘r) = � 3

10
�0 � = 0 (3)

� =
�"

"
=

�"� + �"d
"� + "d

(4)

l(l + 1)Cl

2⇡
�� =

3

4
�B =

3

4
�d = �2�0 (5)

⌘eq ⌘r ⌘eq � k�1 ⌘r � k�1 � ⌘eq k�1 � ⌘r (6)

H�1 ak�1 ⌘�1 = aH ⌘�1 = aH/2 k�1 ⌘ k�1 = ⌘ (7)

⌘
0

⌦
⇤

zr ' 1100 (8)

c2s
⇢B
⇢�

⌧ 1 z + 1 =
a
0

a(t)

a(t
0

)

a(tr)
=

Tr

T
0

= zr + 1 (9)

1

, ,

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

k�1 ⌧ ⌘ ⌧ ⌘eq (1)

sinx

x
� cosx ! x2

3
�k ' 1

3
C

1

= �0

k C
1

= 3�0

k
(2)

� =
9

10
�0 �� = �8

3
� = �12

5
�0 �d = �2� = �9

5
�0 (3)

k�1 � ⌘ > ⌘eq c2s =
1

3
�� ' �4�(⌘) +Ak

1

31/4
= �8

3
�(⌘) Ak =

4

33/4
�k

(4)

�T

T
' 1

4

�⇢�
⇢�

+ � ' �1

3
�(⌘r) = � 3

10
�0 � = 0 (5)

� =
�"

"
=

�"� + �"d
"� + "d

(6)

l(l + 1)Cl

2⇡
�� =

3

4
�B =

3

4
�d = �2�0 (7)

⌘eq ⌘r ⌘eq � k�1 ⌘r � k�1 � ⌘eq k�1 � ⌘r (8)

H�1 ak�1 ⌘�1 = aH ⌘�1 = aH/2 k�1 ⌘ k�1 = ⌘ (9)

1

9.5 Anisotropies on large angular scales 367

If δT/T is expanded in terms of spherical harmonics,

δT (θ, φ)
T0

=
∑

l, m

almYlm(θ, φ), (9.39)

then the complex coefficients alm, in a homogeneous and isotropic universe, satisfy
the condition

⟨a∗
l ′m ′alm⟩ = δll ′ δmm ′ Cl, (9.40)

where the brackets refer to a cosmic mean. The multipole moments, Cl = ⟨|alm |2⟩,
receive their main contribution from fluctuations on angular scale θ ∼ π/ l and
l(l + 1) Cl is about typical squared temperature fluctuations on this scale.

Problem 9.3 Generalize the formula (9.38) for %′
k(ηr ) ̸= 0, thereby incorporating

the integrated Sachs–Wolfe effect.

Inflation predicts a flat universe with a nearly scale-invariant, adiabatic spectrum
of Gaussian fluctuations. As we shall show, these lead to certain qualitative features
in the temperature anisotropy power spectrum: a flat plateau for large angular scales,
a sequence of peaks and valleys with a first peak at l ≈ 200, and a steady damping
of the oscillation amplitude as l increases. Once these features are confirmed, then
a precise measurement of the power spectrum can be used to constrain many of
the cosmological parameters which inflation does not fix uniquely. First, there are
the amplitude B and spectral index n of the primordial density inhomogeneities
generated by inflation. The rather generic prediction of inflation is that |%2

kk3| =
BknS−1, with 1 − nS ∼ 0.03–0.08. The amplitude B is not predicted by inflation. Its
value is chosen to fit the observations. The other parameters involved in defining the
shape of the temperature power spectrum are the Hubble constant h75, the fraction
of the critical density today due to the baryon density 'b, the total matter (baryonic
plus cold dark matter) density 'm and the vacuum (or quintessence) energy density
'(.

The present data are consistent with inflation, and suggest a flat universe that
consists approximately of 5% baryonic matter, 25% cold dark matter, and 70% dark
energy. We will take these values for our fiducial model, also called the concordance
model, and compute the temperature fluctuation spectrum for a range of parameters
around this model.

9.5 Anisotropies on large angular scales

The fluctuations on large angular scales (θ ≫ 1◦) are induced by inhomogeneities
with wavelengths which exceed the Hubble radius at recombination and have not
had a chance to evolve significantly since the end of inflation. Thus their spectrum

or
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represents pristine information about the primordial inhomogeneities. In this section
we show that for perturbations predicted by inflation, the spectrum of temperature
fluctuations on large angular scales has a nearly flat plateau, the height and slope of
which are mainly determined by the amplitude and spectral index characterizing the
primordial inhomogeneities and practically independent of the other cosmological
parameters.

The Hubble scale at recombination H−1
r = 3tr/2 spans 0.87◦ on the sky today

(see (2.73)). Therefore, the results derived in this section refer to the angles θ ≫ 1◦,

or to the multipoles l ≪ π/θH ∼ 200.

As shown in Section 7.4, for adiabatic perturbations with kηr ≪ 1, the rela-
tive energy density fluctuations in the radiation component itself can be expressed
through the gravitational potential as

δk(ηr ) ≃ −8
3
%k(ηr ) , δ′

k(ηr ) ≃ 0. (9.41)

According to (9.32), the resulting temperature fluctuation due to large-scale imho-
mogeneities is

δT
T

(η0, x0, l) ≃ 1
3
%(ηr , x0 − lη0) . (9.42)

That is, the fluctuation amplitude is equal to one third of the gravitational potential
at the point on the last scattering surface from which the photons emanated. In this
estimate, we neglect the contribution of radiation to the gravitational potential at
recombination and both integrated Sachs–Wolfe effects, which are subdominant.

After matter–radiation equality, the potential on superhorizon scales drops by a
factor of 9/10. Taking this into account, substituting (9.41) into (9.38), and calcu-
lating the integral with the help of the identity

∞∫

0

sm−1 j2
l (s) ds = 2m−3π

&(2 − m) &
(

l + m
2

)

&2

(
3 − m

2

)
&

(
l + 2 − m

2

) , (9.43)

we find for a scale-invariant initial spectrum with |
(
%0

k

)2 k3| = B, the plateau:

l(l + 1) Cl ≃ 9B
100π

= const, (9.44)

on large angular scales or for l ≪ 200. Since the main contribution to large an-
gular scales comes from superhorizon inhomogeneities, we have neglected here
the modification of the spectrum for subhorizon modes. In actuality, each Cl is a
weighted integral over all k, including near horizon and subhorizon scales, where
the fluctuation amplitude rises and falls. The above result is a good approximation

Actually       is a weighted sum over all k including near horizon and subhorizon scales.
This give a good approximation for            and the neglected effects become essential.
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for l up to 20 or so. For l > 20, the neglected effects become essential, leading
first to the rise in amplitude of the temperature fluctuations and then to the acoustic
peaks.

Problem 9.4 Find the correction to (9.44) if the initial spectrum is not scale-
invariant, |

(
!0

k

)2 k3| = BknS−1, assuming that |nS − 1| ≪ 1.

Problem 9.5 Determine how (9.42) is modified for the entropy perturbations con-
sidered in Section 7.3.

Unfortunately, the information about statistical properties of the primordial spec-
trum gathered from a single vantage point is limited by cosmic variance. Since there
are only 2l + 1 independent alm , the variance is

"Cl

Cl
≃ (2l + 1)−1/2 . (9.45)

The typical fluctuation is about 50% for the quadrupole (l = 2) and 15% for l ∼ 20.
Therefore, we are forced to go to smaller angular scales to obtain precise constraints
on the spectrum of primordial inhomogeneities. The bad news is that, for these
scales, we can no longer ignore evolution. On the other hand, if we can deconvolve
the effects of evolution, we gain information about both the primordial spectrum
and the parameters that control cosmic evolution.

9.6 Delayed recombination and the finite thickness effect

On small angular scales, recombination can no longer be approximated as instanta-
neous. The finite duration of recombination introduces uncertainty as to the precise
moment and position when a given photon last scatters. As a result, photons arriving
from a given direction yield only “smeared out” information. In turn this leads to a
suppression of the temperature fluctuations on small angular scales known as the
finite thickness effect. The spread in the time of last scattering also increases the
Silk damping scale, changing the conditions in the region from which the photon
last scatters.

We first consider the finite thickness effect. A photon arriving from direction l
might last scatter at any value of the redshift in the interval 1200 > z > 900. If the
last scattering occurs at conformal time ηL , the photon carries information about
conditions at position

x(ηL ) = x0 + l(ηL − η0) .

Since the total flux of radiation arriving from direction l consists of photons that
last scattered over a range of times, the information it carries represents a weighted

The observed anisotropy of overdense region is underdense at recombination due to the 
potential well. Also note the factor 1/8 from density perturbation.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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represents pristine information about the primordial inhomogeneities. In this section
we show that for perturbations predicted by inflation, the spectrum of temperature
fluctuations on large angular scales has a nearly flat plateau, the height and slope of
which are mainly determined by the amplitude and spectral index characterizing the
primordial inhomogeneities and practically independent of the other cosmological
parameters.

The Hubble scale at recombination H−1
r = 3tr/2 spans 0.87◦ on the sky today

(see (2.73)). Therefore, the results derived in this section refer to the angles θ ≫ 1◦,

or to the multipoles l ≪ π/θH ∼ 200.

As shown in Section 7.4, for adiabatic perturbations with kηr ≪ 1, the rela-
tive energy density fluctuations in the radiation component itself can be expressed
through the gravitational potential as

δk(ηr ) ≃ −8
3
%k(ηr ) , δ′

k(ηr ) ≃ 0. (9.41)

According to (9.32), the resulting temperature fluctuation due to large-scale imho-
mogeneities is

δT
T

(η0, x0, l) ≃ 1
3
%(ηr , x0 − lη0) . (9.42)

That is, the fluctuation amplitude is equal to one third of the gravitational potential
at the point on the last scattering surface from which the photons emanated. In this
estimate, we neglect the contribution of radiation to the gravitational potential at
recombination and both integrated Sachs–Wolfe effects, which are subdominant.

After matter–radiation equality, the potential on superhorizon scales drops by a
factor of 9/10. Taking this into account, substituting (9.41) into (9.38), and calcu-
lating the integral with the help of the identity

∞∫

0

sm−1 j2
l (s) ds = 2m−3π

&(2 − m) &
(

l + m
2

)

&2

(
3 − m

2

)
&

(
l + 2 − m

2

) , (9.43)

we find for a scale-invariant initial spectrum with |
(
%0

k

)2 k3| = B, the plateau:

l(l + 1) Cl ≃ 9B
100π

= const, (9.44)

on large angular scales or for l ≪ 200. Since the main contribution to large an-
gular scales comes from superhorizon inhomogeneities, we have neglected here
the modification of the spectrum for subhorizon modes. In actuality, each Cl is a
weighted integral over all k, including near horizon and subhorizon scales, where
the fluctuation amplitude rises and falls. The above result is a good approximation
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Fig. 19. The temperature angular power spectrum of the primary CMB from Planck, showing a precise measurement of seven acoustic peaks, that
are well fit by a simple six-parameter⇤CDM theoretical model (the model plotted is the one labelled [Planck+WP+highL] in Planck Collaboration
XVI (2013)). The shaded area around the best-fit curve represents cosmic variance, including the sky cut used. The error bars on individual points
also include cosmic variance. The horizontal axis is logarithmic up to ` = 50, and linear beyond. The vertical scale is `(`+ 1)Cl/2⇡. The measured
spectrum shown here is exactly the same as the one shown in Fig. 1 of Planck Collaboration XVI (2013), but it has been rebinned to show better
the low-` region.
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Fig. 20. The temperature angular power spectrum of the CMB, esti-
mated from the SMICA Planck map. The model plotted is the one la-
belled [Planck+WP+highL] in Planck Collaboration XVI (2013). The
shaded area around the best-fit curve represents cosmic variance, in-
cluding the sky cut used. The error bars on individual points do not in-
clude cosmic variance. The horizontal axis is logarithmic up to ` = 50,
and linear beyond. The vertical scale is `(` + 1)Cl/2⇡. The binning
scheme is the same as in Fig. 19.

8.1.1. Main catalogue

The Planck Catalogue of Compact Sources (PCCS, Planck
Collaboration XXVIII (2013)) is a list of compact sources de-

tected by Planck over the entire sky, and which therefore con-
tains both Galactic and extragalactic objects. No polarization in-
formation is provided for the sources at this time. The PCCS
di↵ers from the ERCSC in its extraction philosophy: more e↵ort
has been made on the completeness of the catalogue, without re-
ducing notably the reliability of the detected sources, whereas
the ERCSC was built in the spirit of releasing a reliable catalog
suitable for quick follow-up (in particular with the short-lived
Herschel telescope). The greater amount of data, di↵erent selec-
tion process and the improvements in the calibration and map-
making processing (references) help the PCCS to improve the
performance (in depth and numbers) with respect to the previ-
ous ERCSC.

The sources were extracted from the 2013 Planck frequency
maps (Sect. 6), which include data acquired over more than two
sky coverages. This implies that the flux densities of most of
the sources are an average of three or more di↵erent observa-
tions over a period of 15.5 months. The Mexican Hat Wavelet
algorithm (López-Caniego et al. 2006) has been selected as the
baseline method for the production of the PCCS. However, one
additional methods, MTXF (González-Nuevo et al. 2006) was
implemented in order to support the validation and characteriza-
tion of the PCCS.

The source selection for the PCCS is made on the basis of
Signal-to-Noise Ratio (SNR). However, the properties of the
background in the Planck maps vary substantially depending on
frequency and part of the sky. Up to 217 GHz, the CMB is the
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where P (alm) is the probability density for the random variable alm. For a hypothetical ensemble of
Universes like ours, the mean values of products of the coefficients alm would obey

halmal0m0i = Cl�ll0�mm0 . (5)

We can measure only one Universe, but this formula is still used to extract the angular spectrum
Cl from the data. For given l, there are (2l + 1) independent coefficients alm, so there exists an
irreducible statistical uncertainty of order �Cl/Cl ⇠ 1/

p
2l + 1, called cosmic variance. It is particularly

pronounced at small l and, indeed, it is much larger than the experimental errors in this part of the
angular spectrum (as an example, error bars in the left part of Fig. 2 are precisely due to the cosmic
variance).

In the case of Gaussian random variables, all odd correlators are zero and all even correlators are
expressed through the two-point correlator according to the Wick theorem. Under this distribution,
the mean value of the temperature fluctuation squared equals:

h[�T (n)]2i =
X

l

2l + 1

4⇡
Cl ⇡

Z
dl

l

l(l + 1)

2⇡
Cl =

Z
dl

l
Dl. (6)

Usually, graphs presenting the anisotropy spectrum show Dl (for example, in Fig.2). It is worth noting
that the approximate relationship between the multipole number l and angular scale is �✓ ' ⇡/l.
Hence, the first peak in Fig.2 corresponds to temperature fluctuation of angular size of about 1

0.

Figure 2: The angular spectrum of the CMB temperature anisotropy [12]. The line is a prediction of
the standard ⇤CDM model. The quantity in vertical axis is Dl defined by (6).

Gaussianity of temperature fluctuations is a very interesting property. The linear evolution pre-
serves Gaussianity, so this property means that the primordial density perturbations are Gaussian ran-
dom field. We recall in this regard that vacuum fluctuations of free quantum fields are also Gaussian.
Hence, we have an observational hint that the mechanism of the generation of primordial perturbations

is the amplification of vacuum fluctuations of some linear quantum field(s). This is indeed the case in
the inflationary scenario, and also in some other models.

4

Sachs-Wolfe plateau
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their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
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New results from Planck
Planck was launched on 14 May 2009

29 papers at 

http://www.sciops.esa.int/index.php?
project=PLANCK&page=Planck_Published_Papers

15.5 months data

accuracy around 10^{-6} in temperature 
fluctuation

9 bands (30 - 857 GHz)

Angular resolution ~ 7 arcminutes

Temperature data only (Polarization next year)

21st March, 2013 first release of data

In 2014, full temperature and polarization date 
will be released

Astronomy & Astrophysics manuscript no. PlanckMission2013 c� ESO 2013
March 22, 2013
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ABSTRACT

The European Space Agency’s Planck satellite, dedicated to studying the early universe and its subsequent evolution, was launched on 14 May 2009
and has been surveying the microwave and submillimetre sky continuously since August 2009. In March 2013, ESA and the Planck Collaboration
publicly released the initial cosmology products based on the the first 15.5 months of Planck operations, along with a set of scientific and technical
papers and a web-based explanatory supplement. This paper describes the mission and its performance, and gives an overview of the processing
and analysis of the data, the characteristics of the data, the main scientific results, and the science data products and papers in the release. The
science products include a set of specialized maps of the cosmic microwave background, maps of Galactic and extragalactic extended foregrounds,
a catalogue of compact Galactic and extragalactic sources, and a list of sources detected through the Sunyaev-Zeldovich e↵ect. The likelihood
code used to assess cosmological models against the Planck data and a lensing likelihood are described. Scientific results include robust support
for the standard, six parameter ⇤CDM model of cosmology and improved measurements for the parameters that define this model, including a
highly significant deviation from scale invariance of the primordial power spectrum. The Planck values for some of these parameters and others
derived from them are significantly di↵erent from those previously determined. Several large scale anomalies in the CMB temperature distribution
detected earlier by WMAP are confirmed with higher confidence. Plancksets new limits on the number and mass of neutrinos, and has measured
gravitational lensing of CMB anisotropies at 25�. Planck finds no evidence for non-Gaussian statistics of the CMB anisotropies. There is some
tension between Planck and WMAP results; this is evident in the power spectrum and results for some of the cosmology parameters. In general,
Planck results agree well with results from the measurements of baryon acoustic oscillations. Because the analysis of Planck polarization data
is not yet as mature as the analysis of temperature data, polarization results are not released. We do, however, graphically illustrate the robust
detection of the E-mode polarization signal around CMB hot- and cold-spots.

Key words. Cosmology: observations — Cosmic background radiation — Surveys — Space vehicles: instruments — Instrumentation: detectors
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A contour plot of the effective potential due to gravity and the centrifugal force of a two-body 
system in a rotating frame of reference. The arrows indicate the gradients of the potential around 
the five Lagrange points — downhill toward them (red) or away from them (blue). 
Counterintuitively, the L4 and L5 points are the high points of the potential. At the points 
themselves these forces are balanced.

Lagrangian point 
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Fig. 14. The SMICA CMB map (with 3 % of the sky replaced by a constrained Gaussian realization).

Fig. 15. Spatial distribution of the noise RMS on a color scale of 25 µK
for the SMICA CMB map. It has been estimated from the noise map
obtained by running SMICA through the half-ring maps and taking the
half-di↵erence. The average noise RMS is 17 µK. SMICA does not
produce CMB values in the blanked pixels. They are replaced by a con-
strained Gaussian realization.

for bandpowers at ` < 50, using the cleanest 87 % of the sky. We
supplement this ‘low-`’ temperature likelihood with the pixel-
based polarization likelihood at large-scales (` < 23) from the
WMAP 9-year data release (Bennett et al. 2012). These need to
be corrected for the dust contamination, for which we use the
WMAP procedure. However, we have checked that switching
to a correction based on the 353 GHz Planck polarization data,
the parameters extracted from the likelihood are changed by less
than 1�.

At smaller scales, 50 < ` < 2500, we compute the power
spectra of the multi-frequency Planck temperature maps, and
their associated covariance matrices, using the 100, 143, and

Fig. 16. Angular spectra for the SMICA CMB products, evaluated over
the confidence mask, and after removing the beam window function:
spectrum of the CMB map (dark blue), spectrum of the noise in that
map from the half-rings (magenta), their di↵erence (grey) and a binned
version of it (red).

217 GHz channels, and cross-spectra between these channels11.
Given the limited frequency range used in this part of the analy-
sis, the Galaxy is more conservatively masked to avoid contam-
ination by Galactic dust, retaining 58 % of the sky at 100 GHz,
and 37 % at 143 and 217 GHz.

11 interband calibration uncertainties have been estimated by compar-
ing directly the cross spectra and found to be within 2.4 and 3.4⇥10�3

respectively for 100 and 217 GHz with respect to 143 GHz
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FIG. 1. WMAP9 temperature data and ACT and SPT CMB lensed bandpowers marginalized over secondary emissions. The
ACT bandpowers are estimated separately for ACT-S and ACT-E and coadded here with an inverse variance weighting. The
SPT bins are highly correlated, (50� 65%) at small scales, ` & 2000, due to foreground uncertainty. The correlation is about
5% between neighbouring ACT bins. The solid line shows the lensed CMB best fit obtained combining the three datasets. The
ACT and SPT bandpowers are available on LAMBDA (http://lambda.gsfc.nasa.gov/).

CMB bandpowers from the 148 and 218 GHz auto and
cross power spectra from two regions (ACT-E and ACT-
S, [7]) of the sky [15], taking the multi-frequency band-
powers in the range 500< ` <10000. We include SPT
150 GHz data [10] from 650< ` <3000, and marginalize
over a common model for secondary components [16]. We
impose a Gaussian prior of 12.3±3.5 µK2 at ` = 3000 on
the SPT radio source Poisson power, having subtracted
7 µK2 of cosmic infrared background Poisson power,
treated separately in our likelihood, from the total ex-
pected Poisson level [10], [17]. The resulting ACT and
SPT lensed bandpowers are shown in Figure 1, and the
secondary parameters are consistent with those reported
in [8, 9]. The errors shown are the diagonal elements of
the covariance matrix, with the SPT calibration error re-
moved for consistency with ACT. The full covariance ma-
trix includes correlations due to foreground uncertainty,
beam error, and the overall calibration for SPT.

We then construct an ACT+SPT likelihood from these
CMB bandpowers, which can also be used for each ex-
periment on its own. This is a Gaussian distribution us-
ing 42 data points from ACT (21 each from ACT-E and
ACT-S) and 47 from SPT, with an associated covariance
matrix. For ACT we only use ` <3500 bandpowers in the
likelihood, where their distributions are Gaussian. When
combining ACT with SPT, we use only ACT-E data to
eliminate the covariance between ACT-S and SPT, which
observe overlapping sky regions. We combine this like-
lihood with WMAP9, using the CosmoMC code [18] to
estimate cosmological parameters.

TABLE I. Standard ⇤CDM parameters from the combination
of WMAP9, ACT and SPT.

Parameter WMAP9 WMAP9 WMAP9
+ACT +SPT +ACT+SPTa

100⌦bh
2 2.260± 0.041 2.231± 0.034 2.252± 0.033

100⌦ch
2 11.46± 0.43 11.16± 0.36 11.22± 0.36

100✓A 1.0396± 0.0019 1.0422± 0.0010 1.0424± 0.0010
⌧ 0.090± 0.014 0.082± 0.013 0.085± 0.013
ns 0.973± 0.011 0.9650± 0.0093 0.9690± 0.0089
109�2

R 2.22± 0.10 2.15± 0.10 2.17± 0.10
⌦⇤

b 0.716± 0.024 0.737± 0.019 0.735± 0.019
�8 0.830± 0.021 0.808± 0.018 0.814± 0.018
t0 13.752± 0.096 13.686± 0.065 13.665± 0.063
H0 69.7± 2.0 71.5± 1.7 71.4± 1.6
100rs/DV 0.57 7.50± 0.17 7.65± 0.14 7.66± 0.14
100rs/DV 0.35 11.29± 0.31 11.56± 0.26 11.57± 0.26
best fit �2 7596.0 7617.1 7640.7

a The combination ACT+SPT uses ACT-E data only.
We report errors at 68% confidence levels.

b Derived parameters: Dark energy density, the amplitude of
matter fluctuations on 8 h�1Mpc scales, the age of the
Universe in Gyr, the Hubble constant in units of km/s/Mpc,
and the galaxy correlation scales at redshifts 0.57 and 0.35.

We consider the basic spatially-flat ⇤CDM cosmologi-
cal model defined by six parameters: the baryon and cold
dark matter densities, ⌦bh

2 and ⌦ch
2; the angular scale

of the acoustic horizon at decoupling, ✓A; the reionization
optical depth, ⌧ ; the amplitude and the scalar spectral
index of primordial adiabatic density perturbations, �2

R

[1212.5225]

Atacama	 Cosmology	 Telescope	 (ACT),	 
6m,	 Atacama	 desert,	 Chile
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Thanks.
Cosmology is the study to answer the questions about the Universe: Its

origin, evolution, the present and the future.
First I will give you brief history on the cosmology and then the recent

developments.
We live in a big and large space which contains all the starts and galaxies

as well as our planet, Sun and Milky Way.

1

where P (alm) is the probability density for the random variable alm. For a hypothetical ensemble of
Universes like ours, the mean values of products of the coefficients alm would obey

halmal0m0i = Cl�ll0�mm0 . (5)

We can measure only one Universe, but this formula is still used to extract the angular spectrum
Cl from the data. For given l, there are (2l + 1) independent coefficients alm, so there exists an
irreducible statistical uncertainty of order �Cl/Cl ⇠ 1/

p
2l + 1, called cosmic variance. It is particularly

pronounced at small l and, indeed, it is much larger than the experimental errors in this part of the
angular spectrum (as an example, error bars in the left part of Fig. 2 are precisely due to the cosmic
variance).

In the case of Gaussian random variables, all odd correlators are zero and all even correlators are
expressed through the two-point correlator according to the Wick theorem. Under this distribution,
the mean value of the temperature fluctuation squared equals:

h[�T (n)]2i =
X

l

2l + 1

4⇡
Cl ⇡

Z
dl

l

l(l + 1)

2⇡
Cl =

Z
dl

l
Dl. (6)

Usually, graphs presenting the anisotropy spectrum show Dl (for example, in Fig.2). It is worth noting
that the approximate relationship between the multipole number l and angular scale is �✓ ' ⇡/l.
Hence, the first peak in Fig.2 corresponds to temperature fluctuation of angular size of about 1

0.

Figure 2: The angular spectrum of the CMB temperature anisotropy [12]. The line is a prediction of
the standard ⇤CDM model. The quantity in vertical axis is Dl defined by (6).

Gaussianity of temperature fluctuations is a very interesting property. The linear evolution pre-
serves Gaussianity, so this property means that the primordial density perturbations are Gaussian ran-
dom field. We recall in this regard that vacuum fluctuations of free quantum fields are also Gaussian.
Hence, we have an observational hint that the mechanism of the generation of primordial perturbations

is the amplification of vacuum fluctuations of some linear quantum field(s). This is indeed the case in
the inflationary scenario, and also in some other models.
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Fig. 25. Measured angular power spectra of Planck, WMAP9, ACT, and SPT. The model plotted is Planck’s best-fit model including Planck
temperature, WMAP polarization, ACT, and SPT (the model is labelled [Planck+WP+HighL] in Planck Collaboration XVI (2013)). Error bars
include cosmic variance. The horizontal axis is `0.8.

than that measured using traditional techniques, though in agree-
ment with that determined by other CMB experiments (e.g.,
most notably from the recent WMAP9 analysis where Hinshaw
et al. 2012c find H0 = (69.7 ± 2.4) km s�1 Mpc�1 consis-
tent with the Planck value to within ⇠ 1�). Freedman et al.
(2012), as part of the Carnegie Hubble Program, use Spitzer
Space Telescope mid-infrared observations to recalibrate sec-
ondary distance methods used in the HST Key Project. These
authors find H0 = (74.3±1.5±2.1) km s�1 Mpc�1 where the first
error is statistical and the second systematic. A parallel e↵ort by
Riess et al. (2011) used the Hubble Space Telescope observa-
tions of Cepheid variables in the host galaxies of eight SNe Ia to
calibrate the supernova magnitude-redshift relation. Their ‘best
estimate’ of the Hubble constant, from fitting the calibrated SNe
magnitude-redshift relation is, H0 = (73.8 ± 2.4) km s�1 Mpc�1

where the error is 1� and includes known sources of systematic
errors. At face value, these measurements are discrepant with the
current Planck estimate at about the 2.5� level. This discrep-
ancy is discussed further in Planck Collaboration XVI (2013).

Extending the Hubble diagram to higher redshifts we note
that the best-fit⇤CDM model provides strong predictions for the
distance scale. This prediction can be compared to the measure-
ments provided by studies of Type Ia SNe and baryon acoustic
oscillations (BAO). Driven in large part by our preference for
a higher matter density we find mild tension with the (relative)
distance scale inferred from compilations of SNe (Conley et al.
2011; Suzuki et al. 2012). In contrast our results are in excellent

agreement with the BAO distance scale compiled in Anderson
et al. (2012).

The Planck data, in combination with polarization measured
by WMAP, high-` anisotropies from ACT and SPT and other,
lower redshift data sets, provides strong constraints on devia-
tions from the minimal model. The low redshift measurements
provided by the BAO allow us to break some degeneracies still
present in the Planck data and significantly tighten constraints on
cosmological parameters in these model extensions. The ACT
and SPT data help to fix our foreground model at high `. The
combination of these experiments provides our best constraints
on the standard 6-parameter model; values of some key parame-
ters in this model are summarized in Table 9.

From an analysis of an extensive grid of models, we find no
strong evidence to favour any extension to the base ⇤CDM cos-
mology, either from the CMB temperature power spectrum alone
or in combination with Planck lensing power spectrum and other
astrophysical datasets. For the wide range of extensions which
we have considered, the posteriors for extra parameters gener-
ally overlap the fiducial model within 1�. The measured values
of the ⇤CDM parameters are relatively robust to the inclusion
of di↵erent parameters, though a few do broaden significantly if
additional degeneracies are introduced. When the Planck likeli-
hood does provide marginal evidence for extensions to the base
⇤CDM model, this comes predominantly from a deficit of power
(compared to the base model) in the data at ` < 30.

The primordial power spectrum is well described by a
power-law over three decades in wave number, with no evidence
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Fig. 19. The temperature angular power spectrum of the primary CMB from Planck, showing a precise measurement of seven acoustic peaks, that
are well fit by a simple six-parameter⇤CDM theoretical model (the model plotted is the one labelled [Planck+WP+highL] in Planck Collaboration
XVI (2013)). The shaded area around the best-fit curve represents cosmic variance, including the sky cut used. The error bars on individual points
also include cosmic variance. The horizontal axis is logarithmic up to ` = 50, and linear beyond. The vertical scale is `(`+ 1)Cl/2⇡. The measured
spectrum shown here is exactly the same as the one shown in Fig. 1 of Planck Collaboration XVI (2013), but it has been rebinned to show better
the low-` region.
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Fig. 20. The temperature angular power spectrum of the CMB, esti-
mated from the SMICA Planck map. The model plotted is the one la-
belled [Planck+WP+highL] in Planck Collaboration XVI (2013). The
shaded area around the best-fit curve represents cosmic variance, in-
cluding the sky cut used. The error bars on individual points do not in-
clude cosmic variance. The horizontal axis is logarithmic up to ` = 50,
and linear beyond. The vertical scale is `(` + 1)Cl/2⇡. The binning
scheme is the same as in Fig. 19.

8.1.1. Main catalogue

The Planck Catalogue of Compact Sources (PCCS, Planck
Collaboration XXVIII (2013)) is a list of compact sources de-

tected by Planck over the entire sky, and which therefore con-
tains both Galactic and extragalactic objects. No polarization in-
formation is provided for the sources at this time. The PCCS
di↵ers from the ERCSC in its extraction philosophy: more e↵ort
has been made on the completeness of the catalogue, without re-
ducing notably the reliability of the detected sources, whereas
the ERCSC was built in the spirit of releasing a reliable catalog
suitable for quick follow-up (in particular with the short-lived
Herschel telescope). The greater amount of data, di↵erent selec-
tion process and the improvements in the calibration and map-
making processing (references) help the PCCS to improve the
performance (in depth and numbers) with respect to the previ-
ous ERCSC.

The sources were extracted from the 2013 Planck frequency
maps (Sect. 6), which include data acquired over more than two
sky coverages. This implies that the flux densities of most of
the sources are an average of three or more di↵erent observa-
tions over a period of 15.5 months. The Mexican Hat Wavelet
algorithm (López-Caniego et al. 2006) has been selected as the
baseline method for the production of the PCCS. However, one
additional methods, MTXF (González-Nuevo et al. 2006) was
implemented in order to support the validation and characteriza-
tion of the PCCS.

The source selection for the PCCS is made on the basis of
Signal-to-Noise Ratio (SNR). However, the properties of the
background in the Planck maps vary substantially depending on
frequency and part of the sky. Up to 217 GHz, the CMB is the
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Planck Collaboration: Cosmological parameters

Planck Planck+lensing Planck+WP

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022242 0.02217 ± 0.00033 0.022032 0.02205 ± 0.00028

⌦ch2 . . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.11805 0.1186 ± 0.0031 0.12038 0.1199 ± 0.0027

100✓MC . . . . . . . . 1.04122 1.04132 ± 0.00068 1.04150 1.04141 ± 0.00067 1.04119 1.04131 ± 0.00063

⌧ . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0949 0.089 ± 0.032 0.0925 0.089+0.012
�0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9675 0.9635 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010As) . . . . . . . 3.098 3.103 ± 0.072 3.098 3.085 ± 0.057 3.0980 3.089+0.024
�0.027

⌦⇤ . . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6964 0.693 ± 0.019 0.6817 0.685+0.018
�0.016

⌦m . . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3036 0.307 ± 0.019 0.3183 0.315+0.016
�0.018

�8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8285 0.823 ± 0.018 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
�2.8 11.45 10.8+3.1

�2.5 11.37 11.1 ± 1.1

H0 . . . . . . . . . . . 67.11 67.4 ± 1.4 68.14 67.9 ± 1.5 67.04 67.3 ± 1.2

109As . . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.19+0.12
�0.14 2.215 2.196+0.051

�0.060

⌦mh2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14094 0.1414 ± 0.0029 0.14305 0.1426 ± 0.0025

⌦mh3 . . . . . . . . . 0.09597 0.09590 ± 0.00059 0.09603 0.09593 ± 0.00058 0.09591 0.09589 ± 0.00057

YP . . . . . . . . . . . 0.247710 0.24771 ± 0.00014 0.247785 0.24775 ± 0.00014 0.247695 0.24770 ± 0.00012

Age/Gyr . . . . . . . 13.819 13.813 ± 0.058 13.784 13.796 ± 0.058 13.8242 13.817 ± 0.048

z⇤ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.01 1090.16 ± 0.65 1090.48 1090.43 ± 0.54

r⇤ . . . . . . . . . . . 144.58 144.75 ± 0.66 145.02 144.96 ± 0.66 144.58 144.71 ± 0.60

100✓⇤ . . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04164 1.04156 ± 0.00066 1.04136 1.04147 ± 0.00062

zdrag . . . . . . . . . . 1059.32 1059.29 ± 0.65 1059.59 1059.43 ± 0.64 1059.25 1059.25 ± 0.58

rdrag . . . . . . . . . . 147.34 147.53 ± 0.64 147.74 147.70 ± 0.63 147.36 147.49 ± 0.59

kD . . . . . . . . . . . 0.14026 0.14007 ± 0.00064 0.13998 0.13996 ± 0.00062 0.14022 0.14009 ± 0.00063

100✓D . . . . . . . . . 0.161332 0.16137 ± 0.00037 0.161196 0.16129 ± 0.00036 0.161375 0.16140 ± 0.00034

zeq . . . . . . . . . . . 3402 3386 ± 69 3352 3362 ± 69 3403 3391 ± 60

100✓eq . . . . . . . . . 0.8128 0.816 ± 0.013 0.8224 0.821 ± 0.013 0.8125 0.815 ± 0.011

rdrag/DV(0.57) . . . . 0.07130 0.0716 ± 0.0011 0.07207 0.0719 ± 0.0011 0.07126 0.07147 ± 0.00091

Table 2. Cosmological parameter values for the six-parameter base ⇤CDM model. Columns 2 and 3 give results for the Planck
temperature power spectrum data alone. Columns 4 and 5 combine the Planck temperature data with Planck lensing, and columns
6 and 7 include WMAP polarization at low multipoles. We give best fit parameters as well as 68% confidence limits for constrained
parameters. The first six parameters have flat priors. The remainder are derived parameters as discussed in Sect. 2. Beam, calibration
parameters, and foreground parameters (see Sect. 4) are not listed for brevity. Constraints on foreground parameters for Planck+WP
are given later in Table 5.

3.2. Hubble parameter and dark energy density

The Hubble constant, H0, and matter density parameter, ⌦m,
are only tightly constrained in the combination ⌦mh3 discussed
above, but the extent of the degeneracy is limited by the e↵ect
of ⌦mh2 on the relative heights of the acoustic peaks. The pro-
jection of the constraint ellipse shown in Fig. 3 onto the axes
therefore yields useful marginalized constraints on H0 and ⌦m
(or equivalently ⌦⇤) separately. We find the 2% constraint on
H0:

H0 = (67.4 ± 1.4) km s�1 Mpc�1 (68%; Planck). (13)

The corresponding constraint on the dark energy density param-
eter is

⌦⇤ = 0.686 ± 0.020 (68%; Planck), (14)

and for the physical matter density we find

⌦mh2 = 0.1423 ± 0.0029 (68%; Planck). (15)

Note that these indirect constraints are highly model depen-
dent. The data only measure accurately the acoustic scale, and

the relation to underlying expansion parameters (e.g., via the
angular-diameter distance) depends on the assumed cosmology,
including the shape of the primordial fluctuation spectrum. Even
small changes in model assumptions can change H0 noticeably;
for example, if we neglect the 0.06 eV neutrino mass expected
in the minimal hierarchy, and instead take

P
m⌫ = 0, the Hubble

parameter constraint shifts to

H0 = (68.0 ± 1.4) km s�1 Mpc�1 (68%; Planck,
P

m⌫ = 0). (16)

3.3. Matter densities

Planck can measure the matter densities in baryons and dark
matter from the relative heights of the acoustic peaks. However,
as discussed above, there is a partial degeneracy with the spec-
tral index and other parameters that limits the precision of the
determination. With Planck there are now enough well measured
peaks that the extent of the degeneracy is limited, giving ⌦bh2 to
an accuracy of 1.5% without any additional data:

⌦bh2 = 0.02207 ± 0.00033 (68%; Planck). (17)
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Planck Planck+lensing Planck+WP

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits
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�0.027
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⌦mh2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14094 0.1414 ± 0.0029 0.14305 0.1426 ± 0.0025
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z⇤ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.01 1090.16 ± 0.65 1090.48 1090.43 ± 0.54

r⇤ . . . . . . . . . . . 144.58 144.75 ± 0.66 145.02 144.96 ± 0.66 144.58 144.71 ± 0.60

100✓⇤ . . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04164 1.04156 ± 0.00066 1.04136 1.04147 ± 0.00062

zdrag . . . . . . . . . . 1059.32 1059.29 ± 0.65 1059.59 1059.43 ± 0.64 1059.25 1059.25 ± 0.58

rdrag . . . . . . . . . . 147.34 147.53 ± 0.64 147.74 147.70 ± 0.63 147.36 147.49 ± 0.59
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Table 2. Cosmological parameter values for the six-parameter base ⇤CDM model. Columns 2 and 3 give results for the Planck
temperature power spectrum data alone. Columns 4 and 5 combine the Planck temperature data with Planck lensing, and columns
6 and 7 include WMAP polarization at low multipoles. We give best fit parameters as well as 68% confidence limits for constrained
parameters. The first six parameters have flat priors. The remainder are derived parameters as discussed in Sect. 2. Beam, calibration
parameters, and foreground parameters (see Sect. 4) are not listed for brevity. Constraints on foreground parameters for Planck+WP
are given later in Table 5.

3.2. Hubble parameter and dark energy density

The Hubble constant, H0, and matter density parameter, ⌦m,
are only tightly constrained in the combination ⌦mh3 discussed
above, but the extent of the degeneracy is limited by the e↵ect
of ⌦mh2 on the relative heights of the acoustic peaks. The pro-
jection of the constraint ellipse shown in Fig. 3 onto the axes
therefore yields useful marginalized constraints on H0 and ⌦m
(or equivalently ⌦⇤) separately. We find the 2% constraint on
H0:

H0 = (67.4 ± 1.4) km s�1 Mpc�1 (68%; Planck). (13)

The corresponding constraint on the dark energy density param-
eter is

⌦⇤ = 0.686 ± 0.020 (68%; Planck), (14)

and for the physical matter density we find

⌦mh2 = 0.1423 ± 0.0029 (68%; Planck). (15)

Note that these indirect constraints are highly model depen-
dent. The data only measure accurately the acoustic scale, and

the relation to underlying expansion parameters (e.g., via the
angular-diameter distance) depends on the assumed cosmology,
including the shape of the primordial fluctuation spectrum. Even
small changes in model assumptions can change H0 noticeably;
for example, if we neglect the 0.06 eV neutrino mass expected
in the minimal hierarchy, and instead take

P
m⌫ = 0, the Hubble

parameter constraint shifts to

H0 = (68.0 ± 1.4) km s�1 Mpc�1 (68%; Planck,
P

m⌫ = 0). (16)

3.3. Matter densities

Planck can measure the matter densities in baryons and dark
matter from the relative heights of the acoustic peaks. However,
as discussed above, there is a partial degeneracy with the spec-
tral index and other parameters that limits the precision of the
determination. With Planck there are now enough well measured
peaks that the extent of the degeneracy is limited, giving ⌦bh2 to
an accuracy of 1.5% without any additional data:

⌦bh2 = 0.02207 ± 0.00033 (68%; Planck). (17)
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Planck Planck+lensing Planck+WP

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022242 0.02217 ± 0.00033 0.022032 0.02205 ± 0.00028

⌦ch2 . . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.11805 0.1186 ± 0.0031 0.12038 0.1199 ± 0.0027

100✓MC . . . . . . . . 1.04122 1.04132 ± 0.00068 1.04150 1.04141 ± 0.00067 1.04119 1.04131 ± 0.00063

⌧ . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0949 0.089 ± 0.032 0.0925 0.089+0.012
�0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9675 0.9635 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010As) . . . . . . . 3.098 3.103 ± 0.072 3.098 3.085 ± 0.057 3.0980 3.089+0.024
�0.027

⌦⇤ . . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6964 0.693 ± 0.019 0.6817 0.685+0.018
�0.016

⌦m . . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3036 0.307 ± 0.019 0.3183 0.315+0.016
�0.018

�8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8285 0.823 ± 0.018 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
�2.8 11.45 10.8+3.1

�2.5 11.37 11.1 ± 1.1

H0 . . . . . . . . . . . 67.11 67.4 ± 1.4 68.14 67.9 ± 1.5 67.04 67.3 ± 1.2

109As . . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.19+0.12
�0.14 2.215 2.196+0.051

�0.060

⌦mh2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14094 0.1414 ± 0.0029 0.14305 0.1426 ± 0.0025

⌦mh3 . . . . . . . . . 0.09597 0.09590 ± 0.00059 0.09603 0.09593 ± 0.00058 0.09591 0.09589 ± 0.00057

YP . . . . . . . . . . . 0.247710 0.24771 ± 0.00014 0.247785 0.24775 ± 0.00014 0.247695 0.24770 ± 0.00012

Age/Gyr . . . . . . . 13.819 13.813 ± 0.058 13.784 13.796 ± 0.058 13.8242 13.817 ± 0.048

z⇤ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.01 1090.16 ± 0.65 1090.48 1090.43 ± 0.54

r⇤ . . . . . . . . . . . 144.58 144.75 ± 0.66 145.02 144.96 ± 0.66 144.58 144.71 ± 0.60

100✓⇤ . . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04164 1.04156 ± 0.00066 1.04136 1.04147 ± 0.00062

zdrag . . . . . . . . . . 1059.32 1059.29 ± 0.65 1059.59 1059.43 ± 0.64 1059.25 1059.25 ± 0.58

rdrag . . . . . . . . . . 147.34 147.53 ± 0.64 147.74 147.70 ± 0.63 147.36 147.49 ± 0.59

kD . . . . . . . . . . . 0.14026 0.14007 ± 0.00064 0.13998 0.13996 ± 0.00062 0.14022 0.14009 ± 0.00063

100✓D . . . . . . . . . 0.161332 0.16137 ± 0.00037 0.161196 0.16129 ± 0.00036 0.161375 0.16140 ± 0.00034

zeq . . . . . . . . . . . 3402 3386 ± 69 3352 3362 ± 69 3403 3391 ± 60

100✓eq . . . . . . . . . 0.8128 0.816 ± 0.013 0.8224 0.821 ± 0.013 0.8125 0.815 ± 0.011

rdrag/DV(0.57) . . . . 0.07130 0.0716 ± 0.0011 0.07207 0.0719 ± 0.0011 0.07126 0.07147 ± 0.00091

Table 2. Cosmological parameter values for the six-parameter base ⇤CDM model. Columns 2 and 3 give results for the Planck
temperature power spectrum data alone. Columns 4 and 5 combine the Planck temperature data with Planck lensing, and columns
6 and 7 include WMAP polarization at low multipoles. We give best fit parameters as well as 68% confidence limits for constrained
parameters. The first six parameters have flat priors. The remainder are derived parameters as discussed in Sect. 2. Beam, calibration
parameters, and foreground parameters (see Sect. 4) are not listed for brevity. Constraints on foreground parameters for Planck+WP
are given later in Table 5.

3.2. Hubble parameter and dark energy density

The Hubble constant, H0, and matter density parameter, ⌦m,
are only tightly constrained in the combination ⌦mh3 discussed
above, but the extent of the degeneracy is limited by the e↵ect
of ⌦mh2 on the relative heights of the acoustic peaks. The pro-
jection of the constraint ellipse shown in Fig. 3 onto the axes
therefore yields useful marginalized constraints on H0 and ⌦m
(or equivalently ⌦⇤) separately. We find the 2% constraint on
H0:

H0 = (67.4 ± 1.4) km s�1 Mpc�1 (68%; Planck). (13)

The corresponding constraint on the dark energy density param-
eter is

⌦⇤ = 0.686 ± 0.020 (68%; Planck), (14)

and for the physical matter density we find

⌦mh2 = 0.1423 ± 0.0029 (68%; Planck). (15)

Note that these indirect constraints are highly model depen-
dent. The data only measure accurately the acoustic scale, and

the relation to underlying expansion parameters (e.g., via the
angular-diameter distance) depends on the assumed cosmology,
including the shape of the primordial fluctuation spectrum. Even
small changes in model assumptions can change H0 noticeably;
for example, if we neglect the 0.06 eV neutrino mass expected
in the minimal hierarchy, and instead take

P
m⌫ = 0, the Hubble

parameter constraint shifts to

H0 = (68.0 ± 1.4) km s�1 Mpc�1 (68%; Planck,
P

m⌫ = 0). (16)

3.3. Matter densities

Planck can measure the matter densities in baryons and dark
matter from the relative heights of the acoustic peaks. However,
as discussed above, there is a partial degeneracy with the spec-
tral index and other parameters that limits the precision of the
determination. With Planck there are now enough well measured
peaks that the extent of the degeneracy is limited, giving ⌦bh2 to
an accuracy of 1.5% without any additional data:

⌦bh2 = 0.02207 ± 0.00033 (68%; Planck). (17)
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Planck Planck+lensing Planck+WP

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022242 0.02217 ± 0.00033 0.022032 0.02205 ± 0.00028

⌦ch2 . . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.11805 0.1186 ± 0.0031 0.12038 0.1199 ± 0.0027

100✓MC . . . . . . . . 1.04122 1.04132 ± 0.00068 1.04150 1.04141 ± 0.00067 1.04119 1.04131 ± 0.00063

⌧ . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0949 0.089 ± 0.032 0.0925 0.089+0.012
�0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9675 0.9635 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010As) . . . . . . . 3.098 3.103 ± 0.072 3.098 3.085 ± 0.057 3.0980 3.089+0.024
�0.027

⌦⇤ . . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6964 0.693 ± 0.019 0.6817 0.685+0.018
�0.016

⌦m . . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3036 0.307 ± 0.019 0.3183 0.315+0.016
�0.018

�8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8285 0.823 ± 0.018 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
�2.8 11.45 10.8+3.1

�2.5 11.37 11.1 ± 1.1

H0 . . . . . . . . . . . 67.11 67.4 ± 1.4 68.14 67.9 ± 1.5 67.04 67.3 ± 1.2

109As . . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.19+0.12
�0.14 2.215 2.196+0.051

�0.060

⌦mh2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14094 0.1414 ± 0.0029 0.14305 0.1426 ± 0.0025

⌦mh3 . . . . . . . . . 0.09597 0.09590 ± 0.00059 0.09603 0.09593 ± 0.00058 0.09591 0.09589 ± 0.00057

YP . . . . . . . . . . . 0.247710 0.24771 ± 0.00014 0.247785 0.24775 ± 0.00014 0.247695 0.24770 ± 0.00012

Age/Gyr . . . . . . . 13.819 13.813 ± 0.058 13.784 13.796 ± 0.058 13.8242 13.817 ± 0.048

z⇤ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.01 1090.16 ± 0.65 1090.48 1090.43 ± 0.54

r⇤ . . . . . . . . . . . 144.58 144.75 ± 0.66 145.02 144.96 ± 0.66 144.58 144.71 ± 0.60

100✓⇤ . . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04164 1.04156 ± 0.00066 1.04136 1.04147 ± 0.00062

zdrag . . . . . . . . . . 1059.32 1059.29 ± 0.65 1059.59 1059.43 ± 0.64 1059.25 1059.25 ± 0.58

rdrag . . . . . . . . . . 147.34 147.53 ± 0.64 147.74 147.70 ± 0.63 147.36 147.49 ± 0.59

kD . . . . . . . . . . . 0.14026 0.14007 ± 0.00064 0.13998 0.13996 ± 0.00062 0.14022 0.14009 ± 0.00063

100✓D . . . . . . . . . 0.161332 0.16137 ± 0.00037 0.161196 0.16129 ± 0.00036 0.161375 0.16140 ± 0.00034

zeq . . . . . . . . . . . 3402 3386 ± 69 3352 3362 ± 69 3403 3391 ± 60

100✓eq . . . . . . . . . 0.8128 0.816 ± 0.013 0.8224 0.821 ± 0.013 0.8125 0.815 ± 0.011

rdrag/DV(0.57) . . . . 0.07130 0.0716 ± 0.0011 0.07207 0.0719 ± 0.0011 0.07126 0.07147 ± 0.00091

Table 2. Cosmological parameter values for the six-parameter base ⇤CDM model. Columns 2 and 3 give results for the Planck
temperature power spectrum data alone. Columns 4 and 5 combine the Planck temperature data with Planck lensing, and columns
6 and 7 include WMAP polarization at low multipoles. We give best fit parameters as well as 68% confidence limits for constrained
parameters. The first six parameters have flat priors. The remainder are derived parameters as discussed in Sect. 2. Beam, calibration
parameters, and foreground parameters (see Sect. 4) are not listed for brevity. Constraints on foreground parameters for Planck+WP
are given later in Table 5.

3.2. Hubble parameter and dark energy density

The Hubble constant, H0, and matter density parameter, ⌦m,
are only tightly constrained in the combination ⌦mh3 discussed
above, but the extent of the degeneracy is limited by the e↵ect
of ⌦mh2 on the relative heights of the acoustic peaks. The pro-
jection of the constraint ellipse shown in Fig. 3 onto the axes
therefore yields useful marginalized constraints on H0 and ⌦m
(or equivalently ⌦⇤) separately. We find the 2% constraint on
H0:

H0 = (67.4 ± 1.4) km s�1 Mpc�1 (68%; Planck). (13)

The corresponding constraint on the dark energy density param-
eter is

⌦⇤ = 0.686 ± 0.020 (68%; Planck), (14)

and for the physical matter density we find

⌦mh2 = 0.1423 ± 0.0029 (68%; Planck). (15)

Note that these indirect constraints are highly model depen-
dent. The data only measure accurately the acoustic scale, and

the relation to underlying expansion parameters (e.g., via the
angular-diameter distance) depends on the assumed cosmology,
including the shape of the primordial fluctuation spectrum. Even
small changes in model assumptions can change H0 noticeably;
for example, if we neglect the 0.06 eV neutrino mass expected
in the minimal hierarchy, and instead take

P
m⌫ = 0, the Hubble

parameter constraint shifts to

H0 = (68.0 ± 1.4) km s�1 Mpc�1 (68%; Planck,
P

m⌫ = 0). (16)

3.3. Matter densities

Planck can measure the matter densities in baryons and dark
matter from the relative heights of the acoustic peaks. However,
as discussed above, there is a partial degeneracy with the spec-
tral index and other parameters that limits the precision of the
determination. With Planck there are now enough well measured
peaks that the extent of the degeneracy is limited, giving ⌦bh2 to
an accuracy of 1.5% without any additional data:

⌦bh2 = 0.02207 ± 0.00033 (68%; Planck). (17)
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Fig. 3. Constraints in the ⌦m–H0 plane. Points show samples
from the Planck-only posterior, coloured by the corresponding
value of the spectral index ns. The contours (68% and 95%)
show the improved constraint from Planck+lensing+WP. The
degeneracy direction is significantly shortened by including WP,
but the well-constrained direction of constant ⌦mh3 (set by the
acoustic scale), is determined almost equally accurately from
Planck alone.

Adding WMAP polarization information shrinks the errors by
only 10%.

The dark matter density is slightly less accurately measured
at around 3%:

⌦ch2 = 0.1196 ± 0.0031 (68%; Planck). (18)

3.4. Optical depth

Small-scale fluctuations in the CMB are damped by Thomson
scattering from free electrons produced at reionization. This
scattering suppresses the amplitude of the acoustic peaks by e�2⌧

on scales that correspond to perturbation modes with wavelength
smaller than the Hubble radius at reionization. Planck measures
the small-scale power spectrum with high precision, and hence
accurately constrains the damped amplitude e�2⌧As. With only
unlensed temperature power spectrum data, there is a large de-
generacy between ⌧ and As, which is weakly broken only by the
power in large-scale modes that were still super-Hubble scale
at reionization. However, lensing depends on the actual ampli-
tude of the matter fluctuations along the line of sight. Planck
accurately measures many acoustic peaks in the lensed tempera-
ture power spectrum, where the amount of lensing smoothing de-
pends on the fluctuation amplitude. Furthermore Planck’s lens-
ing potential reconstruction provides a more direct measurement
of the amplitude, independently of the optical depth. The combi-
nation of the temperature data and Planck’s lensing reconstruc-
tion can therefore determine the optical depth ⌧ relatively well.
The combination gives

⌧ = 0.089 ± 0.032 (68%; Planck+lensing). (19)

As shown in Fig. 4 this provides marginal confirmation (just un-
der 2�) that the total optical depth is significantly higher than
would be obtained from sudden reionization at z ⇠ 6, and is con-
sistent with the WMAP-9 constraint, ⌧ = 0.089 ± 0.014, from

large-scale polarization (Bennett et al. 2012). The large-scale E-
mode polarization measurement is very challenging because it
is a small signal relative to polarized Galactic emission on large
scales, so this Planck polarization-free result is a valuable cross-
check. The posterior for the Planck temperature power spectrum
measurement alone also consistently peaks at ⌧ ⇠ 0.1, where the
constraint on the optical depth is coming from the amplitude of
the lensing smoothing e↵ect and (to a lesser extent) the relative
power between small and large scales.

Since lensing constrains the underlying fluctuation ampli-
tude, the matter density perturbation power is also well deter-
mined:

�8 = 0.823 ± 0.018 (68%; Planck+lensing). (20)

Much of the residual uncertainty is caused by the degeneracy
with the optical depth. Since the small-scale temperature power
spectrum more directly fixes �8e�⌧, this combination is tightly
constrained:

�8e�⌧ = 0.753 ± 0.011 (68%; Planck+lensing). (21)

The estimate of �8 is significantly improved to �8 = 0.829 ±
0.012 by using the WMAP polarization data to constrain the op-
tical depth, and is not strongly degenerate with ⌦m. (We shall
see in Sect. 5.5 that the Planck results are discrepant with re-
cent estimates of combinations of �8 and ⌦m from cosmic shear
measurements and counts of rich clusters of galaxies.)

3.5. Spectral index

The scalar spectral index defined in Eq. (2) is measured by
Planck data alone to 1% accuracy:

ns = 0.9616 ± 0.0094 (68%; Planck). (22)

Since the optical depth ⌧ a↵ects the relative power between large
scales (that are una↵ected by scattering at reionization) and in-
termediate and small scales (that have their power suppressed
by e�2⌧), there is a partial degeneracy with ns. Breaking the de-
generacy between ⌧ and ns using WMAP polarization leads to a
small improvement in the constraint:

ns = 0.9603 ± 0.0073 (68%; Planck+WP). (23)

Comparing Eqs. (22) and (23), it is evident that the Planck tem-
perature spectrum spans a wide enough range of multipoles to
give a highly significant detection of a deviation of the scalar
spectral index from exact scale invariance (at least in the base
⇤CDM cosmology) independent of WMAP polarization infor-
mation.

One might worry that the spectral index parameter is degen-
erate with foreground parameters, since these act to increase
smoothly the amplitudes of the temperature power spectra at
high multipoles. The spectral index is therefore liable to po-
tential systematic errors if the foreground model is poorly con-
strained. Figure 4 shows the marginalized constraints on the
⇤CDM parameters for various combinations of data, includ-
ing adding high-resolution CMB measurements. As will be dis-
cussed in Sect. 4, the use of high-resolution CMB provides
tighter constraints on the foreground parameters (particularly
“minor” foreground components) than from Planck data alone.
However, the small shifts in the means and widths of the distri-
butions shown in Fig. 4 indicate that, for the base ⇤CDM cos-
mology, the errors on the cosmological parameters are not lim-
ited by foreground uncertainties when considering Planck alone.
The e↵ects of foreground modelling assumptions and likelihood
choices on constraints on ns are discussed in Appendix B.
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In addition to posterior means, we also quote maximum-
likelihood parameter values. These are generated using the
BOBYQA bounded minimization routine11. Precision is limited by
stability of the convergence, and values quoted are typically re-
liable to within ��2 ⇠ 0.6, which is the same order as di↵er-
ences arising from numerical errors in the theory calculation.
For poorly constrained parameters the actual value of the best-
fit parameters is not very numerically stable and should not be
over-interpreted; in particular, highly degenerate parameters in
extended models and the foreground model can give many ap-
parently significantly di↵erent solutions within this level of ac-
curacy. The best-fit values should be interpreted as giving typ-
ical theory and foreground power spectra that fit the data well,
but are generally non-unique at the numerical precision used;
they are however generally significantly better fits than any of
the samples in the parameter chains. Best-fit values are useful
for assessing residuals, and di↵erences between the best-fit and
posterior means also help to give an indication of the e↵ect of
asymmetries, parameter-volume and prior-range e↵ects on the
posterior samples. We have cross-checked a small subset of the
best-fits with the widely used MINUIT software (James 2004),
which can give somewhat more stable results.

3. Constraints on the parameters of the base

⇤CDM model from Planck

In this section we discuss parameter constraints from Planck
alone in the ⇤CDM model. Planck provides a precision mea-
surement of seven acoustic peaks in the CMB temperature power
spectrum. The range of scales probed by Planck is su�ciently
large that many parameters can be determined accurately with-
out using low-` polarization information to constrain the optical
depth, or indeed without using any other astrophysical data.

However, because the data are reaching the limit of as-
trophysical confusion, interpretation of the peaks at higher
multipoles requires a reliable model for unresolved fore-
grounds. We model these here parametrically, as described in
Planck Collaboration XV (2013), and marginalize over the pa-
rameters with wide priors. We give a detailed discussion of con-
sistency of the foreground model in Sect. 4, making use of other
high-` CMB observations, although as we shall see the param-
eters of the base ⇤CDM model have a weak sensitivity to fore-
grounds.

As foreground modelling is not especially critical for the
base ⇤CDM model, we have decided to present the Planck con-
straints early in this paper, ahead of the detailed descriptions of
the foreground model, supplementary high-resolution CMB data
sets, and additional astrophysical data sets. The reader can there-
fore gain a feel for some of the key Planck results before being
exposed to the lengthier discussions of Sects. 4 and 5, which are
essential for the analysis of extensions to the base ⇤CDM cos-
mology presented in Sect. 6.

In addition to the temperature power spectrum measurement,
the Planck lensing reconstruction (discussed in more detail in
Sect. 5.1 and Planck Collaboration XVII 2013) provides a dif-
ferent probe of the perturbation amplitudes and geometry at late
times. CMB lensing can break degeneracies inherent in the tem-
perature data alone, especially the geometric degeneracy in non-
flat models, providing a strong constraint on spatial curvature
using only CMB data. The lensing reconstruction constrains the

11http://www.damtp.cam.ac.uk/user/na/NA_papers/
NA2009_06.pdf

matter fluctuation amplitude, and hence the accurate measure-
ment of the temperature anisotropy power can be used together
with the lensing reconstruction to infer the relative suppression
of the temperature anisotropies due to the finite optical depth
to reionization. The large-scale polarization from nine years of
WMAP observations (Bennett et al. 2012) gives a constraint on
the optical depth consistent with the Planck temperature and
lensing spectra. Nevertheless, the WMAP polarization constraint
is somewhat tighter, so by including it we can further improve
constraints on some parameters.

We therefore also consider the combination of the Planck
temperature power spectrum with a WMAP polarization low-
multipole likelihood (Bennett et al. 2012) at `  23 (denoted
WP), as discussed in Planck Collaboration XV (2013)12. We re-
fer to this CMB data combination as Planck+WP.

Table 2 summarizes our constraints on cosmological pa-
rameters from the Planck temperature power spectrum alone
(labelled “Planck”), from Planck in combination with Planck
lensing (Planck+lensing) and with WMAP low-` polariza-
tion (Planck+WP). Figure 2 shows a selection of correspond-
ing constraints on pairs of parameters and fully marginalized
one-parameter constraints compared to the final results from
WMAP (Bennett et al. 2012).

3.1. Acoustic scale

The characteristic angular size of the fluctuations in the CMB is
called the acoustic scale. It is determined by the comoving size
of the sound horizon at the time of last-scattering, rs(z⇤), and the
angular diameter distance at which we are observing the fluc-
tuations, DA(z⇤). With accurate measurement of seven acoustic
peaks, Planck determines the observed angular size ✓⇤ = rs/DA
to better than 0.1% precision at 1�:

✓⇤ = (1.04148 ± 0.00066) ⇥ 10�2 = 0.596724� ± 0.00038�. (10)

Since this parameter is constrained by the positions of the peaks
but not their amplitudes, it is quite robust; the measurement is
very stable to changes in data combinations and the assumed
cosmology. Foregrounds, beam uncertainties, or any system-
atic e↵ects which only contribute a smooth component to the
observed spectrum will not substantially a↵ect the frequency
of the oscillations, and hence this determination is likely to
be Planck’s most robust precision measurement. The situation
is analogous to baryon acoustic oscillations measurements in
large-scale structure surveys (see Sect. 5.2), but the CMB acous-
tic measurement has the advantage that it is based on observa-
tions of the Universe when the fluctuations were very accurately
linear, so second and higher-order e↵ects are expected to be neg-
ligible13.

The tight constraint on ✓⇤ also implies tight constraints on
some combinations of the cosmological parameters that deter-
mine DA and rs. The sound horizon rs depends on the physical

12The WP likelihood is based on the WMAP likelihood module as
distributed at http://lambda.gsfc.nasa.gov .

13Note, however, that Planck’s measurement of ✓⇤ is now so accu-
rate that O(10�3) e↵ects from aberration due to the relative motion be-
tween our frame and the CMB rest-frame are becoming non-negligible;
see Planck Collaboration XXVII (2013). The statistical anisotropy in-
duced would lead to dipolar variations at the 10�3 level in ✓⇤ determined
locally on small regions of the sky. For Planck, we average over many
such regions and we expect that the residual e↵ect (due to asymmetry
in the Galactic mask) on the marginalised values of other parameters is
negligible.
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In addition to posterior means, we also quote maximum-
likelihood parameter values. These are generated using the
BOBYQA bounded minimization routine11. Precision is limited by
stability of the convergence, and values quoted are typically re-
liable to within ��2 ⇠ 0.6, which is the same order as di↵er-
ences arising from numerical errors in the theory calculation.
For poorly constrained parameters the actual value of the best-
fit parameters is not very numerically stable and should not be
over-interpreted; in particular, highly degenerate parameters in
extended models and the foreground model can give many ap-
parently significantly di↵erent solutions within this level of ac-
curacy. The best-fit values should be interpreted as giving typ-
ical theory and foreground power spectra that fit the data well,
but are generally non-unique at the numerical precision used;
they are however generally significantly better fits than any of
the samples in the parameter chains. Best-fit values are useful
for assessing residuals, and di↵erences between the best-fit and
posterior means also help to give an indication of the e↵ect of
asymmetries, parameter-volume and prior-range e↵ects on the
posterior samples. We have cross-checked a small subset of the
best-fits with the widely used MINUIT software (James 2004),
which can give somewhat more stable results.

3. Constraints on the parameters of the base

⇤CDM model from Planck

In this section we discuss parameter constraints from Planck
alone in the ⇤CDM model. Planck provides a precision mea-
surement of seven acoustic peaks in the CMB temperature power
spectrum. The range of scales probed by Planck is su�ciently
large that many parameters can be determined accurately with-
out using low-` polarization information to constrain the optical
depth, or indeed without using any other astrophysical data.

However, because the data are reaching the limit of as-
trophysical confusion, interpretation of the peaks at higher
multipoles requires a reliable model for unresolved fore-
grounds. We model these here parametrically, as described in
Planck Collaboration XV (2013), and marginalize over the pa-
rameters with wide priors. We give a detailed discussion of con-
sistency of the foreground model in Sect. 4, making use of other
high-` CMB observations, although as we shall see the param-
eters of the base ⇤CDM model have a weak sensitivity to fore-
grounds.

As foreground modelling is not especially critical for the
base ⇤CDM model, we have decided to present the Planck con-
straints early in this paper, ahead of the detailed descriptions of
the foreground model, supplementary high-resolution CMB data
sets, and additional astrophysical data sets. The reader can there-
fore gain a feel for some of the key Planck results before being
exposed to the lengthier discussions of Sects. 4 and 5, which are
essential for the analysis of extensions to the base ⇤CDM cos-
mology presented in Sect. 6.

In addition to the temperature power spectrum measurement,
the Planck lensing reconstruction (discussed in more detail in
Sect. 5.1 and Planck Collaboration XVII 2013) provides a dif-
ferent probe of the perturbation amplitudes and geometry at late
times. CMB lensing can break degeneracies inherent in the tem-
perature data alone, especially the geometric degeneracy in non-
flat models, providing a strong constraint on spatial curvature
using only CMB data. The lensing reconstruction constrains the

11http://www.damtp.cam.ac.uk/user/na/NA_papers/
NA2009_06.pdf

matter fluctuation amplitude, and hence the accurate measure-
ment of the temperature anisotropy power can be used together
with the lensing reconstruction to infer the relative suppression
of the temperature anisotropies due to the finite optical depth
to reionization. The large-scale polarization from nine years of
WMAP observations (Bennett et al. 2012) gives a constraint on
the optical depth consistent with the Planck temperature and
lensing spectra. Nevertheless, the WMAP polarization constraint
is somewhat tighter, so by including it we can further improve
constraints on some parameters.

We therefore also consider the combination of the Planck
temperature power spectrum with a WMAP polarization low-
multipole likelihood (Bennett et al. 2012) at `  23 (denoted
WP), as discussed in Planck Collaboration XV (2013)12. We re-
fer to this CMB data combination as Planck+WP.

Table 2 summarizes our constraints on cosmological pa-
rameters from the Planck temperature power spectrum alone
(labelled “Planck”), from Planck in combination with Planck
lensing (Planck+lensing) and with WMAP low-` polariza-
tion (Planck+WP). Figure 2 shows a selection of correspond-
ing constraints on pairs of parameters and fully marginalized
one-parameter constraints compared to the final results from
WMAP (Bennett et al. 2012).

3.1. Acoustic scale

The characteristic angular size of the fluctuations in the CMB is
called the acoustic scale. It is determined by the comoving size
of the sound horizon at the time of last-scattering, rs(z⇤), and the
angular diameter distance at which we are observing the fluc-
tuations, DA(z⇤). With accurate measurement of seven acoustic
peaks, Planck determines the observed angular size ✓⇤ = rs/DA
to better than 0.1% precision at 1�:

✓⇤ = (1.04148 ± 0.00066) ⇥ 10�2 = 0.596724� ± 0.00038�. (10)

Since this parameter is constrained by the positions of the peaks
but not their amplitudes, it is quite robust; the measurement is
very stable to changes in data combinations and the assumed
cosmology. Foregrounds, beam uncertainties, or any system-
atic e↵ects which only contribute a smooth component to the
observed spectrum will not substantially a↵ect the frequency
of the oscillations, and hence this determination is likely to
be Planck’s most robust precision measurement. The situation
is analogous to baryon acoustic oscillations measurements in
large-scale structure surveys (see Sect. 5.2), but the CMB acous-
tic measurement has the advantage that it is based on observa-
tions of the Universe when the fluctuations were very accurately
linear, so second and higher-order e↵ects are expected to be neg-
ligible13.

The tight constraint on ✓⇤ also implies tight constraints on
some combinations of the cosmological parameters that deter-
mine DA and rs. The sound horizon rs depends on the physical

12The WP likelihood is based on the WMAP likelihood module as
distributed at http://lambda.gsfc.nasa.gov .

13Note, however, that Planck’s measurement of ✓⇤ is now so accu-
rate that O(10�3) e↵ects from aberration due to the relative motion be-
tween our frame and the CMB rest-frame are becoming non-negligible;
see Planck Collaboration XXVII (2013). The statistical anisotropy in-
duced would lead to dipolar variations at the 10�3 level in ✓⇤ determined
locally on small regions of the sky. For Planck, we average over many
such regions and we expect that the residual e↵ect (due to asymmetry
in the Galactic mask) on the marginalised values of other parameters is
negligible.
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Fig. 3. Constraints in the ⌦m–H0 plane. Points show samples
from the Planck-only posterior, coloured by the corresponding
value of the spectral index ns. The contours (68% and 95%)
show the improved constraint from Planck+lensing+WP. The
degeneracy direction is significantly shortened by including WP,
but the well-constrained direction of constant ⌦mh3 (set by the
acoustic scale), is determined almost equally accurately from
Planck alone.

Adding WMAP polarization information shrinks the errors by
only 10%.

The dark matter density is slightly less accurately measured
at around 3%:

⌦ch2 = 0.1196 ± 0.0031 (68%; Planck). (18)

3.4. Optical depth

Small-scale fluctuations in the CMB are damped by Thomson
scattering from free electrons produced at reionization. This
scattering suppresses the amplitude of the acoustic peaks by e�2⌧

on scales that correspond to perturbation modes with wavelength
smaller than the Hubble radius at reionization. Planck measures
the small-scale power spectrum with high precision, and hence
accurately constrains the damped amplitude e�2⌧As. With only
unlensed temperature power spectrum data, there is a large de-
generacy between ⌧ and As, which is weakly broken only by the
power in large-scale modes that were still super-Hubble scale
at reionization. However, lensing depends on the actual ampli-
tude of the matter fluctuations along the line of sight. Planck
accurately measures many acoustic peaks in the lensed tempera-
ture power spectrum, where the amount of lensing smoothing de-
pends on the fluctuation amplitude. Furthermore Planck’s lens-
ing potential reconstruction provides a more direct measurement
of the amplitude, independently of the optical depth. The combi-
nation of the temperature data and Planck’s lensing reconstruc-
tion can therefore determine the optical depth ⌧ relatively well.
The combination gives

⌧ = 0.089 ± 0.032 (68%; Planck+lensing). (19)

As shown in Fig. 4 this provides marginal confirmation (just un-
der 2�) that the total optical depth is significantly higher than
would be obtained from sudden reionization at z ⇠ 6, and is con-
sistent with the WMAP-9 constraint, ⌧ = 0.089 ± 0.014, from

large-scale polarization (Bennett et al. 2012). The large-scale E-
mode polarization measurement is very challenging because it
is a small signal relative to polarized Galactic emission on large
scales, so this Planck polarization-free result is a valuable cross-
check. The posterior for the Planck temperature power spectrum
measurement alone also consistently peaks at ⌧ ⇠ 0.1, where the
constraint on the optical depth is coming from the amplitude of
the lensing smoothing e↵ect and (to a lesser extent) the relative
power between small and large scales.

Since lensing constrains the underlying fluctuation ampli-
tude, the matter density perturbation power is also well deter-
mined:

�8 = 0.823 ± 0.018 (68%; Planck+lensing). (20)

Much of the residual uncertainty is caused by the degeneracy
with the optical depth. Since the small-scale temperature power
spectrum more directly fixes �8e�⌧, this combination is tightly
constrained:

�8e�⌧ = 0.753 ± 0.011 (68%; Planck+lensing). (21)

The estimate of �8 is significantly improved to �8 = 0.829 ±
0.012 by using the WMAP polarization data to constrain the op-
tical depth, and is not strongly degenerate with ⌦m. (We shall
see in Sect. 5.5 that the Planck results are discrepant with re-
cent estimates of combinations of �8 and ⌦m from cosmic shear
measurements and counts of rich clusters of galaxies.)

3.5. Spectral index

The scalar spectral index defined in Eq. (2) is measured by
Planck data alone to 1% accuracy:

ns = 0.9616 ± 0.0094 (68%; Planck). (22)

Since the optical depth ⌧ a↵ects the relative power between large
scales (that are una↵ected by scattering at reionization) and in-
termediate and small scales (that have their power suppressed
by e�2⌧), there is a partial degeneracy with ns. Breaking the de-
generacy between ⌧ and ns using WMAP polarization leads to a
small improvement in the constraint:

ns = 0.9603 ± 0.0073 (68%; Planck+WP). (23)

Comparing Eqs. (22) and (23), it is evident that the Planck tem-
perature spectrum spans a wide enough range of multipoles to
give a highly significant detection of a deviation of the scalar
spectral index from exact scale invariance (at least in the base
⇤CDM cosmology) independent of WMAP polarization infor-
mation.

One might worry that the spectral index parameter is degen-
erate with foreground parameters, since these act to increase
smoothly the amplitudes of the temperature power spectra at
high multipoles. The spectral index is therefore liable to po-
tential systematic errors if the foreground model is poorly con-
strained. Figure 4 shows the marginalized constraints on the
⇤CDM parameters for various combinations of data, includ-
ing adding high-resolution CMB measurements. As will be dis-
cussed in Sect. 4, the use of high-resolution CMB provides
tighter constraints on the foreground parameters (particularly
“minor” foreground components) than from Planck data alone.
However, the small shifts in the means and widths of the distri-
butions shown in Fig. 4 indicate that, for the base ⇤CDM cos-
mology, the errors on the cosmological parameters are not lim-
ited by foreground uncertainties when considering Planck alone.
The e↵ects of foreground modelling assumptions and likelihood
choices on constraints on ns are discussed in Appendix B.
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Fig. 3. Constraints in the ⌦m–H0 plane. Points show samples
from the Planck-only posterior, coloured by the corresponding
value of the spectral index ns. The contours (68% and 95%)
show the improved constraint from Planck+lensing+WP. The
degeneracy direction is significantly shortened by including WP,
but the well-constrained direction of constant ⌦mh3 (set by the
acoustic scale), is determined almost equally accurately from
Planck alone.

Adding WMAP polarization information shrinks the errors by
only 10%.

The dark matter density is slightly less accurately measured
at around 3%:

⌦ch2 = 0.1196 ± 0.0031 (68%; Planck). (18)

3.4. Optical depth

Small-scale fluctuations in the CMB are damped by Thomson
scattering from free electrons produced at reionization. This
scattering suppresses the amplitude of the acoustic peaks by e�2⌧

on scales that correspond to perturbation modes with wavelength
smaller than the Hubble radius at reionization. Planck measures
the small-scale power spectrum with high precision, and hence
accurately constrains the damped amplitude e�2⌧As. With only
unlensed temperature power spectrum data, there is a large de-
generacy between ⌧ and As, which is weakly broken only by the
power in large-scale modes that were still super-Hubble scale
at reionization. However, lensing depends on the actual ampli-
tude of the matter fluctuations along the line of sight. Planck
accurately measures many acoustic peaks in the lensed tempera-
ture power spectrum, where the amount of lensing smoothing de-
pends on the fluctuation amplitude. Furthermore Planck’s lens-
ing potential reconstruction provides a more direct measurement
of the amplitude, independently of the optical depth. The combi-
nation of the temperature data and Planck’s lensing reconstruc-
tion can therefore determine the optical depth ⌧ relatively well.
The combination gives

⌧ = 0.089 ± 0.032 (68%; Planck+lensing). (19)

As shown in Fig. 4 this provides marginal confirmation (just un-
der 2�) that the total optical depth is significantly higher than
would be obtained from sudden reionization at z ⇠ 6, and is con-
sistent with the WMAP-9 constraint, ⌧ = 0.089 ± 0.014, from

large-scale polarization (Bennett et al. 2012). The large-scale E-
mode polarization measurement is very challenging because it
is a small signal relative to polarized Galactic emission on large
scales, so this Planck polarization-free result is a valuable cross-
check. The posterior for the Planck temperature power spectrum
measurement alone also consistently peaks at ⌧ ⇠ 0.1, where the
constraint on the optical depth is coming from the amplitude of
the lensing smoothing e↵ect and (to a lesser extent) the relative
power between small and large scales.

Since lensing constrains the underlying fluctuation ampli-
tude, the matter density perturbation power is also well deter-
mined:

�8 = 0.823 ± 0.018 (68%; Planck+lensing). (20)

Much of the residual uncertainty is caused by the degeneracy
with the optical depth. Since the small-scale temperature power
spectrum more directly fixes �8e�⌧, this combination is tightly
constrained:

�8e�⌧ = 0.753 ± 0.011 (68%; Planck+lensing). (21)

The estimate of �8 is significantly improved to �8 = 0.829 ±
0.012 by using the WMAP polarization data to constrain the op-
tical depth, and is not strongly degenerate with ⌦m. (We shall
see in Sect. 5.5 that the Planck results are discrepant with re-
cent estimates of combinations of �8 and ⌦m from cosmic shear
measurements and counts of rich clusters of galaxies.)

3.5. Spectral index

The scalar spectral index defined in Eq. (2) is measured by
Planck data alone to 1% accuracy:

ns = 0.9616 ± 0.0094 (68%; Planck). (22)

Since the optical depth ⌧ a↵ects the relative power between large
scales (that are una↵ected by scattering at reionization) and in-
termediate and small scales (that have their power suppressed
by e�2⌧), there is a partial degeneracy with ns. Breaking the de-
generacy between ⌧ and ns using WMAP polarization leads to a
small improvement in the constraint:

ns = 0.9603 ± 0.0073 (68%; Planck+WP). (23)

Comparing Eqs. (22) and (23), it is evident that the Planck tem-
perature spectrum spans a wide enough range of multipoles to
give a highly significant detection of a deviation of the scalar
spectral index from exact scale invariance (at least in the base
⇤CDM cosmology) independent of WMAP polarization infor-
mation.

One might worry that the spectral index parameter is degen-
erate with foreground parameters, since these act to increase
smoothly the amplitudes of the temperature power spectra at
high multipoles. The spectral index is therefore liable to po-
tential systematic errors if the foreground model is poorly con-
strained. Figure 4 shows the marginalized constraints on the
⇤CDM parameters for various combinations of data, includ-
ing adding high-resolution CMB measurements. As will be dis-
cussed in Sect. 4, the use of high-resolution CMB provides
tighter constraints on the foreground parameters (particularly
“minor” foreground components) than from Planck data alone.
However, the small shifts in the means and widths of the distri-
butions shown in Fig. 4 indicate that, for the base ⇤CDM cos-
mology, the errors on the cosmological parameters are not lim-
ited by foreground uncertainties when considering Planck alone.
The e↵ects of foreground modelling assumptions and likelihood
choices on constraints on ns are discussed in Appendix B.
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Planck Planck+lensing Planck+WP

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022242 0.02217 ± 0.00033 0.022032 0.02205 ± 0.00028

⌦ch2 . . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.11805 0.1186 ± 0.0031 0.12038 0.1199 ± 0.0027

100✓MC . . . . . . . . 1.04122 1.04132 ± 0.00068 1.04150 1.04141 ± 0.00067 1.04119 1.04131 ± 0.00063

⌧ . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0949 0.089 ± 0.032 0.0925 0.089+0.012
�0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9675 0.9635 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010As) . . . . . . . 3.098 3.103 ± 0.072 3.098 3.085 ± 0.057 3.0980 3.089+0.024
�0.027

⌦⇤ . . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6964 0.693 ± 0.019 0.6817 0.685+0.018
�0.016

⌦m . . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3036 0.307 ± 0.019 0.3183 0.315+0.016
�0.018

�8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8285 0.823 ± 0.018 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
�2.8 11.45 10.8+3.1

�2.5 11.37 11.1 ± 1.1

H0 . . . . . . . . . . . 67.11 67.4 ± 1.4 68.14 67.9 ± 1.5 67.04 67.3 ± 1.2

109As . . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.19+0.12
�0.14 2.215 2.196+0.051

�0.060

⌦mh2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14094 0.1414 ± 0.0029 0.14305 0.1426 ± 0.0025

⌦mh3 . . . . . . . . . 0.09597 0.09590 ± 0.00059 0.09603 0.09593 ± 0.00058 0.09591 0.09589 ± 0.00057

YP . . . . . . . . . . . 0.247710 0.24771 ± 0.00014 0.247785 0.24775 ± 0.00014 0.247695 0.24770 ± 0.00012

Age/Gyr . . . . . . . 13.819 13.813 ± 0.058 13.784 13.796 ± 0.058 13.8242 13.817 ± 0.048

z⇤ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.01 1090.16 ± 0.65 1090.48 1090.43 ± 0.54

r⇤ . . . . . . . . . . . 144.58 144.75 ± 0.66 145.02 144.96 ± 0.66 144.58 144.71 ± 0.60

100✓⇤ . . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04164 1.04156 ± 0.00066 1.04136 1.04147 ± 0.00062

zdrag . . . . . . . . . . 1059.32 1059.29 ± 0.65 1059.59 1059.43 ± 0.64 1059.25 1059.25 ± 0.58

rdrag . . . . . . . . . . 147.34 147.53 ± 0.64 147.74 147.70 ± 0.63 147.36 147.49 ± 0.59

kD . . . . . . . . . . . 0.14026 0.14007 ± 0.00064 0.13998 0.13996 ± 0.00062 0.14022 0.14009 ± 0.00063

100✓D . . . . . . . . . 0.161332 0.16137 ± 0.00037 0.161196 0.16129 ± 0.00036 0.161375 0.16140 ± 0.00034

zeq . . . . . . . . . . . 3402 3386 ± 69 3352 3362 ± 69 3403 3391 ± 60

100✓eq . . . . . . . . . 0.8128 0.816 ± 0.013 0.8224 0.821 ± 0.013 0.8125 0.815 ± 0.011

rdrag/DV(0.57) . . . . 0.07130 0.0716 ± 0.0011 0.07207 0.0719 ± 0.0011 0.07126 0.07147 ± 0.00091

Table 2. Cosmological parameter values for the six-parameter base ⇤CDM model. Columns 2 and 3 give results for the Planck
temperature power spectrum data alone. Columns 4 and 5 combine the Planck temperature data with Planck lensing, and columns
6 and 7 include WMAP polarization at low multipoles. We give best fit parameters as well as 68% confidence limits for constrained
parameters. The first six parameters have flat priors. The remainder are derived parameters as discussed in Sect. 2. Beam, calibration
parameters, and foreground parameters (see Sect. 4) are not listed for brevity. Constraints on foreground parameters for Planck+WP
are given later in Table 5.

3.2. Hubble parameter and dark energy density

The Hubble constant, H0, and matter density parameter, ⌦m,
are only tightly constrained in the combination ⌦mh3 discussed
above, but the extent of the degeneracy is limited by the e↵ect
of ⌦mh2 on the relative heights of the acoustic peaks. The pro-
jection of the constraint ellipse shown in Fig. 3 onto the axes
therefore yields useful marginalized constraints on H0 and ⌦m
(or equivalently ⌦⇤) separately. We find the 2% constraint on
H0:

H0 = (67.4 ± 1.4) km s�1 Mpc�1 (68%; Planck). (13)

The corresponding constraint on the dark energy density param-
eter is

⌦⇤ = 0.686 ± 0.020 (68%; Planck), (14)

and for the physical matter density we find

⌦mh2 = 0.1423 ± 0.0029 (68%; Planck). (15)

Note that these indirect constraints are highly model depen-
dent. The data only measure accurately the acoustic scale, and

the relation to underlying expansion parameters (e.g., via the
angular-diameter distance) depends on the assumed cosmology,
including the shape of the primordial fluctuation spectrum. Even
small changes in model assumptions can change H0 noticeably;
for example, if we neglect the 0.06 eV neutrino mass expected
in the minimal hierarchy, and instead take

P
m⌫ = 0, the Hubble

parameter constraint shifts to

H0 = (68.0 ± 1.4) km s�1 Mpc�1 (68%; Planck,
P

m⌫ = 0). (16)

3.3. Matter densities

Planck can measure the matter densities in baryons and dark
matter from the relative heights of the acoustic peaks. However,
as discussed above, there is a partial degeneracy with the spec-
tral index and other parameters that limits the precision of the
determination. With Planck there are now enough well measured
peaks that the extent of the degeneracy is limited, giving ⌦bh2 to
an accuracy of 1.5% without any additional data:

⌦bh2 = 0.02207 ± 0.00033 (68%; Planck). (17)
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Planck Planck+lensing Planck+WP

Parameter Best fit 68% limits Best fit 68% limits Best fit 68% limits

⌦bh2 . . . . . . . . . . 0.022068 0.02207 ± 0.00033 0.022242 0.02217 ± 0.00033 0.022032 0.02205 ± 0.00028

⌦ch2 . . . . . . . . . . 0.12029 0.1196 ± 0.0031 0.11805 0.1186 ± 0.0031 0.12038 0.1199 ± 0.0027

100✓MC . . . . . . . . 1.04122 1.04132 ± 0.00068 1.04150 1.04141 ± 0.00067 1.04119 1.04131 ± 0.00063

⌧ . . . . . . . . . . . . 0.0925 0.097 ± 0.038 0.0949 0.089 ± 0.032 0.0925 0.089+0.012
�0.014

ns . . . . . . . . . . . 0.9624 0.9616 ± 0.0094 0.9675 0.9635 ± 0.0094 0.9619 0.9603 ± 0.0073

ln(1010As) . . . . . . . 3.098 3.103 ± 0.072 3.098 3.085 ± 0.057 3.0980 3.089+0.024
�0.027

⌦⇤ . . . . . . . . . . . 0.6825 0.686 ± 0.020 0.6964 0.693 ± 0.019 0.6817 0.685+0.018
�0.016

⌦m . . . . . . . . . . . 0.3175 0.314 ± 0.020 0.3036 0.307 ± 0.019 0.3183 0.315+0.016
�0.018

�8 . . . . . . . . . . . 0.8344 0.834 ± 0.027 0.8285 0.823 ± 0.018 0.8347 0.829 ± 0.012

zre . . . . . . . . . . . 11.35 11.4+4.0
�2.8 11.45 10.8+3.1

�2.5 11.37 11.1 ± 1.1

H0 . . . . . . . . . . . 67.11 67.4 ± 1.4 68.14 67.9 ± 1.5 67.04 67.3 ± 1.2

109As . . . . . . . . . 2.215 2.23 ± 0.16 2.215 2.19+0.12
�0.14 2.215 2.196+0.051

�0.060

⌦mh2 . . . . . . . . . 0.14300 0.1423 ± 0.0029 0.14094 0.1414 ± 0.0029 0.14305 0.1426 ± 0.0025

⌦mh3 . . . . . . . . . 0.09597 0.09590 ± 0.00059 0.09603 0.09593 ± 0.00058 0.09591 0.09589 ± 0.00057

YP . . . . . . . . . . . 0.247710 0.24771 ± 0.00014 0.247785 0.24775 ± 0.00014 0.247695 0.24770 ± 0.00012

Age/Gyr . . . . . . . 13.819 13.813 ± 0.058 13.784 13.796 ± 0.058 13.8242 13.817 ± 0.048

z⇤ . . . . . . . . . . . 1090.43 1090.37 ± 0.65 1090.01 1090.16 ± 0.65 1090.48 1090.43 ± 0.54

r⇤ . . . . . . . . . . . 144.58 144.75 ± 0.66 145.02 144.96 ± 0.66 144.58 144.71 ± 0.60

100✓⇤ . . . . . . . . . 1.04139 1.04148 ± 0.00066 1.04164 1.04156 ± 0.00066 1.04136 1.04147 ± 0.00062

zdrag . . . . . . . . . . 1059.32 1059.29 ± 0.65 1059.59 1059.43 ± 0.64 1059.25 1059.25 ± 0.58

rdrag . . . . . . . . . . 147.34 147.53 ± 0.64 147.74 147.70 ± 0.63 147.36 147.49 ± 0.59

kD . . . . . . . . . . . 0.14026 0.14007 ± 0.00064 0.13998 0.13996 ± 0.00062 0.14022 0.14009 ± 0.00063

100✓D . . . . . . . . . 0.161332 0.16137 ± 0.00037 0.161196 0.16129 ± 0.00036 0.161375 0.16140 ± 0.00034

zeq . . . . . . . . . . . 3402 3386 ± 69 3352 3362 ± 69 3403 3391 ± 60

100✓eq . . . . . . . . . 0.8128 0.816 ± 0.013 0.8224 0.821 ± 0.013 0.8125 0.815 ± 0.011

rdrag/DV(0.57) . . . . 0.07130 0.0716 ± 0.0011 0.07207 0.0719 ± 0.0011 0.07126 0.07147 ± 0.00091

Table 2. Cosmological parameter values for the six-parameter base ⇤CDM model. Columns 2 and 3 give results for the Planck
temperature power spectrum data alone. Columns 4 and 5 combine the Planck temperature data with Planck lensing, and columns
6 and 7 include WMAP polarization at low multipoles. We give best fit parameters as well as 68% confidence limits for constrained
parameters. The first six parameters have flat priors. The remainder are derived parameters as discussed in Sect. 2. Beam, calibration
parameters, and foreground parameters (see Sect. 4) are not listed for brevity. Constraints on foreground parameters for Planck+WP
are given later in Table 5.

3.2. Hubble parameter and dark energy density

The Hubble constant, H0, and matter density parameter, ⌦m,
are only tightly constrained in the combination ⌦mh3 discussed
above, but the extent of the degeneracy is limited by the e↵ect
of ⌦mh2 on the relative heights of the acoustic peaks. The pro-
jection of the constraint ellipse shown in Fig. 3 onto the axes
therefore yields useful marginalized constraints on H0 and ⌦m
(or equivalently ⌦⇤) separately. We find the 2% constraint on
H0:

H0 = (67.4 ± 1.4) km s�1 Mpc�1 (68%; Planck). (13)

The corresponding constraint on the dark energy density param-
eter is

⌦⇤ = 0.686 ± 0.020 (68%; Planck), (14)

and for the physical matter density we find

⌦mh2 = 0.1423 ± 0.0029 (68%; Planck). (15)

Note that these indirect constraints are highly model depen-
dent. The data only measure accurately the acoustic scale, and

the relation to underlying expansion parameters (e.g., via the
angular-diameter distance) depends on the assumed cosmology,
including the shape of the primordial fluctuation spectrum. Even
small changes in model assumptions can change H0 noticeably;
for example, if we neglect the 0.06 eV neutrino mass expected
in the minimal hierarchy, and instead take

P
m⌫ = 0, the Hubble

parameter constraint shifts to

H0 = (68.0 ± 1.4) km s�1 Mpc�1 (68%; Planck,
P

m⌫ = 0). (16)

3.3. Matter densities

Planck can measure the matter densities in baryons and dark
matter from the relative heights of the acoustic peaks. However,
as discussed above, there is a partial degeneracy with the spec-
tral index and other parameters that limits the precision of the
determination. With Planck there are now enough well measured
peaks that the extent of the degeneracy is limited, giving ⌦bh2 to
an accuracy of 1.5% without any additional data:

⌦bh2 = 0.02207 ± 0.00033 (68%; Planck). (17)
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Fig. 2. Comparison of the base ⇤CDM model parameters for Planck+lensing only (colour-coded samples), and the 68% and 95%
constraint contours adding WMAP low-` polarization (WP; red contours), compared to WMAP-9 (Bennett et al. 2012; grey con-
tours).

matter density parameters, and DA depends on the late-time evo-
lution and geometry. Parameter combinations that fit the Planck
data must be constrained to be close to a surface of constant ✓⇤.
This surface depends on the model that is assumed. For the base
⇤CDM model, the main parameter dependence is approximately
described by a 0.3% constraint in the three-dimensional ⌦m–h–
⌦bh2 subspace:

⌦mh3.2(⌦bh2)�0.54 = 0.695 ± 0.002 (68%; Planck). (11)

Reducing further to a two-dimensional subspace gives a 0.6%
constraint on the combination

⌦mh3 = 0.0959 ± 0.0006 (68%; Planck). (12)

The principle component analysis direction is actually ⌦mh2.93

but this is conveniently close to ⌦mh3 and gives a similar con-
straint. The simple form is a coincidence of the ⇤CDM cos-
mology, error model, and particular parameter values of the

model (Percival et al. 2002; Howlett et al. 2012). The degener-
acy between H0 and ⌦m is illustrated in Fig. 3: parameters are
constrained to lie in a narrow strip where ⌦mh3 is nearly con-
stant, but the orthogonal direction is much more poorly con-
strained. The degeneracy direction involves consistent changes
in the H0,⌦m, and⌦bh2 parameters, so that the ratio of the sound
horizon and angular diameter distance remains nearly constant.
Changes in the density parameters, however, also have other
e↵ects on the power spectrum and the spectral index ns also
changes to compensate. The degeneracy is not exact; its extent
is much more sensitive to other details of the power spectrum
shape. Additional data can help further to restrict the degeneracy.
Figure 3 shows that adding WMAP polarization has almost no ef-
fect on the⌦mh3 measurement, but shrinks the orthogonal direc-
tion slightly from ⌦mh�3 = 1.03 ± 0.13 to ⌦mh�3 = 1.04 ± 0.11.
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Fig. 22. The Planck power spectrum of Fig. 10 plotted as `2D`
against multipole, compared to the best-fit base ⇤CDM model
with ns = 0.96 (red dashed line). The best-fit base ⇤CDM model
with ns constrained to unity is shown by the blue line.

Our extensive grid of models allows us to investigate cor-
relations of the spectral index with a number of cosmological
parameters beyond those of the base ⇤CDM model (see Figs.
21 and 24). As expected, ns is uncorrelated with parameters de-
scribing late-time physics, including the neutrino mass, geom-
etry, and the equation of state of dark energy. The remaining
correlations are with parameters that a↵ect the evolution of the
early Universe, including the number of relativistic species, or
the helium fraction. This is illustrated in Fig. 24: modifying the
standard model by increasing the number of neutrinos species,
or the helium fraction, has the e↵ect of damping the small-scale
power spectrum. This can be partially compensated by an in-
crease in the spectral index. However, an increase in the neu-
trino species must be accompanied by an increased matter den-
sity to maintain the peak positions. A measurement of the matter
density from the BAO measurements helps to break this degen-
eracy. This is clearly seen in the upper panel of Fig. 24, which
shows the improvement in the constraints when BAO measure-
ments are added to the Planck+WP+highL likelihood. With the
addition of BAO measurements we find more than a 3� devi-
ation from ns = 1 even in this extended model, with a best-fit
value of ns = 0.969 ± 0.010 for varying relativistic species. As
discussed in Sect. 6.3, we see no evidence from the Planck data
for non-standard neutrino physics.

The simplest single-field inflationary models predict that the
running of the spectral index should be of second order in infla-
tionary slow-roll parameters and therefore small [dns/d ln k ⇠
(ns � 1)2], typically about an order of magnitude below the
sensitivity limit of Planck (see e.g., Kosowsky & Turner 1995;
Baumann et al. 2009). Nevertheless, it is easy to construct in-
flationary models that have a larger scale dependence (e.g., by
adjusting the third derivative of the inflaton potential) and so it
is instructive to use the Planck data to constrain dns/d ln k. A
test for dns/d ln k is of particularly interest given the results from
previous CMB experiments.

Early results from WMAP suggested a preference for a nega-
tive running at the 1–2� level. In the final 9-year WMAP analy-
sis no significant running was seen using WMAP data alone, with
dns/d ln k = �0.019 ± 0.025 (68% confidence; Hinshaw et al.
2012. Combining WMAP data with the first data releases from
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Fig. 23. Upper: Posterior distribution for ns for the base ⇤CDM
model (black) compared to the posterior when a tensor compo-
nent and running scalar spectral index are added to the model
(red) Middle: Constraints (68% and 95%) in the ns–dns/d ln k
plane for ⇤CDM models with running (blue) and additionally
with tensors (red). Lower: Constraints (68% and 95%) on ns and
the tensor-to-scalar ratio r0.002 for ⇤CDM models with tensors
(blue) and additionally with running of the spectral index (red).
The dotted line show the expected relation between r and ns for
a V(�) / �2 inflationary potential (Eqs. 66a and 66b); here N is
the number of inflationary e-foldings as defined in the text. The
dotted line should be compared to the blue contours, since this
model predicts negligible running. All of these results use the
Planck+WP+highL data combination.
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2.1.2. Ionization history

To make accurate predictions for the CMB power spectra, the
background ionization history has to be calculated to high ac-
curacy. Although the main processes that lead to recombina-
tion at z ⇡ 1090 are well understood, cosmological param-
eters from Planck can be sensitive to sub-percent di↵erences
in the ionization fraction xe (Hu et al. 1995; Lewis et al. 2006;
Rubino-Martin et al. 2009; Shaw & Chluba 2011). The process
of recombination takes the Universe from a state of fully ion-
ized hydrogen and helium in the early Universe, through to the
completion of recombination with residual fraction xe ⇠ 10�4.
Sensitivity of the CMB power spectrum to xe enters through
changes to the sound horizon at recombination, from changes
in the timing of recombination, and to the detailed shape of the
recombination transition, which a↵ects the thickness of the last-
scattering surface and hence the amount of small-scale di↵usion
(Silk) damping, polarization, and line-of-sight averaging of the
perturbations.

Since the pioneering work of Peebles (1968) and
Zeldovich et al. (1969), which identified the main physical
processes involved in recombination, there has been signif-
icant progress in numerically modelling the many relevant
atomic transitions and processes that can a↵ect the details of
the recombination process (Hu et al. 1995; Seager et al. 2000;
Wong et al. 2008; Hirata & Switzer 2008; Switzer & Hirata
2008; Rubino-Martin et al. 2009; Chluba & Thomas 2011;
Ali-Haimoud & Hirata 2011). In recent years a consen-
sus has emerged between the results of two multi-level
atom codes HyRec5 (Switzer & Hirata 2008; Hirata 2008;
Ali-Haimoud & Hirata 2011), and CosmoRec6 (Chluba et al.
2010; Chluba & Thomas 2011), demonstrating agreement at a
level better than that required for Planck (di↵erences less that
4 ⇥ 10�4 in the predicted temperature power spectra on small
scales).

These recombination codes are remarkably fast, given the
complexity of the calculation. However, the recombination his-
tory can be computed even more rapidly by using the sim-
ple e↵ective three-level atom model developed by Seager et al.
(2000) and implemented in the recfast code7, with appropri-
ately chosen small correction functions calibrated to the full
numerical results (Wong et al. 2008; Rubino-Martin et al. 2009;
Shaw & Chluba 2011). We use recfast in our baseline param-
eter analysis, with correction functions adjusted so that the pre-
dicted power spectra C` agree with those from the latest ver-
sions of HyRec (January 2012) and CosmoRec (v2) to better than
0.05%8. We have confirmed, using importance sampling, that
cosmological parameter constraints using recfast are consis-
tent with those using CosmoRec at the 0.05� level. Since the re-
sults of the Planck parameter analysis are crucially dependent on
the accuracy of the recombination history, we have also checked,
following Lewis et al. (2006), that there is no strong evidence for
simple deviations from the assumed history. However, we note
that any deviation from the assumed history could significantly
shift parameters compared to the results presented here and we
have not performed a detailed sensitivity analysis.

The background recombination model should accurately
capture the ionization history until the Universe is reionized
at late times via ultra-violet photons from stars and/or active

5http://www.sns.ias.edu/˜yacine/hyrec/hyrec.html
6http://www.chluba.de/CosmoRec/
7http://www.astro.ubc.ca/people/scott/recfast.html
8The updated recfast used here in the baseline model is publicly

available as version 1.5.2 and is the default in camb as of October 2012.

galactic nuclei. We approximate reionization as being relatively
sharp, with the mid-point parameterized by a redshift zre (where
xe = f /2) and width parameter �zre = 0.5. Hydrogen reion-
ization and the first reionization of helium are assumed to oc-
cur simultaneously, so that when reionization is complete xe =
f ⌘ 1 + fHe ⇡ 1.08 (Lewis 2008), where fHe is the helium-
to-hydrogen ratio by number. In this parameterization, the opti-
cal depth is almost independent of �zre and the only impact of
the specific functional form on cosmological parameters comes
from very small changes to the shape of the polarization power
spectrum on large angular scales. The second reionization of he-
lium (i.e., He+ ! He++) produces very small changes to the
power spectra (�⌧ ⇠ 0.001, where ⌧ is the optical depth to
Thomson scattering) and does not need to be modelled in detail.
We include the second reionization of helium at a fixed redshift
of z = 3.5 (consistent with observations of Lyman-↵ forest lines
in quasar spectra, e.g., Becker et al. 2011), which is su�ciently
accurate for the parameter analyses described in this paper.

2.1.3. Initial conditions

In our baseline model we assume purely adiabatic scalar per-
turbations at very early times, with a (dimensionless) curvature
power spectrum parameterized by

PR(k) = As

 
k
k0

!ns�1+(1/2)(dns/d ln k) ln(k/k0)

, (2)

with ns and dns/d ln k taken to be constant. For most of this
paper we shall assume no “running”, i.e., a power-law spec-
trum with dns/d ln k = 0. The pivot scale, k0, is chosen to be
k0 = 0.05 Mpc�1, roughly in the middle of the logarithmic range
of scales probed by Planck. With this choice, ns is not strongly
degenerate with the amplitude parameter As.

The amplitude of the small-scale linear CMB power spec-
trum is proportional to e�2⌧As. Because Planck measures this
amplitude very accurately there is a tight linear constraint be-
tween ⌧ and ln As (see Sect. 3.4). For this reason we usually use
ln As as a base parameter with a flat prior, which has a signifi-
cantly more Gaussian posterior than As. A linear parameter re-
definition then also allows the degeneracy between ⌧ and As to be
explored e�ciently. (The degeneracy between ⌧ and As is broken
by the relative amplitudes of large-scale temperature and polar-
ization CMB anisotropies and by the non-linear e↵ect of CMB
lensing.)

We shall also consider extended models with a significant
amplitude of primordial gravitational waves (tensor modes).
Throughout this paper, the (dimensionless) tensor mode spec-
trum is parameterized as a power-law with9

Pt(k) = At

 
k
k0

!nt

. (3)

We define r0.05 ⌘ At/As, the primordial tensor-to-scalar ratio at
k = k0. Our constraints are only weakly sensitive to the tensor
spectral index, nt (which is assumed to be close to zero), and
we adopt the theoretically motivated single-field inflation con-
sistency relation nt = �r0.05/8, rather than varying nt indepen-
dently. We put a flat prior on r0.05, but also report the constraint
at k = 0.002 Mpc�1 (denoted r0.002), which is closer to the scale

9For a transverse-traceless spatial tensor Hi j, the tensor part of the
metric is ds2 = a2[d⌘2 � (�i j + 2Hi j)dxidx j], and Pt is defined so that
Pt(k) = @ln kh2Hi j2Hi ji.
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A. Lasenby6,69, R. J. Laureijs43, C. R. Lawrence67, S. Leach85, J. P. Leahy68, R. Leonardi42, J. Lesgourgues93,84, M. Liguori33, P. B. Lilje64,
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ABSTRACT

We analyse the implications of the Planck data for cosmic inflation. The Planck nominal mission temperature anisotropy measurements, combined
with the WMAP large-angle polarization, constrain the scalar spectral index to ns = 0.9603 ± 0.0073, ruling out exact scale invariance at over 5�.
Planck establishes an upper bound on the tensor-to-scalar ratio at r < 0.11 (95% CL). The Planck data shrink the space of allowed standard infla-
tionary models, preferring potentials with V 00 < 0. Exponential potential models, the simplest hybrid inflationary models, and monomial potential
models of degree n � 2 do not provide a good fit to the data. Planck does not find statistically significant running of the scalar spectral index,
obtaining dns/d ln k = �0.0134 ± 0.0090. We verify these conclusions through a numerical analysis, which makes no slow-roll approximation,
and carry out a Bayesian parameter estimation and model-selection analysis for a number of inflationary models including monomial, natural,
and hilltop potentials. For each model, we present the Planck constraints on the parameters of the potential and explore several possibilities for
the post-inflationary entropy generation epoch, thus obtaining nontrivial data-driven constraints. We also present a direct reconstruction of the
observable range of the inflaton potential. Unless a quartic term is allowed in the potential, we find results consistent with second-order slow-roll
predictions. We investigate whether the primordial power spectrum contains any features. A penalized likelihood approach suggests a feature
near the highest wavenumbers probed by Planck at an estimated significance of ⇠ 3� after correction for the “look elsewhere” effect. We find
that models with a parameterized oscillatory feature improve the fit by ��2

e↵ ⇡ 10; however, Bayesian evidence does not prefer these models.
We constrain several single-field inflation models with generalized Lagrangians by combining power spectrum data with Planck bounds on fNL.
Planck constrains with unprecedented accuracy the amplitude and possible correlation of non-decaying isocurvature fluctuations. The fractional
primordial contributions of CDM isocurvature modes of the types expected in the curvaton and axion scenarios have upper bounds of 0.25% and
3.9% (95% CL), respectively. For arbitrarily-correlated CDM or neutrino isocurvature modes, pure adiabatic fluctuations fit the high-` part of the
spectrum well, but moderate tension between ` < 40 and higher multipoles explains a preference for anticorrelated isocurvature modes.

Key words. Cosmology: theory – early Universe – inflation
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HZ HZ + YP HZ + Ne↵ ⇤CDM
105⌦bh2 2296 ± 24 2296 ± 23 2285 ± 23 2205 ± 28
104⌦ch2 1088 ± 13 1158 ± 20 1298 ± 43 1199 ± 27
100 ✓MC 1.04292 ± 0.00054 1.04439 ± 0.00063 1.04052 ± 0.00067 1.04131 ± 0.00063
⌧ 0.125+0.016

�0.014 0.109+0.013
�0.014 0.105+0.014

�0.013 0.089+0.012
�0.014

ln
⇣

1010As

⌘

3.133+0.032
�0.028 3.137+0.027

�0.028 3.143+0.027
�0.026 3.089+0.024

�0.027
ns — — — 0.9603 ± 0.0073
Ne↵ — — 3.98 ± 0.19 —
YP — 0.3194 ± 0.013 — —
�2� ln(Lmax) 27.9 2.2 2.8 0

Table 3. Constraints on cosmological parameters and best-fit �2� ln(L) with respect to the standard ⇤CDM model, using
Planck+WP data, testing the significance of the deviation from the HZ model.

Sampling the power spectrum parameters As, ns, and r is
not the only method for constraining slow roll inflation. Another
possibility is to sample the HFF in the analytic expressions for
the scalar and tensor power spectra (Stewart & Lyth, 1993; Gong
& Stewart, 2001; Leach et al., 2002). In the Appendix, we per-
form a comparison of slow-roll inflationary predictions by sam-
pling the HFF with Planck data, and show that the results ob-
tained in this way agree with those derived by sampling the
power spectrum parameters. This confirms similar studies with
previous data (Hamann et al., 2008c; Finelli et al., 2010).

The spectral index estimated from Planck+WP data is

ns = 0.9603 ± 0.0073. (32)

This tight bound on ns is crucial for constraining inflation. The
Planck constraint on r depends slightly on the pivot scale; we
adopt k⇤ = 0.002 Mpc�1 to quote our result, with r0.002 < 0.12
at 95% CL. This bound improves on the most recent results,
including the WMAP 9-year constraint of r < 0.38 (Hinshaw
et al., 2012a), the WMAP7 + ACT limit of r < 0.28 (Sievers
et al., 2013), and the WMAP7 + SPT limit of r < 0.18 (Story
et al., 2012). The new bound from Planck is consistent with
the limit from temperature anisotropies alone (Knox & Turner,
1994). When a possible tensor component is included, the spec-
tral index from Planck+WP is not significantly changed, with
ns = 0.9624 ± 0.0075.

The Planck constraint on r corresponds to an upper bound
on the energy scale of inflation

V⇤ =
3⇡2As

2
r M4

pl = (1.94 ⇥ 1016 GeV)4 r⇤
0.12

, (33)

at 95% CL. This is equivalent to an upper bound on the Hubble
parameter during inflation of H⇤/Mpl < 3.7 ⇥ 10�5. In terms of
slow-roll parameters, Planck+WP constraints imply ✏V < 0.008
at 95% CL, and ⌘V = �0.010+0.005

�0.011.
The Planck results on ns and r are robust to the addition

of external data sets (see Table 4). When the high-` CMB
ACT+SPT data are added, we obtain ns = 0.9600 ± 0.0072 and
r0.002 < 0.11 at 95% CL. Including the Planck lensing likeli-
hood gives ns = 0.9653 ± 0.0069 and r0.002 < 0.13, and adding
BAO data gives ns = 0.9643 ± 0.0059 and r0.002 < 0.12. These
bounds are robust to the small changes in the polarization likeli-
hood at low multipoles. To test this robustness, instead of using
the WMAP polarization likelihood, we impose a Gaussian prior
⌧ = 0.07 ± 0.013 to take into account small shifts due to un-
certainties in residual foreground contamination or instrument
systematics in the evaluation of ⌧, as performed in Appendix B
of Planck Collaboration XVI (2013). We find at most a reduction
of 8% for the upper bound on r.

It is useful to plot the inflationary potentials in the ns–r plane
using the first two slow-roll parameters evaluated at the pivot
scale k⇤ = 0.002 Mpc�1 (Dodelson et al., 1997). Given our ig-
norance of the details of the epoch of entropy generation, we
assume that the number of e-folds N⇤ to the end of inflation lies
in the interval [50, 60]. This uncertainty is plotted for those po-
tentials predicting an exit from inflation without changing the
potential.

Fig. 1 shows the Planck constraints in the ns � r plane and
indicates the predictions of a number of representative inflation-
ary potentials. The sensitivity of Planck data to high multipoles
removes the degeneracy between ns and r found using WMAP
data. Planck data favour models with a concave potential. As
shown in Fig. 1, most of the joint 95% allowed region lies be-
low the convex potential limit, and concave models with a red
tilt in the range [0.945-0.98] are allowed by Planck at 95% CL.
In the following we consider the status of several illustrative and
commonly discussed inflationary potentials in light of the Planck
observations.

Power law potential and chaotic inflation

The simplest class of inflationary models is characterized by a
single monomial potential of the form

V(�) = �M4
pl

 

�

Mpl

!n

. (34)

This class of potentials includes the simplest chaotic models, in
which inflation starts from large values for the inflaton, � > Mpl.
Inflation ends by violation of the slow-roll regime, and we as-
sume this occurs at ✏V = 1. According to Eqs. 5, 6, and 15,
this class of potentials predicts to lowest order in slow-roll pa-
rameters ns � 1 ⇡ �n(n + 2)M2

pl/�
2⇤, r ⇡ 8n2M2

pl/�
2⇤, �2⇤ ⇡

nM2
pl(4N⇤ + n)/2. The ��4 model lies well outside of the joint

99.7% CL region in the ns � r plane. This result confirms pre-
vious findings from e.g., Hinshaw et al. (2012a) in which this
model is well outside the 95% CL for the WMAP 9-year data
and is further excluded by CMB data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-` data for
N⇤ . 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has ⌘V = 0 and lies within the
95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive
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HZ HZ + YP HZ + Ne↵ ⇤CDM
105⌦bh2 2296 ± 24 2296 ± 23 2285 ± 23 2205 ± 28
104⌦ch2 1088 ± 13 1158 ± 20 1298 ± 43 1199 ± 27
100 ✓MC 1.04292 ± 0.00054 1.04439 ± 0.00063 1.04052 ± 0.00067 1.04131 ± 0.00063
⌧ 0.125+0.016

�0.014 0.109+0.013
�0.014 0.105+0.014

�0.013 0.089+0.012
�0.014

ln
⇣

1010As

⌘

3.133+0.032
�0.028 3.137+0.027

�0.028 3.143+0.027
�0.026 3.089+0.024

�0.027
ns — — — 0.9603 ± 0.0073
Ne↵ — — 3.98 ± 0.19 —
YP — 0.3194 ± 0.013 — —
�2� ln(Lmax) 27.9 2.2 2.8 0

Table 3. Constraints on cosmological parameters and best-fit �2� ln(L) with respect to the standard ⇤CDM model, using
Planck+WP data, testing the significance of the deviation from the HZ model.
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& Stewart, 2001; Leach et al., 2002). In the Appendix, we per-
form a comparison of slow-roll inflationary predictions by sam-
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tained in this way agree with those derived by sampling the
power spectrum parameters. This confirms similar studies with
previous data (Hamann et al., 2008c; Finelli et al., 2010).
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ns = 0.9603 ± 0.0073. (32)
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including the WMAP 9-year constraint of r < 0.38 (Hinshaw
et al., 2012a), the WMAP7 + ACT limit of r < 0.28 (Sievers
et al., 2013), and the WMAP7 + SPT limit of r < 0.18 (Story
et al., 2012). The new bound from Planck is consistent with
the limit from temperature anisotropies alone (Knox & Turner,
1994). When a possible tensor component is included, the spec-
tral index from Planck+WP is not significantly changed, with
ns = 0.9624 ± 0.0075.
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, (33)
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This class of potentials includes the simplest chaotic models, in
which inflation starts from large values for the inflaton, � > Mpl.
Inflation ends by violation of the slow-roll regime, and we as-
sume this occurs at ✏V = 1. According to Eqs. 5, 6, and 15,
this class of potentials predicts to lowest order in slow-roll pa-
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99.7% CL region in the ns � r plane. This result confirms pre-
vious findings from e.g., Hinshaw et al. (2012a) in which this
model is well outside the 95% CL for the WMAP 9-year data
and is further excluded by CMB data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-` data for
N⇤ . 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has ⌘V = 0 and lies within the
95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
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: small perturbation

: almost scale-invariant

: unobserved yet

• Non-Gaussianity

: No evidence of non-G yet

- primordial tensor perturbation determines the initial amplitude of gravitational 
waves, whose oscillation begins at horizon entry

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Measurements of the temperature power spectrum can also
be used to constrain the amplitude of tensor modes. Although
such limits can appear to be much tighter than the limits from
B-mode measurements, it should be borne in mind that such lim-
its are indirect because they are derived within the context of a
particular theoretical model. In the rest of this subsection, we
will review temperature based limits on tensor modes and then
present the results from Planck.

Adding a tensor component to the base ⇤CDM model, the
WMAP 9-year results constrain r0.002 < 0.38 at 95% confidence
(Hinshaw et al. 2012). Including small-scale ACT and SPT data
this improves to r0.002 < 0.17, and to r0.002 < 0.12 with the
addition of BAO data. These limits are degraded substantially,
however, in models which allow running of the scalar spectral
index in addition to tensors. For such models, the WMAP data
give r0.002 < 0.50, and this limit is not significantly improved by
adding high resolution CMB and BAO data.

The precise determination of the fourth, fifth and sixth
acoustic peaks by Planck now largely breaks the degener-
acy between the primordial fluctuation parameters. For the
Planck+WP+highL likelihood we find

r0.002 < 0.11 (95%; no running), (64a)
r0.002 < 0.26 (95%; including running). (64b)

As shown in Figs. 21 and 23, the tensor amplitude is weakly cor-
related with the scalar spectral index; an increase in ns that could
match the first three peaks cannot fit the fourth and higher acous-
tic peak in the Planck spectrum. Likewise, the shape constraints
from the fourth and higher acoustic peaks give a reduction in
the correlations between a tensor mode and a running in the
spectral index, leading to significantly tighter limits than from
previous CMB experiments. These numbers in Eqs. (64a) and
(64b) are driven by the temperature spectrum and change very
little if we add non-CMB data such as BAO measurements. The
Planck limits are largely decoupled from assumptions about the
late-time evolution of the Universe and are close to the tightest
possible limits achievable from the temperature power spectrum
alone (Knox & Turner 1994; Knox 1995).

These limits on a tensor mode have profound implications
for inflationary cosmology. The limits translate directly to an up-
per limit on the energy scale of inflation,

V⇤ = (1.94 ⇥ 1016 GeV)4(r0.002/0.12) (65)

(Linde 1983; Lyth 1984), and to the parameters of “large-field”
inflation models. Slow-roll inflation driven by a power law po-
tential V(�) / �↵ o↵ers a simple example of large-field inflation.
The field values in such a model must necessarily exceed the
Planck scale mPl , and lead to a scalar spectral index and tensor
amplitude of

1 � ns ⇡ (↵ + 2)/2N, (66a)
r ⇡ 4↵/N, (66b)

where N is the number of e-foldings between the end of inflation
and the time that our present day Hubble scale crossed the infla-
tionary horizon (see e.g., Lyth & Riotto 1999). The 95% confi-
dence limits from the Planck data are now close to the predic-
tions of ↵ = 2 models for N ⇡ 50–60 e-folds (see Fig. 23).
Large-field models with quartic potentials (e.g., Linde 1982) are
now firmly excluded by CMB data. Planck constraints on power-
law and on broader classes of inflationary models are discussed
in detail in Planck Collaboration XXIV (2013). Improved lim-
its on B-modes will be required to further constrain high field
models of inflation.

6.2.3. Curvature

An explanation of the near flatness of our observed Universe
was one of the primary motivations for inflationary cosmology.
Inflationary models that allow a large number of e-foldings pre-
dict that our Universe should be very accurately spatially flat31.
Nevertheless, by introducing fine tunings it is possible to con-
struct inflation models with observationally interesting open ge-
ometries (e.g., Linde 1995; Bucher et al. 1995; Linde 1999) or
closed geometries (Linde 2003). Even more speculatively, there
has been interest in models with open geometries from consid-
erations of tunnelling events between metastable vacua within
a “string landscape” (Freivogel et al. 2006). Observational lim-
its on spatial curvature therefore o↵er important additional con-
straints on inflationary models and fundamental physics.

CMB temperature power spectrum measurements su↵er
from a well-known “geometrical degeneracy” (Bond et al. 1997;
Zaldarriaga et al. 1997). Models with identical primordial spec-
tra, physical matter densities and angular diameter distance to
the last scattering surface, will have almost identical CMB tem-
perature power spectra. This is a near perfect degeneracy (see
Fig. 25) and is broken only via the integrated Sachs-Wolfe (ISW)
e↵ect on large angular scales and gravitational lensing of the
CMB spectrum (Stompor & Efstathiou 1999). The geometrical
degeneracy can also be broken with the addition of probes of
late time physics, including BAO, Type Ia supernova, and mea-
surement of the Hubble constant (e.g., Spergel et al. 2007).

Recently, the detection of the gravitational lensing of the
CMB by ACT and SPT has been used to break the geomet-
rical degeneracy, by measuring the integrated matter potential
distribution. ACT constrained ⌦⇤ = 0.61 ± 0.29 (68% CL)
in Sherwin et al. (2011), with the updated analysis in Das et al.
(2013) giving ⌦K = �0.031 ± 0.026 (68% CL) (Sievers et al.
2013). The SPT lensing measurements combined with seven
year WMAP temperature spectrum improved this limit to ⌦K =
�0.0014 ± 0.017 (68 % CL) (van Engelen et al. 2012).

With Planck we detect gravitational lensing at
about 26� through the 4-point function (Sect. 5.1 and
Planck Collaboration XVII 2013). This strong detection of
gravitational lensing allows us to constrain the curvature to
percent level precision using observations of the CMB alone:

100⌦K = �4.2+4.3
�4.8 (95%; Planck+WP+highL); (67a)

100⌦K = �1.0+1.8
�1.9 (95%; Planck+lensing

+WP+highL). (67b)

These constraints are improved substantially by the addition
of BAO data. We then find

100⌦K = �0.05+0.65
�0.66 (95%; Planck+WP+highL+BAO), (68a)

100⌦K = �0.10+0.62
�0.65 (95%; Planck+lensing+WP

+highL+BAO). (68b)

These limits are consistent with (and slightly tighter than) the
results reported by Hinshaw et al. (2012) from combining the
nine-year WMAP data with high resolution CMB measurements
and BAO data. We find broadly similar results to Eqs. (68a) and
(68b) if the Riess et al. (2011) H0 measurement, or either of the
SNe compilations discussed in Sect. 5.4, are used in place of the
BAO measurements.

31The e↵ective curvature within our Hubble radius should then be of
the order of the amplitude of the curvature fluctuations generated during
inflation, ⌦K ⇠ O(10�5).
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Table 10. Separable template-fitting estimates of primordial fNL for
local, equilateral, orthogonal shapes, as obtained from SMICA fore-
ground cleaned maps, after marginalizing over the Poissonian point-
source bispectrum contribution and subtracting the ISW-lensing bias.
Uncertainties are 1�.

fNL

Local Equilateral Orthogonal

2.7 ± 5.8 �42 ± 75 �25 ± 39

Alternative geometries and non-trivial topologies have also
been analyzed (see (Planck Collaboration XXVI 2013) for more
details). The Bianchi VIIh models, including global rotation
and shear, have been constrained, with the vorticity parameter
!0 < 10�9H0 at 95 % confidence. Topological models are con-
strained by the lack of matched circles or other evidence of large-
scale correlation signatures, limiting the scale of the fundamen-
tal domain to the size of the diameter of the scattering surface in
a variety of specific models.

9.3. CMB polarization

The current data release and scientific results are based on CMB
temperature data only. Planck measures polarization from 30 to
353 GHz, and both Data Processing Centres routinely produce
polarization products. The analysis of polarization data is more
complicated than that of temperature data, and is therefore in a
less advanced state. There are several reasons for this: the re-
sponse of each detector to polarization is di�cult to calibrate
due to the lack of celestial standard sources; the amplitude of
the polarized CMB signal is low and astrophysical foregrounds
dominate over the CMB over the whole sky; and the detection
of polarized signals is subject to specific systematic e↵ects. An
example of the last of these is leakage of total intensity into the
polarization maps. This can occur because Planck measures po-
larization by di↵erentiating a common intensity mode from de-
tectors sensitive to linear polarization with di↵erent orientations,
and there are di↵erential calibration errors between pairs of de-
tectors. Nevertheless, strong polarized synchrotron and thermal
dust emission from the Galaxy are currently being imaged with
high significance (see Sect. 8.2.4).

These issues are not yet resolved at a level satisfactory
for cosmological analysis at large angular scales (` <100).
At smaller angular scales, however, systematic e↵ects are sub-
dominant and uncertainties are dominated by residual detector
noise. At high Galactic latitudes, CMB polarization is being
measured by Planck with unprecedented sensitivity at angular
scales smaller than a few degrees.

Planck’s capability to detect polarization is well illustrated
by the use of stacking to enhance the measurement of polariza-
tion around CMB peaks. Adiabatic scalar fluctuations predict
a specific polarization pattern around cold and hot spots, and
this pattern is what we seek to image. We used ILC estimates
(Eriksen et al. 2004) of the CMB I, Q, and U maps from 100
to 353 GHz, degraded to an HEALPix resolution of Nside = 512
and smoothed to 30 arc-minutes. After applying the Planck mask
used for component separation (Planck Collaboration XII 2013),
we find on the remaining 71 % of the sky 11 396 cold spots
and 10 468 hot spots, consistent with the ⇤CDM Planck best
fit model prediction (which anticipates 4⇡ fskyn̄peak = 11073 hot
and cold spots each). Around each of these temperature ex-
trema, we extract 5� ⇥ 5� square maps that we co-add to pro-

duce stacked maps for I, Q and U. Q and U stacked maps are
then rotated in the temperature extrema radial frame Qr(✓) and
Ur(✓) (Kamionkowski et al. 1997). In this reference frame the
standard model predicts Qr(✓) alternating between positive (ra-
dial polarization) and negative (tangential polarization) values
and Ur(✓) = 0.

Figure 27 shows the stacked I and Qr (Q in the radial frame)
maps for cold and hot spots, computed from the Planck data
and compared to the ⇤CDM Planck best fit. Measurements ex-
tracted from the stacked maps are in very good agreement with
the Planck best-fit model. The combined best fit amplitude is
0.999 ± 0.010 (68 % CL) leading to a statistical significance of
the detection larger than 95�.

The most interesting cosmological signal visible in polariza-
tion is the very large-scale (` < 10) E-mode peak due to reion-
ization, at a typical brightness level of 0.3 µK. At the present
stage of analysis, and with the data currently available, there are
unexplained residuals in the survey-to-survey di↵erence maps
that are comparable to or larger than an expected B-mode signal.
For these reasons, we are delaying the use of CMB polarization
measurements from Planck from cosmological analysis until we
have a firmer understanding and control of such systematic ef-
fects.

9.4. The ISW effect

In the spatially flat Universe clearly established by Planck, the
detection of the integrated Sachs-Wolfe (ISW) e↵ect provides
complementary evidence of the accelerated expansion of the uni-
verse, governed by some form of Dark Energy. The high sensitiv-
ity, high resolution and full-sky coverage of Planck has permit-
ted us, for the first time, to obtain evidence of the ISW directly
from CMB measurements, via the non-Gaussian signal induced
by the cross-correlation of the secondary anisotropies due to the
ISW itself and the lensing clearly detected by Planck (Planck
Collaboration XVII 2013). Following this approach, we report
an ISW detection of ⇡ 2.5� from the CMB alone.

In addition, we have also confirmed (Planck Collaboration
XIX 2013) the ISW signal by cross-correlating the clean CMB
maps produced by Planck with several galaxy catalogues, which
act as tracers of the gravitational potential. This standard tech-
nique provides an overall detection of ⇡ 3�, by combining in-
formation from all the surveys at the same time. This figure
is somewhat weaker than previous claims made from WMAP
data (e.g., Ho et al. 2008; Giannantonio et al. 2012). Di↵erences
do not seem to be related to the CMB data itself, but rather to the
way in which the uncertainties are computed and, especially, to
the characterization of the galaxy catalogues. A clear agreement
with previous detection claims (. 3�) using the NVSS data is
reported. The ISW amplitude estimation made with Planck is
in very good agreement with the theoretical expectation (which
depends on such characterizations), whereas deviations of more
than 1� were found in previous works. These results give sup-
port and robustness to our findings.

The ISW signal induced by isolated features in the large-
scale structure of the universe has also been studied. In par-
ticular, we have stacked the CMB fluctuations in the positions
of voids and super-clusters, showing a clear detection (above
3� and almost 3� for voids and clusters, respectively) of a
secondary anisotropy. The results are compatible with previous
claims made with WMAP data (Granett et al. 2008), and the
most likely origin of the secondary anisotropy is the time evolu-
tion of the gravitational potential associated to those structures.
However, the signal initially detected is at odds in scale and am-
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• We can break down the polarization 
field into two components which 
we call E and B modes. This is the 
spin-2 analog of the gradient/curl 
decomposition of a vector field.

• E modes are generated by density 
(scalar) perturbations via Thomson 
scattering.

• Additional vector modes are created 
by vortical motion of the matter at 
recombination - this is small

• B modes are generated by gravity 
waves (tensor perturbations) at last 
scattering or by gravitational 
lensing (which transforms E modes 
into B modes along the line of sight 
to us) later on. 
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E and B modes

28

E-mode

B-mode

Two flavors of CMB polarization:

Density perturbations: curl-free, “E-mode”
Gravity waves: curl, “B-mode”
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What is the origin of the polarization?

In the uniform Universe in thermal equilibrium, it is unpolarized.

Density perturbation

E-mode

Tensor perturbation

B-mode

Gravitational lensing

T-perturbation

T-perturbation

E-mode

B-modeE-mode*
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Quadrupole + Thomson scattering

25

Polarization is induced by Thomson 
scattering, either at decoupling or 
during a later epoch of reionization.
(No circular polarization, i.e. V=0)

E-mode
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Figure 13: Effects of scalar perturbations: CTE
l compared with CTT

l [1]. Zeroes of CTE
l approximately

coincide with maxima and minima of CTT
l and vice versa.

Figure 14: The effect of scalar perturbations (left panel) and gravity waves (right panel) on CMB [18].
Primordial scalar and tensor spectra are assumed to be flat. The relative normalization is arbitrary.

7 Summary

To summarize, measurements of the CMB temperature anisotropy and polarization is a powerful tool
in cosmology. Combined with other methods, they are capable of determining with high precision the
cosmological parameters characterizing the recent Universe and revealing the properties of the primor-
dial perturbations. The current picture of the Universe is quite simple. As to the recent Universe, the
data are consistent with the spatially flat ⇤CDM model whose ingredients are time-independent dark
energy density, cold dark matter, baryons, electrons, photons and fairly light neutrinos (m⌫ < 0.2 eV
for each of the neutrino species). Known properties of scalar perturbations are also simple: they
were generated before the hot Big Bang epoch, have no decaying super-horizon modes, are adiabatic,

25

Density perturbation Tensor perturbation

Challinor  

ζ hij

We predict the following power spectra for scalar and tensor perturbations:

B-modes are unique to tensors.

Density perturbation Tensor perturbation

Challinor  

ζ hij

We predict the following power spectra for scalar and tensor perturbations:

B-modes are unique to tensors.

Density perturbation Tensor perturbation
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Tensor fluctuations
: polarization data (B-mode) in 2014 December?
: temperature alone can constrain the amplitude of tensor modes indirectly
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Measurements of the temperature power spectrum can also
be used to constrain the amplitude of tensor modes. Although
such limits can appear to be much tighter than the limits from
B-mode measurements, it should be borne in mind that such lim-
its are indirect because they are derived within the context of a
particular theoretical model. In the rest of this subsection, we
will review temperature based limits on tensor modes and then
present the results from Planck.

Adding a tensor component to the base ⇤CDM model, the
WMAP 9-year results constrain r0.002 < 0.38 at 95% confidence
(Hinshaw et al. 2012). Including small-scale ACT and SPT data
this improves to r0.002 < 0.17, and to r0.002 < 0.12 with the
addition of BAO data. These limits are degraded substantially,
however, in models which allow running of the scalar spectral
index in addition to tensors. For such models, the WMAP data
give r0.002 < 0.50, and this limit is not significantly improved by
adding high resolution CMB and BAO data.

The precise determination of the fourth, fifth and sixth
acoustic peaks by Planck now largely breaks the degener-
acy between the primordial fluctuation parameters. For the
Planck+WP+highL likelihood we find

r0.002 < 0.11 (95%; no running), (64a)
r0.002 < 0.26 (95%; including running). (64b)

As shown in Figs. 21 and 23, the tensor amplitude is weakly cor-
related with the scalar spectral index; an increase in ns that could
match the first three peaks cannot fit the fourth and higher acous-
tic peak in the Planck spectrum. Likewise, the shape constraints
from the fourth and higher acoustic peaks give a reduction in
the correlations between a tensor mode and a running in the
spectral index, leading to significantly tighter limits than from
previous CMB experiments. These numbers in Eqs. (64a) and
(64b) are driven by the temperature spectrum and change very
little if we add non-CMB data such as BAO measurements. The
Planck limits are largely decoupled from assumptions about the
late-time evolution of the Universe and are close to the tightest
possible limits achievable from the temperature power spectrum
alone (Knox & Turner 1994; Knox 1995).

These limits on a tensor mode have profound implications
for inflationary cosmology. The limits translate directly to an up-
per limit on the energy scale of inflation,

V⇤ = (1.94 ⇥ 1016 GeV)4(r0.002/0.12) (65)

(Linde 1983; Lyth 1984), and to the parameters of “large-field”
inflation models. Slow-roll inflation driven by a power law po-
tential V(�) / �↵ o↵ers a simple example of large-field inflation.
The field values in such a model must necessarily exceed the
Planck scale mPl , and lead to a scalar spectral index and tensor
amplitude of

1 � ns ⇡ (↵ + 2)/2N, (66a)
r ⇡ 4↵/N, (66b)

where N is the number of e-foldings between the end of inflation
and the time that our present day Hubble scale crossed the infla-
tionary horizon (see e.g., Lyth & Riotto 1999). The 95% confi-
dence limits from the Planck data are now close to the predic-
tions of ↵ = 2 models for N ⇡ 50–60 e-folds (see Fig. 23).
Large-field models with quartic potentials (e.g., Linde 1982) are
now firmly excluded by CMB data. Planck constraints on power-
law and on broader classes of inflationary models are discussed
in detail in Planck Collaboration XXIV (2013). Improved lim-
its on B-modes will be required to further constrain high field
models of inflation.

6.2.3. Curvature

An explanation of the near flatness of our observed Universe
was one of the primary motivations for inflationary cosmology.
Inflationary models that allow a large number of e-foldings pre-
dict that our Universe should be very accurately spatially flat31.
Nevertheless, by introducing fine tunings it is possible to con-
struct inflation models with observationally interesting open ge-
ometries (e.g., Linde 1995; Bucher et al. 1995; Linde 1999) or
closed geometries (Linde 2003). Even more speculatively, there
has been interest in models with open geometries from consid-
erations of tunnelling events between metastable vacua within
a “string landscape” (Freivogel et al. 2006). Observational lim-
its on spatial curvature therefore o↵er important additional con-
straints on inflationary models and fundamental physics.

CMB temperature power spectrum measurements su↵er
from a well-known “geometrical degeneracy” (Bond et al. 1997;
Zaldarriaga et al. 1997). Models with identical primordial spec-
tra, physical matter densities and angular diameter distance to
the last scattering surface, will have almost identical CMB tem-
perature power spectra. This is a near perfect degeneracy (see
Fig. 25) and is broken only via the integrated Sachs-Wolfe (ISW)
e↵ect on large angular scales and gravitational lensing of the
CMB spectrum (Stompor & Efstathiou 1999). The geometrical
degeneracy can also be broken with the addition of probes of
late time physics, including BAO, Type Ia supernova, and mea-
surement of the Hubble constant (e.g., Spergel et al. 2007).

Recently, the detection of the gravitational lensing of the
CMB by ACT and SPT has been used to break the geomet-
rical degeneracy, by measuring the integrated matter potential
distribution. ACT constrained ⌦⇤ = 0.61 ± 0.29 (68% CL)
in Sherwin et al. (2011), with the updated analysis in Das et al.
(2013) giving ⌦K = �0.031 ± 0.026 (68% CL) (Sievers et al.
2013). The SPT lensing measurements combined with seven
year WMAP temperature spectrum improved this limit to ⌦K =
�0.0014 ± 0.017 (68 % CL) (van Engelen et al. 2012).

With Planck we detect gravitational lensing at
about 26� through the 4-point function (Sect. 5.1 and
Planck Collaboration XVII 2013). This strong detection of
gravitational lensing allows us to constrain the curvature to
percent level precision using observations of the CMB alone:

100⌦K = �4.2+4.3
�4.8 (95%; Planck+WP+highL); (67a)

100⌦K = �1.0+1.8
�1.9 (95%; Planck+lensing

+WP+highL). (67b)

These constraints are improved substantially by the addition
of BAO data. We then find

100⌦K = �0.05+0.65
�0.66 (95%; Planck+WP+highL+BAO), (68a)

100⌦K = �0.10+0.62
�0.65 (95%; Planck+lensing+WP

+highL+BAO). (68b)

These limits are consistent with (and slightly tighter than) the
results reported by Hinshaw et al. (2012) from combining the
nine-year WMAP data with high resolution CMB measurements
and BAO data. We find broadly similar results to Eqs. (68a) and
(68b) if the Riess et al. (2011) H0 measurement, or either of the
SNe compilations discussed in Sect. 5.4, are used in place of the
BAO measurements.

31The e↵ective curvature within our Hubble radius should then be of
the order of the amplitude of the curvature fluctuations generated during
inflation, ⌦K ⇠ O(10�5).
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Fig. 22. The Planck power spectrum of Fig. 10 plotted as `2D`
against multipole, compared to the best-fit base ⇤CDM model
with ns = 0.96 (red dashed line). The best-fit base ⇤CDM model
with ns constrained to unity is shown by the blue line.

Our extensive grid of models allows us to investigate cor-
relations of the spectral index with a number of cosmological
parameters beyond those of the base ⇤CDM model (see Figs.
21 and 24). As expected, ns is uncorrelated with parameters de-
scribing late-time physics, including the neutrino mass, geom-
etry, and the equation of state of dark energy. The remaining
correlations are with parameters that a↵ect the evolution of the
early Universe, including the number of relativistic species, or
the helium fraction. This is illustrated in Fig. 24: modifying the
standard model by increasing the number of neutrinos species,
or the helium fraction, has the e↵ect of damping the small-scale
power spectrum. This can be partially compensated by an in-
crease in the spectral index. However, an increase in the neu-
trino species must be accompanied by an increased matter den-
sity to maintain the peak positions. A measurement of the matter
density from the BAO measurements helps to break this degen-
eracy. This is clearly seen in the upper panel of Fig. 24, which
shows the improvement in the constraints when BAO measure-
ments are added to the Planck+WP+highL likelihood. With the
addition of BAO measurements we find more than a 3� devi-
ation from ns = 1 even in this extended model, with a best-fit
value of ns = 0.969 ± 0.010 for varying relativistic species. As
discussed in Sect. 6.3, we see no evidence from the Planck data
for non-standard neutrino physics.

The simplest single-field inflationary models predict that the
running of the spectral index should be of second order in infla-
tionary slow-roll parameters and therefore small [dns/d ln k ⇠
(ns � 1)2], typically about an order of magnitude below the
sensitivity limit of Planck (see e.g., Kosowsky & Turner 1995;
Baumann et al. 2009). Nevertheless, it is easy to construct in-
flationary models that have a larger scale dependence (e.g., by
adjusting the third derivative of the inflaton potential) and so it
is instructive to use the Planck data to constrain dns/d ln k. A
test for dns/d ln k is of particularly interest given the results from
previous CMB experiments.

Early results from WMAP suggested a preference for a nega-
tive running at the 1–2� level. In the final 9-year WMAP analy-
sis no significant running was seen using WMAP data alone, with
dns/d ln k = �0.019 ± 0.025 (68% confidence; Hinshaw et al.
2012. Combining WMAP data with the first data releases from
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Fig. 23. Upper: Posterior distribution for ns for the base ⇤CDM
model (black) compared to the posterior when a tensor compo-
nent and running scalar spectral index are added to the model
(red) Middle: Constraints (68% and 95%) in the ns–dns/d ln k
plane for ⇤CDM models with running (blue) and additionally
with tensors (red). Lower: Constraints (68% and 95%) on ns and
the tensor-to-scalar ratio r0.002 for ⇤CDM models with tensors
(blue) and additionally with running of the spectral index (red).
The dotted line show the expected relation between r and ns for
a V(�) / �2 inflationary potential (Eqs. 66a and 66b); here N is
the number of inflationary e-foldings as defined in the text. The
dotted line should be compared to the blue contours, since this
model predicts negligible running. All of these results use the
Planck+WP+highL data combination.
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HZ HZ + YP HZ + Ne↵ ⇤CDM
105⌦bh2 2296 ± 24 2296 ± 23 2285 ± 23 2205 ± 28
104⌦ch2 1088 ± 13 1158 ± 20 1298 ± 43 1199 ± 27
100 ✓MC 1.04292 ± 0.00054 1.04439 ± 0.00063 1.04052 ± 0.00067 1.04131 ± 0.00063
⌧ 0.125+0.016

�0.014 0.109+0.013
�0.014 0.105+0.014

�0.013 0.089+0.012
�0.014

ln
⇣

1010As

⌘

3.133+0.032
�0.028 3.137+0.027

�0.028 3.143+0.027
�0.026 3.089+0.024

�0.027
ns — — — 0.9603 ± 0.0073
Ne↵ — — 3.98 ± 0.19 —
YP — 0.3194 ± 0.013 — —
�2� ln(Lmax) 27.9 2.2 2.8 0

Table 3. Constraints on cosmological parameters and best-fit �2� ln(L) with respect to the standard ⇤CDM model, using
Planck+WP data, testing the significance of the deviation from the HZ model.

Sampling the power spectrum parameters As, ns, and r is
not the only method for constraining slow roll inflation. Another
possibility is to sample the HFF in the analytic expressions for
the scalar and tensor power spectra (Stewart & Lyth, 1993; Gong
& Stewart, 2001; Leach et al., 2002). In the Appendix, we per-
form a comparison of slow-roll inflationary predictions by sam-
pling the HFF with Planck data, and show that the results ob-
tained in this way agree with those derived by sampling the
power spectrum parameters. This confirms similar studies with
previous data (Hamann et al., 2008c; Finelli et al., 2010).

The spectral index estimated from Planck+WP data is

ns = 0.9603 ± 0.0073. (32)

This tight bound on ns is crucial for constraining inflation. The
Planck constraint on r depends slightly on the pivot scale; we
adopt k⇤ = 0.002 Mpc�1 to quote our result, with r0.002 < 0.12
at 95% CL. This bound improves on the most recent results,
including the WMAP 9-year constraint of r < 0.38 (Hinshaw
et al., 2012a), the WMAP7 + ACT limit of r < 0.28 (Sievers
et al., 2013), and the WMAP7 + SPT limit of r < 0.18 (Story
et al., 2012). The new bound from Planck is consistent with
the limit from temperature anisotropies alone (Knox & Turner,
1994). When a possible tensor component is included, the spec-
tral index from Planck+WP is not significantly changed, with
ns = 0.9624 ± 0.0075.

The Planck constraint on r corresponds to an upper bound
on the energy scale of inflation

V⇤ =
3⇡2As

2
r M4

pl = (1.94 ⇥ 1016 GeV)4 r⇤
0.12

, (33)

at 95% CL. This is equivalent to an upper bound on the Hubble
parameter during inflation of H⇤/Mpl < 3.7 ⇥ 10�5. In terms of
slow-roll parameters, Planck+WP constraints imply ✏V < 0.008
at 95% CL, and ⌘V = �0.010+0.005

�0.011.
The Planck results on ns and r are robust to the addition

of external data sets (see Table 4). When the high-` CMB
ACT+SPT data are added, we obtain ns = 0.9600 ± 0.0072 and
r0.002 < 0.11 at 95% CL. Including the Planck lensing likeli-
hood gives ns = 0.9653 ± 0.0069 and r0.002 < 0.13, and adding
BAO data gives ns = 0.9643 ± 0.0059 and r0.002 < 0.12. These
bounds are robust to the small changes in the polarization likeli-
hood at low multipoles. To test this robustness, instead of using
the WMAP polarization likelihood, we impose a Gaussian prior
⌧ = 0.07 ± 0.013 to take into account small shifts due to un-
certainties in residual foreground contamination or instrument
systematics in the evaluation of ⌧, as performed in Appendix B
of Planck Collaboration XVI (2013). We find at most a reduction
of 8% for the upper bound on r.

It is useful to plot the inflationary potentials in the ns–r plane
using the first two slow-roll parameters evaluated at the pivot
scale k⇤ = 0.002 Mpc�1 (Dodelson et al., 1997). Given our ig-
norance of the details of the epoch of entropy generation, we
assume that the number of e-folds N⇤ to the end of inflation lies
in the interval [50, 60]. This uncertainty is plotted for those po-
tentials predicting an exit from inflation without changing the
potential.

Fig. 1 shows the Planck constraints in the ns � r plane and
indicates the predictions of a number of representative inflation-
ary potentials. The sensitivity of Planck data to high multipoles
removes the degeneracy between ns and r found using WMAP
data. Planck data favour models with a concave potential. As
shown in Fig. 1, most of the joint 95% allowed region lies be-
low the convex potential limit, and concave models with a red
tilt in the range [0.945-0.98] are allowed by Planck at 95% CL.
In the following we consider the status of several illustrative and
commonly discussed inflationary potentials in light of the Planck
observations.

Power law potential and chaotic inflation

The simplest class of inflationary models is characterized by a
single monomial potential of the form

V(�) = �M4
pl

 

�

Mpl

!n

. (34)

This class of potentials includes the simplest chaotic models, in
which inflation starts from large values for the inflaton, � > Mpl.
Inflation ends by violation of the slow-roll regime, and we as-
sume this occurs at ✏V = 1. According to Eqs. 5, 6, and 15,
this class of potentials predicts to lowest order in slow-roll pa-
rameters ns � 1 ⇡ �n(n + 2)M2

pl/�
2⇤, r ⇡ 8n2M2

pl/�
2⇤, �2⇤ ⇡

nM2
pl(4N⇤ + n)/2. The ��4 model lies well outside of the joint

99.7% CL region in the ns � r plane. This result confirms pre-
vious findings from e.g., Hinshaw et al. (2012a) in which this
model is well outside the 95% CL for the WMAP 9-year data
and is further excluded by CMB data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-` data for
N⇤ . 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has ⌘V = 0 and lies within the
95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive

with tensor
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HZ HZ + YP HZ + Ne↵ ⇤CDM
105⌦bh2 2296 ± 24 2296 ± 23 2285 ± 23 2205 ± 28
104⌦ch2 1088 ± 13 1158 ± 20 1298 ± 43 1199 ± 27
100 ✓MC 1.04292 ± 0.00054 1.04439 ± 0.00063 1.04052 ± 0.00067 1.04131 ± 0.00063
⌧ 0.125+0.016

�0.014 0.109+0.013
�0.014 0.105+0.014

�0.013 0.089+0.012
�0.014

ln
⇣

1010As

⌘

3.133+0.032
�0.028 3.137+0.027

�0.028 3.143+0.027
�0.026 3.089+0.024

�0.027
ns — — — 0.9603 ± 0.0073
Ne↵ — — 3.98 ± 0.19 —
YP — 0.3194 ± 0.013 — —
�2� ln(Lmax) 27.9 2.2 2.8 0

Table 3. Constraints on cosmological parameters and best-fit �2� ln(L) with respect to the standard ⇤CDM model, using
Planck+WP data, testing the significance of the deviation from the HZ model.

Sampling the power spectrum parameters As, ns, and r is
not the only method for constraining slow roll inflation. Another
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the scalar and tensor power spectra (Stewart & Lyth, 1993; Gong
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The spectral index estimated from Planck+WP data is

ns = 0.9603 ± 0.0073. (32)
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tral index from Planck+WP is not significantly changed, with
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The Planck constraint on r corresponds to an upper bound
on the energy scale of inflation

V⇤ =
3⇡2As

2
r M4

pl = (1.94 ⇥ 1016 GeV)4 r⇤
0.12

, (33)

at 95% CL. This is equivalent to an upper bound on the Hubble
parameter during inflation of H⇤/Mpl < 3.7 ⇥ 10�5. In terms of
slow-roll parameters, Planck+WP constraints imply ✏V < 0.008
at 95% CL, and ⌘V = �0.010+0.005

�0.011.
The Planck results on ns and r are robust to the addition

of external data sets (see Table 4). When the high-` CMB
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of Planck Collaboration XVI (2013). We find at most a reduction
of 8% for the upper bound on r.
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V(�) = �M4
pl

 

�

Mpl

!n

. (34)

This class of potentials includes the simplest chaotic models, in
which inflation starts from large values for the inflaton, � > Mpl.
Inflation ends by violation of the slow-roll regime, and we as-
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rameters ns � 1 ⇡ �n(n + 2)M2

pl/�
2⇤, r ⇡ 8n2M2

pl/�
2⇤, �2⇤ ⇡

nM2
pl(4N⇤ + n)/2. The ��4 model lies well outside of the joint

99.7% CL region in the ns � r plane. This result confirms pre-
vious findings from e.g., Hinshaw et al. (2012a) in which this
model is well outside the 95% CL for the WMAP 9-year data
and is further excluded by CMB data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-` data for
N⇤ . 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has ⌘V = 0 and lies within the
95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive
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Model Parameter Planck+WP Planck+WP+lensing Planck + WP+high-` Planck+WP+BAO

⇤CDM + tensor ns 0.9624 ± 0.0075 0.9653 ± 0.0069 0.9600 ± 0.0071 0.9643 + 0.0059
r0.002 < 0.12 < 0.13 < 0.11 < 0.12

�2� lnLmax 0 0 0 -0.31

Table 4. Constraints on the primordial perturbation parameters in the ⇤CDM+r model from Planck combined with other data sets.
The constraints are given at the pivot scale k⇤ = 0.002 Mpc�1.

Fig. 1. Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination with other data sets compared to
the theoretical predictions of selected inflationary models.

reheating priors allowing N⇤ < 50 could reconcile this model
with the Planck data.

Exponential potential and power law inflation

Inflation with an exponential potential

V(�) = ⇤4 exp
 

�� �
Mpl

!

(35)

is called power law inflation (Lucchin & Matarrese, 1985),
because the exact solution for the scale factor is given by
a(t) / t2/�2 . This model is incomplete, since inflation would
not end without an additional mechanism to stop it. Assuming
such a mechanism exists and leaves predictions for cosmo-
logical perturbations unmodified, this class of models predicts
r = �8(ns � 1) and is now outside the joint 99.7% CL contour.

Inverse power law potential

Intermediate models (Barrow, 1990; Muslimov, 1990) with in-
verse power law potentials

V(�) = ⇤4
 

�

Mpl

!��
(36)

lead to inflation with a(t) / exp(At f ), with A > 0 and 0 < f < 1,
where f = 4/(4 + �) and � > 0. In intermediate inflation there
is no natural end to inflation, but if the exit mechanism leaves
the inflationary predictions on cosmological perturbations un-
modified, this class of models predicts r ⇡ �8�(ns � 1)/(� � 2)
(Barrow & Liddle, 1993). It is disfavoured, being outside the
joint 95% CL contour for any �.

Hill-top models

In another interesting class of potentials, the inflaton rolls away
from an unstable equilibrium as in the first new inflationary mod-
els (Albrecht & Steinhardt, 1982; Linde, 1982). We consider

V(�) ⇡ ⇤4
 

1 � �
p

µp + ...

!

, (37)

where the ellipsis indicates higher order terms negligible during
inflation, but needed to ensure the positiveness of the potential
later on. An exponent of p = 2 is allowed only as a large field
inflationary model and predicts ns � 1 ⇡ �4M2

pl/µ
2 + 3r/8 and

r ⇡ 32�2⇤M2
pl/µ

4. This potential leads to predictions in agree-
ment with Planck+WP+BAO joint 95% CL contours for super-
Planckian values of µ, i.e., µ & 9 Mpl.

Models with p � 3 predict ns � 1 ⇡ �(2/N)(p � 1)/(p � 2)
when r ⇠ 0. The hill-top potential with p = 3 lies outside the
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2.1.2. Ionization history

To make accurate predictions for the CMB power spectra, the
background ionization history has to be calculated to high ac-
curacy. Although the main processes that lead to recombina-
tion at z ⇡ 1090 are well understood, cosmological param-
eters from Planck can be sensitive to sub-percent di↵erences
in the ionization fraction xe (Hu et al. 1995; Lewis et al. 2006;
Rubino-Martin et al. 2009; Shaw & Chluba 2011). The process
of recombination takes the Universe from a state of fully ion-
ized hydrogen and helium in the early Universe, through to the
completion of recombination with residual fraction xe ⇠ 10�4.
Sensitivity of the CMB power spectrum to xe enters through
changes to the sound horizon at recombination, from changes
in the timing of recombination, and to the detailed shape of the
recombination transition, which a↵ects the thickness of the last-
scattering surface and hence the amount of small-scale di↵usion
(Silk) damping, polarization, and line-of-sight averaging of the
perturbations.

Since the pioneering work of Peebles (1968) and
Zeldovich et al. (1969), which identified the main physical
processes involved in recombination, there has been signif-
icant progress in numerically modelling the many relevant
atomic transitions and processes that can a↵ect the details of
the recombination process (Hu et al. 1995; Seager et al. 2000;
Wong et al. 2008; Hirata & Switzer 2008; Switzer & Hirata
2008; Rubino-Martin et al. 2009; Chluba & Thomas 2011;
Ali-Haimoud & Hirata 2011). In recent years a consen-
sus has emerged between the results of two multi-level
atom codes HyRec5 (Switzer & Hirata 2008; Hirata 2008;
Ali-Haimoud & Hirata 2011), and CosmoRec6 (Chluba et al.
2010; Chluba & Thomas 2011), demonstrating agreement at a
level better than that required for Planck (di↵erences less that
4 ⇥ 10�4 in the predicted temperature power spectra on small
scales).

These recombination codes are remarkably fast, given the
complexity of the calculation. However, the recombination his-
tory can be computed even more rapidly by using the sim-
ple e↵ective three-level atom model developed by Seager et al.
(2000) and implemented in the recfast code7, with appropri-
ately chosen small correction functions calibrated to the full
numerical results (Wong et al. 2008; Rubino-Martin et al. 2009;
Shaw & Chluba 2011). We use recfast in our baseline param-
eter analysis, with correction functions adjusted so that the pre-
dicted power spectra C` agree with those from the latest ver-
sions of HyRec (January 2012) and CosmoRec (v2) to better than
0.05%8. We have confirmed, using importance sampling, that
cosmological parameter constraints using recfast are consis-
tent with those using CosmoRec at the 0.05� level. Since the re-
sults of the Planck parameter analysis are crucially dependent on
the accuracy of the recombination history, we have also checked,
following Lewis et al. (2006), that there is no strong evidence for
simple deviations from the assumed history. However, we note
that any deviation from the assumed history could significantly
shift parameters compared to the results presented here and we
have not performed a detailed sensitivity analysis.

The background recombination model should accurately
capture the ionization history until the Universe is reionized
at late times via ultra-violet photons from stars and/or active

5http://www.sns.ias.edu/˜yacine/hyrec/hyrec.html
6http://www.chluba.de/CosmoRec/
7http://www.astro.ubc.ca/people/scott/recfast.html
8The updated recfast used here in the baseline model is publicly

available as version 1.5.2 and is the default in camb as of October 2012.

galactic nuclei. We approximate reionization as being relatively
sharp, with the mid-point parameterized by a redshift zre (where
xe = f /2) and width parameter �zre = 0.5. Hydrogen reion-
ization and the first reionization of helium are assumed to oc-
cur simultaneously, so that when reionization is complete xe =
f ⌘ 1 + fHe ⇡ 1.08 (Lewis 2008), where fHe is the helium-
to-hydrogen ratio by number. In this parameterization, the opti-
cal depth is almost independent of �zre and the only impact of
the specific functional form on cosmological parameters comes
from very small changes to the shape of the polarization power
spectrum on large angular scales. The second reionization of he-
lium (i.e., He+ ! He++) produces very small changes to the
power spectra (�⌧ ⇠ 0.001, where ⌧ is the optical depth to
Thomson scattering) and does not need to be modelled in detail.
We include the second reionization of helium at a fixed redshift
of z = 3.5 (consistent with observations of Lyman-↵ forest lines
in quasar spectra, e.g., Becker et al. 2011), which is su�ciently
accurate for the parameter analyses described in this paper.

2.1.3. Initial conditions

In our baseline model we assume purely adiabatic scalar per-
turbations at very early times, with a (dimensionless) curvature
power spectrum parameterized by

PR(k) = As

 
k
k0

!ns�1+(1/2)(dns/d ln k) ln(k/k0)

, (2)

with ns and dns/d ln k taken to be constant. For most of this
paper we shall assume no “running”, i.e., a power-law spec-
trum with dns/d ln k = 0. The pivot scale, k0, is chosen to be
k0 = 0.05 Mpc�1, roughly in the middle of the logarithmic range
of scales probed by Planck. With this choice, ns is not strongly
degenerate with the amplitude parameter As.

The amplitude of the small-scale linear CMB power spec-
trum is proportional to e�2⌧As. Because Planck measures this
amplitude very accurately there is a tight linear constraint be-
tween ⌧ and ln As (see Sect. 3.4). For this reason we usually use
ln As as a base parameter with a flat prior, which has a signifi-
cantly more Gaussian posterior than As. A linear parameter re-
definition then also allows the degeneracy between ⌧ and As to be
explored e�ciently. (The degeneracy between ⌧ and As is broken
by the relative amplitudes of large-scale temperature and polar-
ization CMB anisotropies and by the non-linear e↵ect of CMB
lensing.)

We shall also consider extended models with a significant
amplitude of primordial gravitational waves (tensor modes).
Throughout this paper, the (dimensionless) tensor mode spec-
trum is parameterized as a power-law with9

Pt(k) = At

 
k
k0

!nt

. (3)

We define r0.05 ⌘ At/As, the primordial tensor-to-scalar ratio at
k = k0. Our constraints are only weakly sensitive to the tensor
spectral index, nt (which is assumed to be close to zero), and
we adopt the theoretically motivated single-field inflation con-
sistency relation nt = �r0.05/8, rather than varying nt indepen-
dently. We put a flat prior on r0.05, but also report the constraint
at k = 0.002 Mpc�1 (denoted r0.002), which is closer to the scale

9For a transverse-traceless spatial tensor Hi j, the tensor part of the
metric is ds2 = a2[d⌘2 � (�i j + 2Hi j)dxidx j], and Pt is defined so that
Pt(k) = @ln kh2Hi j2Hi ji.
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To make accurate predictions for the CMB power spectra, the
background ionization history has to be calculated to high ac-
curacy. Although the main processes that lead to recombina-
tion at z ⇡ 1090 are well understood, cosmological param-
eters from Planck can be sensitive to sub-percent di↵erences
in the ionization fraction xe (Hu et al. 1995; Lewis et al. 2006;
Rubino-Martin et al. 2009; Shaw & Chluba 2011). The process
of recombination takes the Universe from a state of fully ion-
ized hydrogen and helium in the early Universe, through to the
completion of recombination with residual fraction xe ⇠ 10�4.
Sensitivity of the CMB power spectrum to xe enters through
changes to the sound horizon at recombination, from changes
in the timing of recombination, and to the detailed shape of the
recombination transition, which a↵ects the thickness of the last-
scattering surface and hence the amount of small-scale di↵usion
(Silk) damping, polarization, and line-of-sight averaging of the
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Since the pioneering work of Peebles (1968) and
Zeldovich et al. (1969), which identified the main physical
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atom codes HyRec5 (Switzer & Hirata 2008; Hirata 2008;
Ali-Haimoud & Hirata 2011), and CosmoRec6 (Chluba et al.
2010; Chluba & Thomas 2011), demonstrating agreement at a
level better than that required for Planck (di↵erences less that
4 ⇥ 10�4 in the predicted temperature power spectra on small
scales).

These recombination codes are remarkably fast, given the
complexity of the calculation. However, the recombination his-
tory can be computed even more rapidly by using the sim-
ple e↵ective three-level atom model developed by Seager et al.
(2000) and implemented in the recfast code7, with appropri-
ately chosen small correction functions calibrated to the full
numerical results (Wong et al. 2008; Rubino-Martin et al. 2009;
Shaw & Chluba 2011). We use recfast in our baseline param-
eter analysis, with correction functions adjusted so that the pre-
dicted power spectra C` agree with those from the latest ver-
sions of HyRec (January 2012) and CosmoRec (v2) to better than
0.05%8. We have confirmed, using importance sampling, that
cosmological parameter constraints using recfast are consis-
tent with those using CosmoRec at the 0.05� level. Since the re-
sults of the Planck parameter analysis are crucially dependent on
the accuracy of the recombination history, we have also checked,
following Lewis et al. (2006), that there is no strong evidence for
simple deviations from the assumed history. However, we note
that any deviation from the assumed history could significantly
shift parameters compared to the results presented here and we
have not performed a detailed sensitivity analysis.

The background recombination model should accurately
capture the ionization history until the Universe is reionized
at late times via ultra-violet photons from stars and/or active
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galactic nuclei. We approximate reionization as being relatively
sharp, with the mid-point parameterized by a redshift zre (where
xe = f /2) and width parameter �zre = 0.5. Hydrogen reion-
ization and the first reionization of helium are assumed to oc-
cur simultaneously, so that when reionization is complete xe =
f ⌘ 1 + fHe ⇡ 1.08 (Lewis 2008), where fHe is the helium-
to-hydrogen ratio by number. In this parameterization, the opti-
cal depth is almost independent of �zre and the only impact of
the specific functional form on cosmological parameters comes
from very small changes to the shape of the polarization power
spectrum on large angular scales. The second reionization of he-
lium (i.e., He+ ! He++) produces very small changes to the
power spectra (�⌧ ⇠ 0.001, where ⌧ is the optical depth to
Thomson scattering) and does not need to be modelled in detail.
We include the second reionization of helium at a fixed redshift
of z = 3.5 (consistent with observations of Lyman-↵ forest lines
in quasar spectra, e.g., Becker et al. 2011), which is su�ciently
accurate for the parameter analyses described in this paper.
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turbations at very early times, with a (dimensionless) curvature
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with ns and dns/d ln k taken to be constant. For most of this
paper we shall assume no “running”, i.e., a power-law spec-
trum with dns/d ln k = 0. The pivot scale, k0, is chosen to be
k0 = 0.05 Mpc�1, roughly in the middle of the logarithmic range
of scales probed by Planck. With this choice, ns is not strongly
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The amplitude of the small-scale linear CMB power spec-
trum is proportional to e�2⌧As. Because Planck measures this
amplitude very accurately there is a tight linear constraint be-
tween ⌧ and ln As (see Sect. 3.4). For this reason we usually use
ln As as a base parameter with a flat prior, which has a signifi-
cantly more Gaussian posterior than As. A linear parameter re-
definition then also allows the degeneracy between ⌧ and As to be
explored e�ciently. (The degeneracy between ⌧ and As is broken
by the relative amplitudes of large-scale temperature and polar-
ization CMB anisotropies and by the non-linear e↵ect of CMB
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We shall also consider extended models with a significant
amplitude of primordial gravitational waves (tensor modes).
Throughout this paper, the (dimensionless) tensor mode spec-
trum is parameterized as a power-law with9
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We define r0.05 ⌘ At/As, the primordial tensor-to-scalar ratio at
k = k0. Our constraints are only weakly sensitive to the tensor
spectral index, nt (which is assumed to be close to zero), and
we adopt the theoretically motivated single-field inflation con-
sistency relation nt = �r0.05/8, rather than varying nt indepen-
dently. We put a flat prior on r0.05, but also report the constraint
at k = 0.002 Mpc�1 (denoted r0.002), which is closer to the scale

9For a transverse-traceless spatial tensor Hi j, the tensor part of the
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FIG. 13.— Indirect constraints on r from CMB temperature spectrum mea-
surements relax in the context of various model extensions. Shown here is
one example, following Planck Collaboration XVI (2013) Figure 23, where
tensors and running of the scalar spectral index are added to the base ⇤CDM
model. The contours show the resulting 68% and 95% confidence regions
for r and the scalar spectral index ns when also allowing running. The red
contours are for the “Planck+WP+highL” data combination, which for this
model extension gives a 95% bound r < 0.26 (Planck Collaboration XVI
2013). The blue contours add the BICEP2 constraint on r shown in the center
panel of Figure 10. See the text for further details.

To fully exploit this unprecedented sensitivity we have ex-
panded our analysis pipeline in several ways. We have added
an additional filtering of the timestream using a template tem-
perature map (from Planck) to render the results insensitive to
temperature to polarization leakage caused by leading order
beam systematics. In addition we have implemented a map
purification step that eliminates ambiguous modes prior to B-
mode estimation. These deprojection and purification steps
are both straightforward extensions of the kinds of linear fil-
tering operations that are now common in CMB data analysis.

The power spectrum results are perfectly consistent with
lensed-⇤CDM with one striking exception: the detection of a
large excess in the BB spectrum in exactly the ` range where
an inflationary gravitational wave signal is expected to peak.
This excess represents a 5.2� excursion from the base lensed-
⇤CDM model. We have conducted a wide selection of jack-
knife tests which indicate that the B-mode signal is common
on the sky in all data subsets. These tests offer very strong
empirical evidence against a systematic origin for the signal.

In addition we have conducted extensive simulations using
high fidelity per channel beam maps. These confirm our un-
derstanding of the beam effects, and that after deprojection
of the two leading order modes, the residual is far below the
level of the signal which we observe.

Having demonstrated that the signal is real and “on the
sky” we proceeded to investigate if it may be due to fore-
ground contamination. Polarized synchrotron emission from
our galaxy is easily ruled out using low frequency polarized
maps from WMAP. For polarized dust emission public maps
are not yet available. We therefore investigate a range of mod-
els including new ones which use all of the information which
is currently available from Planck. These models all predict
auto spectrum power well below our observed level. In addi-
tion none of them show any significant cross correlation with
our maps.

Taking cross spectra against 100 GHz maps from BICEP1
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FIG. 14.— BICEP2 BB auto spectra and 95% upper limits from several
previous experiments (Leitch et al. 2005; Montroy et al. 2006; Sievers et al.
2007; Bischoff et al. 2008; Brown et al. 2009; QUIET Collaboration et al.
2011, 2012; Bennett et al. 2013; Barkats et al. 2014). The curves show the
theory expectations for r = 0.2 and lensed-⇤CDM.

we find significant correlation and set a constraint on the spec-
tral index of the signal consistent with CMB, and disfavoring
synchrotron and dust by 2.3� and 2.2� respectively. The fact
that the BICEP1 and Keck Array maps cross correlate is pow-
erful further evidence against systematics.

The simplest and most economical remaining interpretation
of the B-mode signal which we have detected is that it is due
to tensor modes — the IGW template is an excellent fit to
the observed excess. We therefore proceed to set a constraint
on the tensor-to-scalar ratio and find r = 0.20+0.07

-0.05 with r = 0
ruled out at a significance of 7.0�. Multiple lines of evidence
have been presented that foregrounds are a subdominant con-
tribution: i) direct projection of the best available foreground
models, ii) lack of strong cross correlation of those models
against the observed sky pattern (Figure 6), iii) the frequency
spectral index of the signal as constrained using BICEP1 data
at 100 GHz (Figure 8), and iv) the spatial and power spectral
form of the signal (Figures 3 and 10).

Subtracting the various dust models and re-deriving the r
constraint still results in high significance of detection. For
the model which is perhaps the most likely to be close to re-
ality (DDM2 cross) the maximum likelihood value shifts to
r = 0.16+0.06

-0.05 with r = 0 disfavored at 5.9�. These high val-
ues of r are in apparent tension with previous indirect limits
based on temperature measurements and we have discussed
some possible resolutions including modifications of the ini-
tial scalar perturbation spectrum such as running. However
we emphasize that we do not claim to know what the resolu-
tion is.

Figure 14 shows the BICEP2 results compared to previous
upper limits. The long search for tensor B-modes is appar-
ently over, and a new era of B-mode cosmology has begun.

BICEP2 was supported by the US National Science
Foundation under grants ANT-0742818 and ANT-1044978
(Caltech/Harvard) and ANT-0742592 and ANT-1110087
(Chicago/Minnesota). The development of antenna-coupled
detector technology was supported by the JPL Research and
Technology Development Fund and grants 06-ARPA206-
0040 and 10-SAT10-0017 from the NASA APRA and SAT
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BICEP2 I: DETECTION OF B-mode POLARIZATION AT DEGREE ANGULAR SCALES
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ABSTRACT
We report results from the BICEP2 experiment, a Cosmic Microwave Background (CMB) polarimeter specif-

ically designed to search for the signal of inflationary gravitational waves in the B-mode power spectrum around
`⇠ 80. The telescope comprised a 26 cm aperture all-cold refracting optical system equipped with a focal plane
of 512 antenna coupled transition edge sensor (TES) 150 GHz bolometers each with temperature sensitivity of
⇡ 300 µKCMB

p
s. BICEP2 observed from the South Pole for three seasons from 2010 to 2012. A low-foreground

region of sky with an effective area of 380 square degrees was observed to a depth of 87 nK-degrees in Stokes
Q and U . In this paper we describe the observations, data reduction, maps, simulations and results. We find
an excess of B-mode power over the base lensed-⇤CDM expectation in the range 30 < ` < 150, inconsistent
with the null hypothesis at a significance of > 5�. Through jackknife tests and simulations based on detailed
calibration measurements we show that systematic contamination is much smaller than the observed excess.
We also estimate potential foreground signals and find that available models predict these to be considerably
smaller than the observed signal. These foreground models possess no significant cross-correlation with our
maps. Additionally, cross-correlating BICEP2 against 100 GHz maps from the BICEP1 experiment, the excess
signal is confirmed with 3� significance and its spectral index is found to be consistent with that of the CMB,
disfavoring synchrotron or dust at 2.3� and 2.2�, respectively. The observed B-mode power spectrum is well-
fit by a lensed-⇤CDM + tensor theoretical model with tensor/scalar ratio r = 0.20+0.07

-0.05, with r = 0 disfavored at
7.0�. Subtracting the best available estimate for foreground dust modifies the likelihood slightly so that r = 0
is disfavored at 5.9�.
Subject headings: cosmic background radiation — cosmology: observations — gravitational waves — infla-

tion — polarization

1. INTRODUCTION
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The discovery of the Cosmic Microwave Background
(CMB) by Penzias & Wilson (1965) confirmed the hot big
bang paradigm and established the CMB as a central tool for
the study of cosmology. In recent years, observations of its
temperature anisotropies have helped establish and refine the
“standard” cosmological model now known as ⇤CDM, under
which our universe is understood to be spatially flat, domi-
nated by cold dark matter, and with a cosmological constant
(⇤) driving accelerated expansion at late times. CMB tem-
perature measurements have now reached remarkable preci-
sion over angular scales ranging from the whole sky to ar-
cminute resolution, producing results in striking concordance
with predictions of ⇤CDM and constraining its key parame-
ters to sub-percent precision (e.g. Bennett et al. 2013; Hin-
shaw et al. 2013; Story et al. 2013; Hou et al. 2014; Sievers
et al. 2013; Das et al. 2013; Planck Collaboration XV 2013;
Planck Collaboration XVI 2013).

Inflationary cosmology extends the standard model by pos-
tulating an early period of nearly exponential expansion
which sets the initial conditions for the subsequent hot big
bang. It was proposed and developed in the early 1980s
to resolve mysteries for which the standard model offered
no solution, including the flatness, horizon, smoothness, en-
tropy, and monopole problems (Brout et al. 1978; Starobin-
sky 1980; Kazanas 1980; Sato 1981; Guth 1981; Linde 1982,
1983; Albrecht & Steinhardt 1982; see Planck Collaboration
XXII 2013 for a review). Inflation also explains the universe’s
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Detection of 
B-mode Polarization 

at Degree Scales using BICEP2 
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BICEP1 
  BICEP2 
    BICEP3 

10m South Pole Telescope 

DASI 
QUAD 

Keck 
Array 

NSF’s South Pole Station: 
A popular place with CMB Experimentalists! 

Also power, LHe, LN2, 200 GB/day, 3 square meals, Open Mic Night...  
Super dry atmosphere and 24h coverage of “Southern Hole”. 

South Pole CMB telescopes 
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BICEP1 (2006-2008) BICEP2 (2010-2012) Keck Array (2011-2016) BICEP3 (2015-2016) 
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Clem Pryke for The Bicep2 Collaboration 

Observational Strategy 

Target the “Southern Hole” - a 
region of the sky exceptionally 
free of dust and synchrotron 
foregrounds. 
 
Detectors tuned to 150 GHz, near 
the peak of the CMB’s 2.7 K 
blackbody spectrum. 
 
At 150 GHz the combined dust 
and synchrotron spectrum is 
predicted to be at a minimum in 
the Southern Hole. 
 

Example: 
FDS dust 
model 

BICEP2

Friday, August 29, 14



Clem Pryke for The Bicep2 Collaboration 

Planck’s Polarization Fraction 

our field 

http://www.rssd.esa.int/SA/PLANCK/docs/eslab47/
Session07_Galactic_Science/
47ESLAB_April_04_11_25_Bernard.pdf 
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Detection of polarization
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BICEP2 Collaborating Institutions
 •  Caltech
   • JPL
   • UC San Diego
   • Harvard
   • NIST Boulder
   • Stanford
   • University of British Columbia
   • University of Chicago
   • University of Minnesota
   • University of Toronto
   • University of Wales Cardiff

John M. Kovac
Faculty of Havard U.
PI of BICEP

First discovery of the CMB polarisation by DASI,
It was PhD thesis of Kovac.

Density (scalar, inflaton) perturbations 
produce only E-mode polarization, whereas 
gravitational wave (tensor) perturbations 
produce B-mode polarization as well as E-
modes.
with other various backgrounds, such as B-
mode from lensing, dust, synchrotron,  
foreground sources etc.

Friday, August 29, 14
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Polarized foregrounds

81

(CMB Task Force Report)

RMS fluctuations in the polarized 
CMB and foreground signals as 
function of frequency
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Clem Pryke for The Bicep2 Collaboration 

Polarized Dust Foreground Projections 
FDS Model 

Dashed: Dust auto spectra 
Solid: BICEP2xDust cross spectra 

The BICEP2 region is chosen to 
have extremely low foreground 
emission. 
 
Use various models of polarized 
dust emission to estimate 
foregrounds. 
 
All dust auto spectra well below 
observed signal level. 
 
Cross spectra consistent with zero. 
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Clem Pryke for The Bicep2 Collaboration 

BICEP2 B-mode Power Spectrum 
B-mode power spectrum 
temporal split jackknife 
lensed-ΛCDM  
r=0.2 

B-mode power spectrum estimated from 
Q&U maps, including map 
based “purification” to avoid E→B 
mixing 
 
Consistent with lensing expectation 
at higher l. (yes – a few points are high 
but not excessively…) 
 
At low l excess over lensed-ΛCDM with 
high signal-to-noise. 
 
For the hypothesis that the measured 
band powers come from lensed-ΛCDM 
we find: 
 
 χ2 PTE 

significance 
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Clem Pryke for The Bicep2 Collaboration 

B-mode Map vs. Simulation 

Analysis “calibrated” using 
lensed-ΛCDM+noise 
simulations. 
 
The simulations repeat the full 
observation at the timestream 
level - including all filtering 
operations. 
 
We perform various filtering 
operations: Use the sims to 
correct for these 
 
Also use the sims to derive the 
final uncertainties (error bars) 

r=0 

BICEP2

Simulation w/o tensor perturbation

Observation
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Clem Pryke for The Bicep2 Collaboration 

Constraint on Tensor-to-scalar Ratio r 
Substantial excess power in the region where the 
inflationary gravitational wave signal is expected to peak 
 
Find the most likely value of the tensor-to-scalar ratio r 
 
Apply “direct likelihood” method, uses:  
→  lensed-ΛCDM + noise simulations  
→  weighted version of the 5 bandpowers 
→  B-mode sims scaled to various levels of r (nT=0) 

Uncertainties here include  
sample variance at r=0.2 

 best fit 

r = 0.2 with uncertainties dominated by 
sample variance 
 
PTE of  fit to data: 0.9 
→ model is perfectly acceptable fit to the data 
 
r = 0 ruled out at 7.0σ 

Within this simplistic model we find: 
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Clem Pryke for The Bicep2 Collaboration 

Conclusions 

http://www.bicepkeck.org 

BICEP2 and upper limits from other experiments: 
Most sensitive polarization maps 
ever made 
 
Power spectra perfectly consistent with 
lensed-ΛCDM except: 
5.2σ excess in the B-mode spectrum at 
low multipoles! 
 
Extensive studies and jackknife test 
strongly argue against systematics as 
the origin 
 
Foregrounds do not appear to be a 
large fraction of the signal: 
→  foreground projections 
→  lack of cross correlations 
→  CMB-like spectral index 
→  shape of the B-mode 
spectrum 
 
Constraint on tensor-to-scalar ratio r in 
simple inflationary gravitational wave 
model: 
 
 
 
          r = 0 is ruled out at 7.0σ. 
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Clem Pryke for The Bicep2 Collaboration 

Compatibility with Indirect Limits on r 

SPT+WMAP+BAO+H0      
 
Planck+SPT+ACT+WMAPpol   
 

: r < 0.11 
 
: r < 0.11 

Indirect limit on r from combination of 
temperature data over a wide range of 
angular scales: 

This apparent tension can be relieved with 
various extensions to lensed ΛCDM.  
Example: running of the spectral index 

Planck likelihood chains for lensed 
ΛCDM + tensors + running 

Same chains, importance sampled with 
the BICEP2 r likelihood 

Other possibilities within ΛCDM?... 

Constraint on r with running allowed: 

BICEP2
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Planck & BICEP 
: Dust Contamination

• Planck (May. 06. 14) :                                                       
@ 353 GHz, whole sky

BICEP2 (Mar.17.14) :#
@150 GHz, Part of sky
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Keck Array

The scientific objective is the same as BICEP2 − to attempt to measure B-mode polarization 
of the cosmic microwave background (CMB)

Exterior view of Keck Array in its three-receiver configuration.

BICEP3

Next …..
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Next ….
The South Pole 
Telescope (SPT)

2007: SPT-SZ
 960 detectors
 100,150,220 GHz

2016: SPT-3G
 ~15,200 detectors
 100,150,220 GHz
 +Polarization

•10-meter sub-mm quality 
wavelength telescope

2012: SPTpol
 1600 detectors
 100,150 GHz
 +Polarization

4

Tuesday, March 25, 2014

Name TalkName TalkGiulio Fabbian The POLARBEAR experiment: first season results and beyond

The POLARBEAR experiment
• CMB polarization dedicated experiment 

in Atacama Desert

• Targeting both large and small scales

• 80% of the sky with el > 30 accessible

• First season: deep integration for sub-
degree signal on 5x5 patches

5

PB1-RA4p5
Overlap w/ QUIET, BOSS

Crab Nebula 
(TauA)

polarization angles 
calibrator

PB1-RA12 HA
Overlap w/ Herschel 

Atlas

PB1-RA23 HA
Overlap w/ QUIET, 

Herschel

Planck 857GHz
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Hannes Hubmayr

Atacama Cosmology Telescope

• Location: Atacama desert, Chile 17,030 ft (5190m) 
– low atmospheric attenuation and variability 

• Finished construction in 2007 
• Observed with temperature sensitive receiver from 2008 

through 2010 
• Observed 2013 season with ACTPol: upgraded receiver with 

polarization sensitivity.

12m

mass = 52 Tons 

Planck

CMBpol
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Inflation

Lyth bound

If r > 0.01, the inflaton ϕ rolled by more than the Planck scale during inflation. 
That’s not impossible — it’s just provocative.

In Stringy inflation, large r is hard to get. Even axion monodromy inflation.

generates density (scalar) perturbation and tensor perturbation.

CMB Temp anisotropy Gravitational Waves
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What would we learn by detecting a gravitational wave signal in the cosmic
microwave background anisotropy?

David H. Lyth
School of Physics and Chemistry, Lancaster University, Lancaster LA1 4YB, U. K.

(June 1996)

Inflation generates gravitational waves, which may be observable in the low multipoles of the cosmic
microwave background (cmb) anisotropy but only if the inflaton field variation is at least of order
the Planck scale. Such a large variation would imply that the model of inflation cannot be part of
an ordinary extension of the standard model, and combined with the detection of the waves it would
also suggest that the inflaton field cannot be one of the superstring moduli. Another implication
of observable gravitational waves would be a potential V 1/4 = 2 to 4 × 1016 GeV, which is orders
of magnitude bigger than is expected on the basis of particle theory. It might emerge in a hybrid
inflation model where most of the energy density comes from the Higgs sector of a GUT, but only
if both the vacuum expectation values and the masses of the Higgs fields are of this order.

I. INTRODUCTION

Inflation generates a density perturbation and gravita-
tional waves. The density perturbation is thought to be
responsible for large scale structure and, together with
a possible gravitational wave contribution, for the cos-
mic microwave background (cmb) anisotropy. It is well
known that the detection of a gravitational wave con-
tribution to the cmb anisotropy would immediately de-
termine the value V and slope V ′ of the potential while
relevant scales are leaving the horizon during inflation
[1], with an eventual measurement of the spectral index
of the density perturbation fixing V ′′ [2,1] and additional
data providing limited additional information about the
shape of V [3]. Here I point out that a detection would
also tell one that the inflaton field variation during in-
flation is at least of order the Planck scale, and go on
to discuss the theoretical implications of both this result
and the value of V .

If δ2
H is the spectrum of the curvature perturbation

associated with the density perturbation, and Pg is the
spectrum of the gravitational waves (as defined for ex-
ample in [1]), it is convenient to consider the ratio
r(k) = 0.139Pg/δ2

H . The spectra are in general scale
dependent, and r(k) has been normalized so that it in
an analytic approximation [4] it gives the ratio of the
two contributions to the mean-square quadrupole of the
cmb anisotropy seen by a randomly placed observer. For
higher multipoles the corresponding ratio is roughly con-
stant in the range 1 < l <

∼ 100, but then it falls off sharply
so that it will be detected if at all in the above range.

The standard slow-roll paradigm of inflation [5] pre-
dicts [7–9,4]

δ2

H(k) =
1

75π2m6
Pl

V 3

V ′2
(1)

r(k) = 6.9m2

Pl(V
′/V )2 (2)

where mPl = (8πG)−1/2 = 2.4 × 1018 GeV is the Planck
scale. The right hand sides are evaluated when k = aH
where k/a is the wavenumber, a is the scale factor and
H = ȧ/a.

In an interval ∆ ln k ∼ 1, the fractional changes in
δ2
H and Pg are predicted to be ≪ 1. Since the lth

multipole of the cmb anisotropy corresponds to a scale
k−1 ≃ 2/(H0l) the relevant range 1 < l <

∼ 100 corre-
sponds to only ∆ ln k ≃ 4.6 so r(k) will have a roughly
constant value which from now on will be denoted sim-
ply by r. Ignoring any variation one can show [10] that
because of cosmic variance a value r > .07 is necessary in
in order to have a better than even chance of eventually
detecting the gravitational wave contribution, and ap-
proximately the same result should hold for the average
even if there is some variation.

At present observation provides only a weak upper
bound on r, which has not been quantified properly but
is something like r <

∼ 1 [12]. The COBE observations give
a good normalization, [13] δH ≃ 1.9(1+r)1/2×10−5, and
using it one finds [11]

V 1/4 ≃ (r/.07)1/4 × 1.8 × 1016 GeV (3)

Thus a detection of r would give a value V 1/4 = 2 to
4 × 1016 GeV.

The slow-roll paradigm also gives

1

mPl

∣

∣

∣

∣

dφ

dN

∣

∣

∣

∣

= mPl

∣

∣

∣

∣

V ′

V

∣

∣

∣

∣

=
( r

6.9

)
1

2

(4)

where dφ is the change in the inflaton field in dN =
Hdt ≃ d ln a Hubble times. While the scales correspond-
ing to 1 < l <

∼ 100 are leaving the horizon ∆N ≃ 4.6, so
the corresponding field variation is

∆φ/mPl ≃ 4.6(r/6.9)1/2 = 0.46(r/.07)1/2 (5)

We see that a detectable r requires ∆φ >
∼ 0.5mPl. This is

a minimum estimate for the total field variation, because

1

r=0.2 means V^1/4=2.34*10^16
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What would we learn by detecting a gravitational wave signal in the cosmic
microwave background anisotropy?

David H. Lyth
School of Physics and Chemistry, Lancaster University, Lancaster LA1 4YB, U. K.

(June 1996)

Inflation generates gravitational waves, which may be observable in the low multipoles of the cosmic
microwave background (cmb) anisotropy but only if the inflaton field variation is at least of order
the Planck scale. Such a large variation would imply that the model of inflation cannot be part of
an ordinary extension of the standard model, and combined with the detection of the waves it would
also suggest that the inflaton field cannot be one of the superstring moduli. Another implication
of observable gravitational waves would be a potential V 1/4 = 2 to 4 × 1016 GeV, which is orders
of magnitude bigger than is expected on the basis of particle theory. It might emerge in a hybrid
inflation model where most of the energy density comes from the Higgs sector of a GUT, but only
if both the vacuum expectation values and the masses of the Higgs fields are of this order.

I. INTRODUCTION

Inflation generates a density perturbation and gravita-
tional waves. The density perturbation is thought to be
responsible for large scale structure and, together with
a possible gravitational wave contribution, for the cos-
mic microwave background (cmb) anisotropy. It is well
known that the detection of a gravitational wave con-
tribution to the cmb anisotropy would immediately de-
termine the value V and slope V ′ of the potential while
relevant scales are leaving the horizon during inflation
[1], with an eventual measurement of the spectral index
of the density perturbation fixing V ′′ [2,1] and additional
data providing limited additional information about the
shape of V [3]. Here I point out that a detection would
also tell one that the inflaton field variation during in-
flation is at least of order the Planck scale, and go on
to discuss the theoretical implications of both this result
and the value of V .

If δ2
H is the spectrum of the curvature perturbation

associated with the density perturbation, and Pg is the
spectrum of the gravitational waves (as defined for ex-
ample in [1]), it is convenient to consider the ratio
r(k) = 0.139Pg/δ2

H . The spectra are in general scale
dependent, and r(k) has been normalized so that it in
an analytic approximation [4] it gives the ratio of the
two contributions to the mean-square quadrupole of the
cmb anisotropy seen by a randomly placed observer. For
higher multipoles the corresponding ratio is roughly con-
stant in the range 1 < l <

∼ 100, but then it falls off sharply
so that it will be detected if at all in the above range.

The standard slow-roll paradigm of inflation [5] pre-
dicts [7–9,4]

δ2

H(k) =
1

75π2m6
Pl

V 3

V ′2
(1)

r(k) = 6.9m2

Pl(V
′/V )2 (2)

where mPl = (8πG)−1/2 = 2.4 × 1018 GeV is the Planck
scale. The right hand sides are evaluated when k = aH
where k/a is the wavenumber, a is the scale factor and
H = ȧ/a.

In an interval ∆ ln k ∼ 1, the fractional changes in
δ2
H and Pg are predicted to be ≪ 1. Since the lth

multipole of the cmb anisotropy corresponds to a scale
k−1 ≃ 2/(H0l) the relevant range 1 < l <

∼ 100 corre-
sponds to only ∆ ln k ≃ 4.6 so r(k) will have a roughly
constant value which from now on will be denoted sim-
ply by r. Ignoring any variation one can show [10] that
because of cosmic variance a value r > .07 is necessary in
in order to have a better than even chance of eventually
detecting the gravitational wave contribution, and ap-
proximately the same result should hold for the average
even if there is some variation.

At present observation provides only a weak upper
bound on r, which has not been quantified properly but
is something like r <

∼ 1 [12]. The COBE observations give
a good normalization, [13] δH ≃ 1.9(1+r)1/2×10−5, and
using it one finds [11]

V 1/4 ≃ (r/.07)1/4 × 1.8 × 1016 GeV (3)

Thus a detection of r would give a value V 1/4 = 2 to
4 × 1016 GeV.

The slow-roll paradigm also gives
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where dφ is the change in the inflaton field in dN =
Hdt ≃ d ln a Hubble times. While the scales correspond-
ing to 1 < l <

∼ 100 are leaving the horizon ∆N ≃ 4.6, so
the corresponding field variation is

∆φ/mPl ≃ 4.6(r/6.9)1/2 = 0.46(r/.07)1/2 (5)

We see that a detectable r requires ∆φ >
∼ 0.5mPl. This is

a minimum estimate for the total field variation, because
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Introduction: The recent measurement of the tensor
modes from large angle CMB B-mode polarisation by
BICEP2 [1], implying tensor-to-scalar ratio r = 0.2+0.07

�0.05
has profound implications for our understanding of the
initial conditions of the universe [2], and points to an
inflationary origin for the primordial fluctuations [3–5].
The inflaton also drives fluctuations in any other fields
present in the primordial epoch and so the measurement
of r, which fixes the inflationary energy scale, can power-
fully constrain diverse physics. In this work we will dis-
cuss the implications for axion dark matter (DM) in the
case that the tensor modes are generated during single-
field slow-roll inflation (from now on we simply refer to
this as ‘inflation’) by zero-point fluctuations of the gravi-
ton. In this work we will be considering an ‘if-then’ sce-
nario, where we assume that the measured value of r both
holds up to closer scrutiny experimentally, and is taken
to be of primordial origin. We relax these assumptions
in our closing discussion. We stress that our conclusions
are one consequence of taking this measurement at face
value, but also that they apply to any detection of r.

The scalar amplitude of perturbations generated dur-
ing inflation is given by [7]

As =
1

2✏

✓
HI

2⇡Mpl

◆
2

= 2.19 ⇥ 10�9 (1)

where HI is the Hubble rate during inflation, ✏ = �Ḣ/H2

is a slow-roll parameter, and Mpl = 1/
p

8⇡G = 2.4⇥1018

GeV is the reduced Planck mass. The zero-point fluctua-
tions of the graviton give rise to tensor fluctuations with
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amplitude

AT = 8

✓
HI

2⇡Mpl

◆
2

, (2)

so that the tensor to scalar ratio is r = AT /As = 16✏1.
Thus the measured values of r and As give the value of
HI :

HI = 1.1 ⇥ 1014 GeV . (3)

It is this high scale of inflation that will give us strong
constraints on axion DM.

Axions [8–10] were introduced as an extension to the
standard model of particle physics in an attempt to
dynamically solve the so-called ‘Strong-CP problem’ of
QCD. The relevant term in the Lagrangian is the CP -
violating topological term

S✓ =
✓

32⇡2

Z
d4x✏µ⌫↵�Tr Gµ⌫G↵� , (4)

where Gµ⌫ is the gluon field strength tensor. The ✓ term
implies the existence of a neutron electric dipole moment,
dn. Experimental bounds limit dn < 2.9⇥10�26 e cm [11]
and imply that ✓ . 10�10. The Peccei-Quinn [8] (PQ)
solution to this is to promote ✓ to a dynamical field, the
axion [9, 10], which is the Goldstone boson of a sponta-
neously broken global U(1) symmetry. At temperatures

1 In order for r = 0.2 to be consistent with Planck at 2�, however,
large spectral running and some violation of slow-roll may be
required [1, 6]. The corrections a↵ect isocurvature amplitudes
and r at the percent level and do not substantially alter our
conclusions.
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BICEP2 [1], implying tensor-to-scalar ratio r = 0.2+0.07
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has profound implications for our understanding of the
initial conditions of the universe [2], and points to an
inflationary origin for the primordial fluctuations [3–5].
The inflaton also drives fluctuations in any other fields
present in the primordial epoch and so the measurement
of r, which fixes the inflationary energy scale, can power-
fully constrain diverse physics. In this work we will dis-
cuss the implications for axion dark matter (DM) in the
case that the tensor modes are generated during single-
field slow-roll inflation (from now on we simply refer to
this as ‘inflation’) by zero-point fluctuations of the gravi-
ton. In this work we will be considering an ‘if-then’ sce-
nario, where we assume that the measured value of r both
holds up to closer scrutiny experimentally, and is taken
to be of primordial origin. We relax these assumptions
in our closing discussion. We stress that our conclusions
are one consequence of taking this measurement at face
value, but also that they apply to any detection of r.

The scalar amplitude of perturbations generated dur-
ing inflation is given by [7]
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so that the tensor to scalar ratio is r = AT /As = 16✏1.
Thus the measured values of r and As give the value of
HI :

HI = 1.1 ⇥ 1014 GeV . (3)

It is this high scale of inflation that will give us strong
constraints on axion DM.

Axions [8–10] were introduced as an extension to the
standard model of particle physics in an attempt to
dynamically solve the so-called ‘Strong-CP problem’ of
QCD. The relevant term in the Lagrangian is the CP -
violating topological term

S✓ =
✓

32⇡2

Z
d4x✏µ⌫↵�Tr Gµ⌫G↵� , (4)

where Gµ⌫ is the gluon field strength tensor. The ✓ term
implies the existence of a neutron electric dipole moment,
dn. Experimental bounds limit dn < 2.9⇥10�26 e cm [11]
and imply that ✓ . 10�10. The Peccei-Quinn [8] (PQ)
solution to this is to promote ✓ to a dynamical field, the
axion [9, 10], which is the Goldstone boson of a sponta-
neously broken global U(1) symmetry. At temperatures

1 In order for r = 0.2 to be consistent with Planck at 2�, however,
large spectral running and some violation of slow-roll may be
required [1, 6]. The corrections a↵ect isocurvature amplitudes
and r at the percent level and do not substantially alter our
conclusions.
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BICEP2 [1], implying tensor-to-scalar ratio r = 0.2+0.07
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has profound implications for our understanding of the
initial conditions of the universe [2], and points to an
inflationary origin for the primordial fluctuations [3–5].
The inflaton also drives fluctuations in any other fields
present in the primordial epoch and so the measurement
of r, which fixes the inflationary energy scale, can power-
fully constrain diverse physics. In this work we will dis-
cuss the implications for axion dark matter (DM) in the
case that the tensor modes are generated during single-
field slow-roll inflation (from now on we simply refer to
this as ‘inflation’) by zero-point fluctuations of the gravi-
ton. In this work we will be considering an ‘if-then’ sce-
nario, where we assume that the measured value of r both
holds up to closer scrutiny experimentally, and is taken
to be of primordial origin. We relax these assumptions
in our closing discussion. We stress that our conclusions
are one consequence of taking this measurement at face
value, but also that they apply to any detection of r.

The scalar amplitude of perturbations generated dur-
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so that the tensor to scalar ratio is r = AT /As = 16✏1.
Thus the measured values of r and As give the value of
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HI = 1.1 ⇥ 1014 GeV . (3)

It is this high scale of inflation that will give us strong
constraints on axion DM.

Axions [8–10] were introduced as an extension to the
standard model of particle physics in an attempt to
dynamically solve the so-called ‘Strong-CP problem’ of
QCD. The relevant term in the Lagrangian is the CP -
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where Gµ⌫ is the gluon field strength tensor. The ✓ term
implies the existence of a neutron electric dipole moment,
dn. Experimental bounds limit dn < 2.9⇥10�26 e cm [11]
and imply that ✓ . 10�10. The Peccei-Quinn [8] (PQ)
solution to this is to promote ✓ to a dynamical field, the
axion [9, 10], which is the Goldstone boson of a sponta-
neously broken global U(1) symmetry. At temperatures

1 In order for r = 0.2 to be consistent with Planck at 2�, however,
large spectral running and some violation of slow-roll may be
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1. 우주는 팽창하고 있으며, 우주원리와 함께 아인슈타인 방정식에 의
하여 잘 설명된다. - 빅뱅우주론: 우주팽창, 빅뱅핵합성, 우주배경복사

2. 인플레이션은 큰 규모에서 우주가 평탄하고 균일한 이유를 설명할 
뿐만 아니라, 양자요동으로부터 물질밀도의 작은 섭동을 만들어낸다.

3. 작은 섭동은 우주배경복사에서의 온도차이만들고, 또한 우주거대구
조를 만드는 씨앗의 역할을 한다.

4. 특히 우주배경복사의 정밀한 관측으로 우주의 물질밀도와 초기조건
에 대한 여러가지 값들을 정확하게 정할 수 있었다. 또한 인플레이션에
서 만들어진 중력파의 관측은 인플레이션 존재에 관하여 또 다른 검증
이 될 것이다.
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