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Many kinds of matter content of our interest can be described by a simple
eq. of state

w � fp� ��, V¥u� r� Ç p �(.

ρ ∝ R−3(1+ω) (1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

Pζ = (1− r)2Pinf + r2Pχ (13)

1

ρ ∝ R−3(1+ω) ρ ∝ R−4 p =
1

3
ρ

ρ ∝ R−3 p = 0

ρ ∝ const p = −ρ

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

Radiationρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

(Cold) Matter

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

Vacuum energy 
(cosmological constant)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

These apply separately for coexsting radiation, matter and cosmological 
constant, if there is no interactions between them.

k

R2H2
=

ρ

3H2/8πG
− 1 ≡ Ω− 1

ρc ≡
3H2

8πG
Ω ≡ ρ

ρc

(57)

q0 =
Ω0

2
q0 = Ω0 q0 = −Ω0 (58)

q0 ≡ − 1

H2
0

R̈(t0)

R(t0)
= Ω0

1 + 3ω

2
(59)

R ∝ t2/3(1+ω) R ∝ t1/2 R ∝ t2/3 R ∝ exp(Ht) (60)

H2 +
k

R2
=

8πG

3
ρ (61)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(62)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(63)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (64)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

0

dt′

R(t′)

ds2 = 0

∫ t

0

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

ḋ = d
Ṙ

R
rp

(65)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

d(r, t) =

∫

ds = R(t)

∫ r

0

dr√
1− kr2

(66)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (67)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(68)

6
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We can solve Friedmann equation with given matter type

For k=0 (flat), and 

H2 +
k

R2
=

8πG

3
ρ (1)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(2)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(3)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (4)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(5)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(6)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (7)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(8)

d2L ≡ L
4πF

(9)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(10)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (11)

φ χ (12)

ζ = α
δΓ

Γ
(13)

1

R ∝ t2/3(1+ω) (1)

H2 +
k

R2
=

8πG

3
ρ (2)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(3)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(4)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (5)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(6)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(7)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (8)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(9)

d2L ≡ L
4πF

(10)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(11)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (12)

φ χ (13)

1

we obtain

Radiationρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

Matter
ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =

1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

Vacuum energy
ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =

1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(1)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(2)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (3)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(4)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(5)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (6)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(7)

d2L ≡ L
4πF

(8)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(9)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (10)

φ χ (11)

ζ = α
δΓ

Γ
(12)

1

R ∝ t2/3(1+ω) R ∝ t1/2 (1)

H2 +
k

R2
=

8πG

3
ρ (2)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(3)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(4)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (5)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(6)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(7)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (8)

ds2 = dt2 −R2(t)

{

dr2

1− kr2
+ r2dθ2 + r2 sin θ2dφ2

}

(9)

d2L ≡ L
4πF

(10)

1.49× 108 km L sin(p) = 1AU L ≃ 1AU

p

1 parsec(PC) =
1AU

1arcsec
≃ 3.26Lys

(11)

1 arcsec =
2π

360× 60× 60
9.46× 1012 km (12)

φ χ (13)

1

R ∝ t2/3(1+ω) R ∝ t1/2 R ∝ t2/3 R ∝ exp(Ht) (1)

H2 +
k

R2
=

8πG

3
ρ (2)

ρ ∝ R−3(1+ω) ρ ∝ R−4 (p =
1

3
ρ)

ρ ∝ R−3 (p = 0)

ρ ∝ const (p = −ρ)

(3)

T µν
;ν = 0 R3dρ = −(ρ+ p)dR3 = −(1 + ω)ρdR3

p = ωρ
(4)

T µ
ν = diag(ρ,−p,−p,−p) H ≡ Ṙ(t)

R(t)
T µν (5)

dp(t) =

∫ rp

0

R(t)dr√
1− kr2

= R(t)

∫ t

o

dt′

R(t′)

ds2 = 0

∫ t

o

dt′

R(t′)
=

∫ rp

0

dr√
1− kr2

(6)

distance =

∫

ds r = 0 r = r0 dt = dθ = dφ = 0

s =

∫

ds = R(t)

∫ r0

0

dr√
1− kr2

(7)

ds dx dy ds2 = dx2 + dy2 = dr2 + r2dθ2 x y (8)
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에너지 밀도의 변화

입자 지평선(particle horizon)

The age of the Universe
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Evolution in the big bang cosmology

Comoving scale,  Physical scale  

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

R(t
0

) = 1 k
phys

= k � ⌘ 2⇡

k
, �

phys

= R(t)� (1)

dx
phys

= R(t)dx, k
phys

=
k

R(t)
(2)

�k =

Z
�(x) exp(ik · x)d3

x (3)

�(t,x) =
1

(2⇡)3

Z
�k(t) exp(�ik · x)d3

k (4)

⇢ = ⇢(t,x) = ⇢̄(t) + �⇢(t,x) �(t,x) ⌘ �⇢(t,x)

⇢̄
=

⇢(t,x)� ⇢̄

⇢̄
(5)

dn(t)

dt
+ 3Hn(t) = h�vi[n(t)2 � n2

eq

(t)] (6)

�⇢

⇢
/ R (7)

�⇢

⇢
⇠ �T

T
⇠ 10�4 (8)

1

Comoving mode,  Physical mode  

Inflation RD MD DE
⇢ const R�4 R�3 const

R(t) exp(Ht) t1/2 t2/3 exp(Ht)
H const 2t 2

3

t const

Table 1: Neutrino Yukawa coupling matrix of the four benchmark 1, 2, 3 and 4
used in this work are shown. The resultant

P
m⌫ for a given input parameter

m
1
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3

is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
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the cosmological scales, it seems that something is missing.
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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Table 1: Neutrino Yukawa coupling matrix of the four benchmark 1, 2, 3 and 4
used in this work are shown. The resultant

P
m⌫ for a given input parameter

m
1

or m
3

is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
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• Accelerate expansion: it looks like that this condition implies that the universe must
be accelerating in that epoch:

@ 1

(aH)

@t
< 0 ) ä > 0 (32)

This implies that k/(aH) decreases: physical wavelengths become longer than H�1.

• As we stressed, this should imply w < �1/3. Let us verify it. From Friedman equation

0 < ä = �a

6
(⇢ + 3p) =

a⇢

6
(1 + 3w) ) w < �1/3 if ⇢ > 0 (33)

Inflation, in its most essential definition, is the postulation of a phase with w < �1/3 in
the past of our universe 3.

Is it possible to see more physically what is going on? In a standard cosmology, the scale
factor goes to zero at finite conformal time. For w > �1/3, we have that

a ⇠ ⌧ 2/(1+3w) (34)

implying the existence of a singularity a ! 0, H ! 1 as ⌧ ! 0. This is why we had to
stop there. This is the big bang moment in standard cosmology. This however implies that
there is a beginning of time, and that the particle horizon is order ⌧ . This is the source of
the problems we discussed about.

However, if we have a phase in which w < �1/3, then the singularity in the past is pushed
way further back, and the actual universe is much longer than what ⌧ indicates. For example,
for inflation H ⇠ const. and a(⌧) = � 1

H⌧
, with ⌧ 2 [�1, ⌧end], ⌧end  0. In general ⌧ can be

extended to negative times, in this way making the horizon much larger than 1/H.

1.3 The theory of Inflation

Inflation is indeed a period of the history of the universe that is postulated to have happened
before the standard big bang history. Direct observation of BBN products tell us that the
universe was radiation dominated at t ⇠ 1 � 100 sec, which strongly suggests that inflation
had to happen at least earlier than this. More specifically, inflation is supposed to be a period
dominated by a form of energy with w ' �1, or equivalently H ' const. How can this be
achieved by some physical means?

1.3.1 Simplest example

The simplest example of a system capable of driving a period of inflation is a scalar field on
top a rather flat potential. These kinds of models are called ‘slow roll inflation’ and were the
ones initially discovered to drive inflation. Let us look at this

3If there is only one field involved, than scale invariance of the perturbations and the requirement that the
solution is an attractor forces w ' �1. This is a theorem [8].
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How much inflation do we need?
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Ṙ(t0)R(t0)
(7)

��qu ' H

2⇡

��qu

��cl
' H

2⇡MP

p
2✏

⇠ M2

M2

P

� 1 (8)

1

Uniform 
at present

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

R
0

�h R(ti)�h (1)

R(ti) R(tf )�h R(teq)�h R
0

(2)

2⇡(RH) 2⇡H �
phys

= R(t)� (3)

R

H�1

R�1H�1 � (4)

H�1 / 2t H�1 / 3

2
t R / t2/3 (5)

d(t) = R(t)� k =
2⇡

�
, k

phys

=
2⇡

�
phys

= R�1k (6)

� ⇠ H

2⇡
=

Z R(t)

0

dR(t0)
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t const

Table 1: Neutrino Yukawa coupling matrix of the four benchmark 1, 2, 3 and 4
used in this work are shown. The resultant

P
m⌫ for a given input parameter

m
1

or m
3

is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.
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144 INITIAL CONDITIONS 
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Figure 6.1. The comoving horizon as a function of the scale factor. Also shown are two 
comoving wavelengths, which remain constant with time. Early in the history of the universe, 
both of these modes — as well as all other modes of cosmological interest — had wavelengths 
much larger than the horizon. The CMB comes from the last scattering surface at a ~ 10~^. 
At that time, the largest scales (e.g., the one labeled "quadrupole") were still outside the 
horizon. The horizon problem asks how regions separated by distances larger than the horizon 
at the last scattering surface can have the same temperature. 

A more intuitive picture of the horizon problem is shown in Figure 6.2. At 
any given time, the region within the cone is causally connected to us (at the 
center). Photons that we observe today from the last scattering surface were well 
outside our horizon when they were first emitted. The most disturbing aspect of 
this is the observation of large-angle isotropy, an indication that photons apparently 
separated by many horizons at the last scattering surface nonetheless shared the 
same temperature (to a part in 10^). 

6.3 INFLATION 

This section describes a beautiful solution to the horizon problem outlined in the 
previous section. First, we explore a logical way out of the previous argument by 
realizing that an early epoch of rapid expansion solves the horizon problem. Then 
we consider the Einstein equations to tell us what type of energy is needed in 
order to produce this rapid expansion, showing that negative pressure is required. 

[Dodelson]
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Table 1: Neutrino Yukawa coupling matrix of the four benchmark 1, 2, 3 and 4
used in this work are shown. The resultant

P
m⌫ for a given input parameter

m
1

or m
3

is also listed. v⌫ is a free parameter. The noted values of v⌫ are
examples in the case that we normalize the largest element of Yukawa matrix
to be 1.0.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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스타로빈스키 모형(Starobinsky model) [Starobinsky, 1979, 1980]

- 아인슈타인 방정식에 양자수정항을 고려하면 드지터 메트릭이 
나올 수 있고, 이것은 불안정하여 곧 붕괴하면서 뜨거운 프리드만 
우주로 바뀌어진다.

- 특이점이 없는 드지터 중력에서 우주가 시작함으로 인하여 특이
점 문제를 풀려고 하였다 (initial singularity). 

Planck Collaboration: Constraints on inflation 11

joint 95% CL region for Planck+WP+BAO data; the case with
p = 4 is also in tension with Planck+WP+BAO, but allowed
within the joint 95% CL region for N⇤ & 50. For larger values of
r these models provide a better fit to the Planck+WP+BAO data.

A simple symmetry breaking potential

The symmetry-breaking potential (Olive, 1990)

V(�) = ⇤4
 

1 � �
2

µ2

!2

, (38)

can be considered as a self-consistent completion of the hill-top
model with p = 2 (although it has a different limiting large-
field branch for non-zero r). This potential leads to predictions
in agreement with Planck + WP + BAO joint 95% CL contours
for super-Planckian value of µ, i.e. µ & 13 Mpl.

Natural inflation

Another interesting class of potentials is natural inflation
(Freese et al., 1990; Adams et al., 1993), initially motivated by
its origin in symmetry-breaking in an attempt to naturally give
rise to the extremely flat potentials required for inflationary cos-
mology. In natural inflation the effective one-dimensional po-
tential takes the form

V(�) = ⇤4
"

1 + cos
 

�

f

!#

, (39)

where f is a scale which determines the slope of the potential.
Depending on the value of f , the model falls into the large field
( f & 1.5 Mpl) or small field ( f . 1.5 Mpl) classification scheme.
Therefore, ns ⇡ 1 � M2

pl/ f 2 holds for small f and ns ⇡ 1 � 2/N,
r ⇡ 8/N holds for large f , approximating the m2�2 potential in
the latter case (with N⇤ ⇡ (2 f 2/M2

pl) ln[sin(�e/ f )/ sin(�⇤/ f )]).
This model agrees with Planck+WP data for f & 5 Mpl.

Hybrid inflation

In hybrid inflationary models a second field, �, coupled to the
inflaton, undergoes symmetry breaking. The simplest example
of this class is

V(�, �) = ⇤4
 

1 � �
2

µ2

!2

+ U(�) +
g2

2
�2�2 . (40)

For most of their parameter space, these models can be consid-
ered effectively as single field models for the inflaton �. The
second field � is close to the origin during the slow-roll regime
for �, and inflation ends either by breakdown of slow roll for
the inflaton at ✏� ⇡ M2

pl(dU/d�)2/(⇤4 + U(�))2 ⇡ 1 or by the
waterfall transition of �. The simplest models with

U(�) =
m2

2
�2 (41)

are disfavoured for most of the parameter space (Cortês &
Liddle, 2009). Models with m2�2/2 ⇠ ⇤4 are disfavoured due to
a high tensor-to-scalar ratio, and models with U(�) ⌧ ⇤4 predict
a spectral index ns > 1, also disfavoured by the Planck data.

We discuss hybrid inflationary models predicting ns < 1 sep-
arately. As an example, the spontaneously broken SUSY model
(Dvali et al., 1994)

U(�) = ↵h⇤
4 ln

 

�

µ

!

, (42)

predicts ns � 1 ⇡ �(1 + 3↵h/2)/N⇤ and r ⇡ 8↵h/N⇤. For ↵h ⌧ 1
and N⇤ ' 50, ns ' 0.98 is disfavoured by Planck+WP+BAO
data at more than 95% CL. However, more permissive reheating
priors allowing N⇤ < 50 or a non-negligible ↵h give models that
are consistent with the Planck data.

R2 inflation

Inflationary models can also be accommodated within extended
theories of gravity. These theories can be analysed either in the
original (Jordan) frame or in the conformally-related Einstein
frame with a Klein-Gordon scalar field. Due to the invariance of
curvature and tensor perturbation power spectra with respect to
this conformal transformation, we can use the same methodol-
ogy described earlier.

The first inflationary model proposed was of this type
and based on higher order gravitational terms in the action
(Starobinsky, 1980)

S =
Z

d4x
p�g

M2
pl

2

 

R +
R2

6M2

!

, (43)

with the motivation to include semi-classical quantum effects.
The predictions for R2 inflation were first studied in Mukhanov
& Chibisov (1981); Starobinsky (1983) and can be summarized
as: ns�1 ⇡ �8(4N⇤+9)/(4N⇤+3) and r ⇡ 192/(4N⇤+3)2. Since r
is suppressed by another 1/N⇤ with respect to the scalar tilt, this
model predicts a tiny amount of gravitational waves. This model
predicts ns = 0.963 for N⇤ = 55 and is fully consistent with the
Planck constraints.

Non-minimally coupled inflaton

A non-minimal coupling of the inflaton to gravity with the action

S =
Z
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(44)
leads to several interesting consequences such as a lowering of
the tensor-to-scalar ratio.

The case of a massless self-interacting inflaton (�0 = 0)
agrees with the Planck+WP data for ⇠ , 0. Within the range
50 < N⇤ < 60, this model is within the Planck+WP joint
95% CL region for ⇠ > 0.0019, improving previous bounds
(Okada et al., 2010).

The amplitude of scalar perturbations is proportional to �/⇠2
for ⇠ � 1, and therefore the problem of tiny values for the in-
flaton self-coupling � can be alleviated (Salopek et al., 1989;
Fakir & Unruh, 1990). The regime �0 ⌧ Mpl is allowed and �
could be the Standard Model Higgs as proposed in Bezrukov &
Shaposhnikov (2009). The Higgs case with ⇠ � 1 has the same
predictions as the R2 model in terms of ns and r as a function
of N⇤. The reheating mechanism in the Higgs case can be more
efficient than in R2 case and therefore predicts a slightly larger
ns. This model is fully consistent with Planck constraints.

The case with ⇠ < 0 and |⇠|�2
0/M

2
pl ⇠ 1 was also recently

emphasized in Linde et al. (2011). With the symmetry breaking
potential in Eq. 44, the large field case with inflaton � > �0 is
disfavoured by Planck data, whereas the small field case � < �0
is in agreement with the data.

카자나스

사토

[Kazanas, 1980]

[Sato, 1981]

- Temperature dependent vacuum energy (horizon problem)

- First order phase transition similar to Guth’s model (domain wall 
problem)
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Old inflation [Guth, 1981]
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Infiationary universe: A possible solution to the horizon and fiatness problems

Alan H. Guth*
Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305

(Received 11 August 1980)

The standard model of hot big-bang cosmology requires initial conditions which are problematic in two ways: (1)
The early universe is assumed to be highly homogeneous, in spite of the fact that separated regions were causally
disconnected (horizon problem); and (2) the initial value of the Hubble constant must be fine tuned to extraordinary
accuracy to produce a universe as flat (i.e., near critical mass density) as the one we see today (flatness problem).
These problems would disappear if, in its early history, the universe supercooled to temperatures 28 or more orders
of magnitude below the critical temperature for some phase transition. A huge expansion factor would then result
from a period of exponential growth, and the entropy of the universe would be multiplied by a huge factor when the
latent heat is released. Such a scenario is completely natural in the context of grand unified models of elementary-
particle interactions. In such models, the supercooling is also relevant to the problem of monopole suppression.
Unfortunately, the scenario seems to lead to some unacceptable consequences, so modifications must be sought.

I. INTRODUCTION: THE HORIZON AND FLATNESS
PROBLEMS

The standard model of hot big-bang cosmology
relies on the assumption of initial conditions which
are very puzzling in two ways which I will explain
below. The purpose of this paper is to suggest a
modified scenario which avoids both of these puz-
zles.
By "standard model, " I refer to an adiabatically

expanding radiation- dominated universe described
by a Robertson-%alker metric. Details will be
given in Sec. II.
Before explaining the puzzles, I would first like

to clarify my notion of "initial conditions. " The
standard model has a singularity which is conven-
tionally taken to be at time t =0. As t -0, the
temperature T—~. Thus, no initial-value prob-
lem can be defined at t=0. However, when T is
of the order of the Planck mass (Mz, —=I/~6=1. 22
&&10~~ GeV)' or greater, the equations of the stan-
dard model are undoubtedly meaningless, since
quantum gravitational effects are expected to be-
come essential. Thus, within the scope of our
knowl, edge, it is sensible to begin the hot big-bang
scenario at some temperature To which is com-
fortably below Mp, let us say To——10"GeV. At
this time one can take the description of the uni-
verse as a set of initial conditions, and the equa-
tions of motion then describe the subsequent evolu-
tion. Of course, the equation of state for matter
at these temperatures is not really known, but one
can make various hypotheses and pursue the con-
sequences.
In the standard model, the initial universe is

taken to be homogeneous and isotropic, and filled
with a gas of effectively massless particles in
thermal equilibrium at temperature To. The ini-
tial value of the Hubble expansion "constant" H is
taken to be Ho, and the model universe is then

completely described.
Now I can explain the puzzles. The first is the

well-known horizon problem. 2 The initial uni-
verse is assumed to be homogeneous, yet it con-
sists of at least -10" separate regions which are
causally disconnected (i. e. , these regions have
not yet had time to communicate with each other
via light signals). ' (The precise assumptions
which lead to these numbers will be spelled out in
Sec. II. ) Thus, one must assume that the forces
which created these initial conditions were capable
of violating causality.
The second puzzle is the flatness problem. This

puzzle seems to be much less celebrated than the
first, but it has been stressed by Dicke and Pee-
bles. I feel that it is of comparable importance
to the first. It is known that the energy density p
of the universe today is near the critical value p„
(corresponding to the borderline between an open
and closed universe). One can safely assume that~

0. 01 & Q& ( 10,
where

0—=p/p„= (8w/3)Gp/H2,

and the subscript p denotes the value at the present
time. Although these bounds do not appear at first
sight to be remarkably stringent, they, in fact,
have powerful implications. The key point is that
the condition 0=1 is unstable. Furthermore, the
only time scale which appears in the equations for
a radiation-dominated universe is the Planck time,
1/I„=5. 4 && 10 sec. A typical closed universe
will reach its maximum size on the order of this
time scale, while a typical open universe will
dwindle to a value of p much less than p„. A uni-
verse can survive -10' years only by extreme fine
tuning of the initial values of p and H, so that p is
very near p„. For the initial conditions taken at
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28 ' INFLATIONARY UNIVERSE: A POSSIBLE SOLUTION TO. . .

] 0-24/2 qi/3
2$ (3) (4.4)

If T,-10' GeV, this bound implies that the uni-
verse must supercool by at least about four orders
of magnitude before the phase transition is com-
pleted.
The problem of monopole production in a strongly.

first-order phase transition with supercooling was
treated in more detail by Tye and me. 6 We
showed how to explicitly calculate the bubble den-
sity in terms of the nucleation rate, and we con-
sidered the effects of the latent heat released in
the phase transition. Our conclusion was that
(4. 4) should be replaced by

T,.„&2&10" GeV, (4. 6)

V. PROBLEMS OF THE INFLATIONARY SCENARIO

As I mentioned earlier, the inflationary scenario
seems to lead to some unacceptable consequences.
It is hoped that some variation can be found which
avoids these undesirable features but maintains the
desirable ones. The problems of the model will be
discussed in more detail elsewhere, ' but for com-
pleteness I will give a brief description here.
The central problem is the difficulty in finding a

smooth ending to the period of exponential expan-
sion. Let us assume that X(t) approaches a con-
stant as t - and T -0. To achieve the desired
expansion factor Z & 10'8, one needs Xo/y4 & 10 2

[see (3. 18)], which means that the nucleation rate
is slow' compared to the expansion rate of the uni-
verse. (Explicit calculations show that &0/}t4 is
typically much smaller than this value. '8 '9 ~6) The
randomness of the bubble formation process then
leads to gross inhomogeneities.
To understand the effects of this randomness,

the reader should bear in mind the following facts.
(i}All of the latent heat released as a bubble ex-

pands is transferred initially to the walls of the

where T„„refers to the temperature just before
the release of the latent heat.
Tye and I omitted the crucial effects of the mass

density po of the false vacuum. However, our work
has one clear implication: If the nucleation rate is
sufficiently large to avoid exponential growth, then
far too many monopoles would be produced. Thus,
the monopole problem seems to also force one into
the inflationary scenario. 5

In the simplest SU5 model, the nucleation rates
have been calculated (approximately) by Weinberg
and me. ' The model contains unknown parame-
ters, so no definitive answer is possible. We do
find, however, that there is a sizable range of pa-
rameters which lead to the inflationary scenario.

bubble. This energy can be thermalized only
when the bubble walls undergo many collisions.
(ii} The de Sitter metric does not single out a co-

moving frame. The O(4, 1) invariance of the de
Sitter metric is maintained even after the forma-
tion of one bubble. The memory of the original
Robertson-Walker comoving frame is maintained
by the probability distribution of bubbles, but the
local comoving frame can be reestablished only af-
ter enough bubbles have collided.
(iii) The size of the largest bubbles will exceed

that of the smallest bubbles by roughly a factor of
Z; the range of bubble sizes is immense. The
surface energy density grows with the size of the
bubble, so the energy in the walls of the largest
bubbles can be thermalized only by colliding with
other large bubbles.
(iv) As time goes on, an arbitrarily large frac-

tion of the space will be in the new phase [see
(3. 16)). However, one can ask a more subtle
question about the region of space which is in the
new phase: Is the region composed of finite sepa-
rated clusters, or do these clusters join together
to form an infinite region& The latter possibility
is called "percolation. " It can be shown. that the
system percolates for large values of &0/Z4, but
that for sufficiently small values it does not. The
critical value of Ao/}t has not been determined,
but presumably an inflationary universe would have
a value of Xo/y be'low critical. Thus, no matter
how long one waits, the region of space in the new
phase will consist of finite clusters, each totally
surrounded by a region in the old phase.
(v) Each cluster will contain only a few of the

largest bubbles. Thus, the collisions discussed in
(iii) cannot occur.
The above statements do not quite prove that the

scenario is impossible, but these consequences
are at best very unattractive. Thus, it seems that
the scenario will become viable only if some mod-
ification can be found which avoids these inhomog-
eneities. Some vague possibilities will be men-'
tioned in the next section.
Note that the above arguments seem to rule out

the possibility that the universe was ever trapped
in a, false vacuum state, unless Xo/y4 ~ 1. Such a
large value of Xo/y does not seem likely, but it
is possible. '

VI. CONCLUSION

I have tried to convince the reader that the stan-
dard model of the very early. universe requires the
assumption of initial conditions which are very im-
plausible for two reasons:
(i) The horizon problem. Causally disconnected

regions are assumed to be near'ly identical; in par-
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potential V (�). Let us see what happens, by looking at the evolution of the space-time. We
need the scalar field stress tensor:

T (�)

µ⌫ = � 2p�g

�S�

�gµ⌫
= @µ�@⌫�� gµ⌫

✓
1

2
@⇢�@⇢� + V (�)

◆
(36)

For an homogenous field configuration, this leads to the following energy density and pressure

⇢� =
1

2
�̇2 + V (�) obviously (37)

p� =
1

2
�̇2 � V (�) notice the sign of V (38)

Therefore the equation of state is

w� =
p�

⇢�

=
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2

�̇2 � V (�)
1

2

�̇2 + V (�)
. (39)

We see that if the potential energy dominates over the kinetic energy, we have

�̇2 ⌧ V (�) ) w� ' �1 < �1

3
(40)

as we wished. Notice that this means that

✏ = � Ḣ

H2

⇠ �̇2

V
⌧ 1 . (41)

The equation of motion for the scalar field is

�S

��
=

1p�g
@µ(
p�g@µ�) + V,� = 0 ) �̈ + 3H�̇ + V,� = 0 (42)

This equation of motion is the same as the one of a particle rolling down its potential. This
particle is subject to friction though the H�̇ term. Like for a particle trajectory, this means
that the solution where �̇ ' V�/(3H) is an attractor ‘slow-roll’ solution if friction is large
enough. Being on this trajectory requires

⌘ = � �̈

H�̇
⌧ 1 (43)

We have therefore found two ‘slow roll parameters’:

✏ = � Ḣ

H2

⌧ 1 , ⌘ = � �̈

H�̇
⌧ 1 (44)

The first parameters being much smaller than one means that we are on a background solution
where the Hubble rate changes very slowly with time. The second parameter means that we
are on an attractor solution (so that the actual solution does not depend much from the initial
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A and B talked to each other

⌧rec

⌧singularity

Conformal Diagram from Standard Cosmology

Since there is a singularity in the past
we can assume A and B never talked to each other
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Conformal Diagram in Inflationary Cosmology
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Figure 4: How inflation solve the horizon problem: in the past, there is much more time than what
there would have naively been without inflation.
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Figure 5: A simple inflationary model.

The scalar field plus gravity has the following action

S =

Z
d4x
p�g


M2

Pl

2
R +

1

2
gµ⌫@µ�@⌫�� V (�)

�
(35)

The first term is the Einstein Hilbert term of General Relativity (GR). The second and third
terms represent the action of a scalar field S�. The idea of inflation is to fill a small region
of the initial universe with an homogeneously distributed scalar field sitting on top of its
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스칼라장을 이용한 인플레이션
스칼라장과 중력의 액션

첫 째항은 아인슈타인 텐서 항,
둘, 셋째 항은 스카라장의 텐서를 준다.

에너지 밀도

압력 밀도

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
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Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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균일한 스칼라장에 대하여,
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스칼라장을 이용한 인플레이션

우주의 에너지가 스칼라장에 의하여 주로 결정된다면

에너지 밀도

압력 밀도

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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:스칼라 장이 자신의 위치에너지에서 아주 천천히 움직이면서 인
플레이션을 일으킨다.

Slow-roll inflation

1 Formulae

2 Dark Matter
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their behaviors, the properties of the materials or the ultimate ingredients of
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matters. At least now we understand the most of the matters are made of
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위치에너지가 운동에너지보다 훨씬 클 때,
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Old inflation and New inflation
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Old inflation [Guth, 1981]

1. 초기에 우주는 아주 높은 온도에서 팽창하고 있었다. 열적항에 의하여
스칼라장은 대칭성을 회복하고              인 지점에 위치하고 있다.  

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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2. 시간이 지나 온도가 낮아졌지만, 스칼라장은 여전히 local minimum 에서 
과냉각된 상태로 위치하여 있고, 우주의 에너지를 지배하게된다. 이 때 인
플레이션이 일어난다. (delayed first order phase transition)
3. 스칼라장이 상전이를 통하여 0 이 아닌 지점으로 옮겨가면서 인플레이션이 끝
이 난다. 상전이는 우주의 여기 저기에서 상전이의 거품이 만들어지고, 그 거품
들이 충돌을 하여 합쳐지면서 우주의 온도가 높아지게 되고, 뜨거운 우주가 다시 
시작된다.

문제점:거품의 충돌로 인하여 우주는 더욱 불균일한 상태로 이르게 된다.

Graceful Exit problem
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New inflation [Linde, 1982, Albrecht, Steinhardt, 1982]

1. 초기에 우주는 아주 높은 온도에서 팽창하고 있었다. 열적항에 의하여
스칼라장은 대칭성을 회복하고              인 지점에 위치하고 있다.  

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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2. 스칼라장이 minimum 으로 이동하면서 인플레이션을 일으킬 수 있다.
  이 때 스칼라는 아주 천천히 움직일 수 있도록 위치에너지가              근처에
서 아주 평탄하여야한다. 
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3. 스칼라장이 minimum 그처에 이르면 인플레이션은 끝이 나고, 그 근처에서 
스칼라가 damped 진동을 하며  입자들을 만들어낸다. 이 과정에서 우주는 다
시 뜨거워지고 팽창하는 우주가 시작된다.

4. 인플레이션 중에 밀도의 불균일성이 만들어지게 되는데, 그것이 우주거대
구조의 형성을 설명할 수 가 있었다.

Old inflation and New inflation
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reality, inflation ends at some finite time, and the approximation (60) although valid at early times,

breaks down near the end of inflation. So the surface ⌧ = 0 is not the Big Bang, but the end of

inflation. The initial singularity has been pushed back arbitrarily far in conformal time ⌧ ⌧ 0, and

light cones can extend through the apparent Big Bang so that apparently disconnected points are

in causal contact. In other words, because of inflation, ‘there was more (conformal) time before

recombination than we thought’. This is summarized in the conformal diagram in Figure 9.

6 The Physics of Inflation

Inflation is a very unfamiliar physical phenomenon: within a fraction a second the universe grew

exponential at an accelerating rate. In Einstein gravity this requires a negative pressure source or

equivalently a nearly constant energy density. In this section we describe the physical conditions

under which this can arise.

6.1 Scalar Field Dynamics

reheating

Figure 10: Example of an inflaton potential. Acceleration occurs when the potential energy of

the field, V (�), dominates over its kinetic energy, 1
2 �̇

2. Inflation ends at �end when the

kinetic energy has grown to become comparable to the potential energy, 1
2 �̇

2 ⇡ V . CMB

fluctuations are created by quantum fluctuations �� about 60 e-folds before the end of

inflation. At reheating, the energy density of the inflaton is converted into radiation.

The simplest models of inflation involve a single scalar field �, the inflaton. Here, we don’t

specify the physical nature of the field �, but simply use it as an order parameter (or clock) to

parameterize the time-evolution of the inflationary energy density. The dynamics of a scalar field

(minimally) coupled to gravity is governed by the action
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The action (61) is the sum of the gravitational Einstein-Hilbert action, SEH, and the action of a

scalar field with canonical kinetic term, S�. The potential V (�) describes the self-interactions of the
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Slow-roll 인플레이션
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Table 1. Cosmological parameter definitions

Parameter Definition

⌦b . . . . . . . . . . . Baryon fraction today (compared to critical density)
⌦c . . . . . . . . . . . . Cold dark matter fraction today (compared to critical density)
✓MC . . . . . . . . . . . Approximation to the angular size of sound horizon at last scattering
⌧ . . . . . . . . . . . . . Thomson scattering optical depth of reionized intergalactic medium
Ne↵ . . . . . . . . . . . Number of massive and massless neutrinos
⌃m⌫ . . . . . . . . . . Sum of neutrino masses
YP . . . . . . . . . . . . Fraction of baryonic mass in primordial helium
⌦K . . . . . . . . . . . Spatial curvature parameter
wde . . . . . . . . . . . Dark energy equation of state parameter (i.e., p/⇢) (assumed constant)
R . . . . . . . . . . . . Curvature perturbation
I . . . . . . . . . . . . Isocurvature perturbation
PX = k3|Xk |2/2⇡2 . Power spectrum of X
AX . . . . . . . . . . . X power spectrum amplitude (at k⇤ = 0.05 Mpc�1)
ns . . . . . . . . . . . . Scalar spectrum spectral index (at k⇤ = 0.05 Mpc�1)
dns/d ln k . . . . . . . Running of scalar spectral index (at k⇤ = 0.05 Mpc�1)
d2ns/d ln k2 . . . . . Running of running of scalar spectral index (at k⇤ = 0.05 Mpc�1)
r . . . . . . . . . . . . . Tensor-to-scalar power ratio (at k⇤ = 0.05 Mpc�1)
nt . . . . . . . . . . . . Tensor spectrum spectral index (at k⇤ = 0.05 Mpc�1)
dnt/d ln k . . . . . . . Running of tensor spectral index (at k⇤ = 0.05 Mpc�1)

2.1. Cosmic inflation

Inflation was developed in a series of papers by Starobinsky
(1980); Guth (1981); Albrecht & Steinhardt (1982); and Linde
(1982, 1983). (See also Sato (1981) and Brout et al. (1978) for
interesting precursors.) By generating an equation of state with
a negative pressure (i.e., w = p/⇢ ⇡ �1) before the radia-
tion epoch, inflation solves a number of cosmological conun-
drums (the monopole, horizon, smoothness, and entropy prob-
lems), which had plagued all cosmological models extrapolat-
ing a matter-radiation equation of state all the way back to the
singularity. Such an equation of state with a large negative pres-
sure and the resulting nearly-exponential expansion are obtained
from a scalar field, the inflaton, with a canonical kinetic term,
slowly rolling in the framework of Einstein gravity.

The homogeneous evolution of the inflaton field, �, is gov-
erned by the equation of motion

�̈(t) + 3H(t)�̇(t) + V� = 0, (1)

and the Friedmann equation

H2 =
1

3Mpl
2

 

1
2
�̇2 + V(�)

!

. (2)

Here H = ȧ/a is the Hubble parameter, the subscript � denotes
the derivative with respect to �, Mpl = (8⇡G)�1/2 is the reduced
Planck mass, and V is the potential. The evolution during the
stage of quasi-exponential expansion, when the scalar field rolls
slowly down the potential, can be approximated by neglecting
the second time derivative in Eq. 1 and the kinetic energy term
in Eq. 2, so that

3H(t)�̇(t) ⇡ �V� , (3)

H2 ⇡ V(�)
3Mpl

2 . (4)

Necessary conditions for the slow-roll described above are ✏V ⌧
1 and |⌘V | ⌧ 1, where the slow-roll parameters ✏V and ⌘V are

defined as

✏V =
M2

plV
2
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2V2 , (5)

⌘V =
M2

plV��
V

. (6)

An analogous hierarchy of parameters, called the Hubble
flow function (HFF) slow-roll parameters, measures instead the
deviation from an exact exponential expansion. This hierarchy
is defined as ✏1 = �Ḣ/H2, ✏i+1 ⌘ ✏̇i/(H✏i), with i � 1. By using
Eq. 3, we have that ✏1 ⇡ ✏V , ✏2 ⇡ �2⌘V + 4✏V .

2.2. Quantum generation of fluctuations

Without quantum fluctuations, inflationary theory would fail.
Classically, any initial spatial curvature or gradients in the scalar
field, as well any inhomogeneities in other fields, would rapidly
decay away during the quasi-exponential expansion. The result-
ing Universe would be too homogeneous and isotropic compared
with observations. Quantum fluctuations must exist in order to
satisfy the uncertainty relations that follow from the canonical
commutation relations of quantum field theory. The quantum
fluctuations in the inflaton, and in the transverse and traceless
parts of the metric, are amplified by the nearly exponential ex-
pansion, yielding the scalar and tensor primordial power spectra,
respectively.

Many essentially equivalent approaches to quantizing the
linearized cosmological fluctuations can be found in the origi-
nal literature (see, e.g., Mukhanov & Chibisov, 1981; Hawking,
1982; Guth & Pi, 1982; Starobinsky, 1982; Bardeen et al., 1983).
A simple formalism, which we shall follow here, was intro-
duced by Mukhanov (1988); Mukhanov et al. (1992) and Sasaki
(1986). In this approach a gauge-invariant inflaton fluctuation Q
is constructed and canonically quantized. This gauge-invariant
variable Q is the inflaton fluctuation in the uniform curvature
gauge. The mode function of the inflaton fluctuations ��(t, x)
obeys the evolution equation

(a��k)00 +
 

k2 � z00

z

!

(a��k) = 0, (7)
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lems), which had plagued all cosmological models extrapolat-
ing a matter-radiation equation of state all the way back to the
singularity. Such an equation of state with a large negative pres-
sure and the resulting nearly-exponential expansion are obtained
from a scalar field, the inflaton, with a canonical kinetic term,
slowly rolling in the framework of Einstein gravity.

The homogeneous evolution of the inflaton field, �, is gov-
erned by the equation of motion

�̈(t) + 3H(t)�̇(t) + V� = 0, (1)

and the Friedmann equation
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Here H = ȧ/a is the Hubble parameter, the subscript � denotes
the derivative with respect to �, Mpl = (8⇡G)�1/2 is the reduced
Planck mass, and V is the potential. The evolution during the
stage of quasi-exponential expansion, when the scalar field rolls
slowly down the potential, can be approximated by neglecting
the second time derivative in Eq. 1 and the kinetic energy term
in Eq. 2, so that
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Necessary conditions for the slow-roll described above are ✏V ⌧
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An analogous hierarchy of parameters, called the Hubble
flow function (HFF) slow-roll parameters, measures instead the
deviation from an exact exponential expansion. This hierarchy
is defined as ✏1 = �Ḣ/H2, ✏i+1 ⌘ ✏̇i/(H✏i), with i � 1. By using
Eq. 3, we have that ✏1 ⇡ ✏V , ✏2 ⇡ �2⌘V + 4✏V .

2.2. Quantum generation of fluctuations

Without quantum fluctuations, inflationary theory would fail.
Classically, any initial spatial curvature or gradients in the scalar
field, as well any inhomogeneities in other fields, would rapidly
decay away during the quasi-exponential expansion. The result-
ing Universe would be too homogeneous and isotropic compared
with observations. Quantum fluctuations must exist in order to
satisfy the uncertainty relations that follow from the canonical
commutation relations of quantum field theory. The quantum
fluctuations in the inflaton, and in the transverse and traceless
parts of the metric, are amplified by the nearly exponential ex-
pansion, yielding the scalar and tensor primordial power spectra,
respectively.

Many essentially equivalent approaches to quantizing the
linearized cosmological fluctuations can be found in the origi-
nal literature (see, e.g., Mukhanov & Chibisov, 1981; Hawking,
1982; Guth & Pi, 1982; Starobinsky, 1982; Bardeen et al., 1983).
A simple formalism, which we shall follow here, was intro-
duced by Mukhanov (1988); Mukhanov et al. (1992) and Sasaki
(1986). In this approach a gauge-invariant inflaton fluctuation Q
is constructed and canonically quantized. This gauge-invariant
variable Q is the inflaton fluctuation in the uniform curvature
gauge. The mode function of the inflaton fluctuations ��(t, x)
obeys the evolution equation
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This equation of motion is the same as the one of a particle rolling down its potential. This
particle is subject to friction though the H�̇ term. Like for a particle trajectory, this means
that the solution where �̇ ' V�/(3H) is an attractor ‘slow-roll’ solution if friction is large
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The first parameters being much smaller than one means that we are on a background solution
where the Hubble rate changes very slowly with time. The second parameter means that we
are on an attractor solution (so that the actual solution does not depend much from the initial
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간단한 예: large field inflation

where we used the slow-roll results (77) and (78). The result (82) may also be written as
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To solve the horizon and flatness problems requires that the total number of inflationary e-folds

exceeds about 60,

Ntot ⌘ ln
aend
astart

& 60 . (84)

The precise value depends on the energy scale of inflation and on the details of reheating after

inflation. The fluctuations observed in the CMB are created Ncmb ⇡ 40 � 60 e-folds before the end

of inflation (the precise value again depending on the details of reheating and the post-inflationary

thermal history of the universe). The following integral constraint gives the corresponding field value

�cmb Z �
cmb

�
end

d�p
2✏v

= Ncmb ⇡ 40 � 60 . (85)

6.3 Case Study: m2�2 Inflation

As an example, let us give the slow-roll analysis of arguably the simplest model of inflation: single

field inflation driven by a mass term

V (�) =
1

2
m2�2 . (86)

The slow-roll parameters are

✏v(�) = ⌘v(�) = 2

✓
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. (87)

To satisfy the slow-roll conditions ✏v, |⌘v| < 1, we need to consider super-Planckian values for the

inflaton

� >
p

2Mpl ⌘ �end . (88)

The relation between the inflaton field value and the number of e-folds before the end of inflation is

N(�) =
�2

4M2
pl

� 1

2
. (89)

Fluctuations observed in the CMB are created at

�cmb = 2
p

Ncmb Mpl ⇠ 15Mpl . (90)

In the next lecture we will come back to this example when we compute the fluctuation spectrum

generate by m2�2 inflation.

Exercise 2 (m2�2 Inflation) Verify the above slow-roll results for m2�2 inflation.
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2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

T
eq

⇠ eV t < t
Pl

� = 0 (1)

N
CMB

⇠ 60 (2)

|⌦i � 1|
|⌦

0

� 1| =
R2

i

R2

eq

Req

R
0

' 10�3

✓
T
eq

Ti

◆
2

(3)

' �
Z �

f

�
i

1p
2✏V

d� (4)

k = 0 k > 0 k < 0 = 180 > 180 (5)

N = log
af
ai

=

Z t
f

t
i

Hdt =

Z
H

�̇
d� ' �

Z
3H2

V�
d� ' � 1

MP

Z
V

V�
d� (6)

! =
p

⇢
=

1

2

�̇2 � V (�)
1

2

�̇2 + V (�)
< �1

3
(7)

⇢+ 3p = �̇2 � V (�) < 0 �̇2 ⌧ V (�) (8)

⇢ =
1

2
�̇2 + V (�) p =

1

2
�̇2 � V (�) (9)

(afHf )

(aiHi)
/ t�

1+3!
3(1+!) ! < �1

3
(10)

1

where we used the slow-roll results (77) and (78). The result (82) may also be written as

N(�) =

Z �

�
end

d�p
2"

⇡
Z �

�
end

d�p
2✏v

. (83)

To solve the horizon and flatness problems requires that the total number of inflationary e-folds

exceeds about 60,

Ntot ⌘ ln
aend
astart

& 60 . (84)

The precise value depends on the energy scale of inflation and on the details of reheating after

inflation. The fluctuations observed in the CMB are created Ncmb ⇡ 40 � 60 e-folds before the end

of inflation (the precise value again depending on the details of reheating and the post-inflationary

thermal history of the universe). The following integral constraint gives the corresponding field value

�cmb Z �
cmb

�
end

d�p
2✏v

= Ncmb ⇡ 40 � 60 . (85)

6.3 Case Study: m2�2 Inflation

As an example, let us give the slow-roll analysis of arguably the simplest model of inflation: single

field inflation driven by a mass term

V (�) =
1

2
m2�2 . (86)

The slow-roll parameters are

✏v(�) = ⌘v(�) = 2

✓
Mpl

�

◆2

. (87)

To satisfy the slow-roll conditions ✏v, |⌘v| < 1, we need to consider super-Planckian values for the

inflaton

� >
p

2Mpl ⌘ �end . (88)

The relation between the inflaton field value and the number of e-folds before the end of inflation is

N(�) =
�2

4M2
pl

� 1

2
. (89)

Fluctuations observed in the CMB are created at

�cmb = 2
p

Ncmb Mpl ⇠ 15Mpl . (90)

In the next lecture we will come back to this example when we compute the fluctuation spectrum

generate by m2�2 inflation.

Exercise 2 (m2�2 Inflation) Verify the above slow-roll results for m2�2 inflation.

34

인플레이션:

V (�). The di↵erent possibilities for V (�) can be classified in a useful way by determining whether

they allow the inflaton field to move over a large or small distance �� ⌘ �cmb � �end, as measured

in Planck units.

Figure 11: Large-field inflation. In an important class of inflationary models the inflationary dy-

namics is driven by a single monomial term in the potential, V (�) / �p. In these models

the inflaton field evolves over a super-Planckian range during inflation, �� > Mpl, and a

large amplitude of gravitational waves is produced by quantum mechanical fluctuations

(see Lecture 2).

1. Small-Field Inflation

In small-field models the field moves over a small (sub-Planckian) distance: �� < Mpl. This

is relevant for future observations because small-field models predict that the amplitude of the

gravitational waves produced during inflation is too small to be detected (see Lecture 2). The

potentials that give rise to such small-field evolution often arise in mechanisms of spontaneous

symmetry breaking, where the field rolls o↵ an unstable equilibrium toward a displaced vacuum

(see Fig. 10). A simple example is the Higgs-like potential
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More generally, small-field models can be locally approximated by the following expansion

V (�) = V0
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where the dots represent higher-order terms that become important near the end of inflation

and during reheating.

Historically, a famous inflationary potential is the Coleman-Weinberg potential [2, 3]
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which arises as the potential for radiatively-induced symmetry breaking in electroweak and

grand unified theories. Although the original values of the parameters V0 and µ based on

the SU(5) theory are incompatible with the small amplitude of inflationary fluctuations, the

Coleman-Weinberg potential remains a popular phenomenological model (see e.g. [17]).
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For ✏ ⇠ 1/Ne and not too small, the field excursion is of order M
Pl

. This is a pretty large
field excursion (this explains the name large field models). But notice that in principle there
is absolutely nothing bad about this. The energy density of the field is of order �↵/M↵�4 ⇠�

MPl
M

�↵
M4 and needs to be smaller than M4

Pl

for us to be able to trust general relativity and
the semiclassical description of space-time. This is realized once M �M

Pl

(for ↵ = 4 we have
V = ��4 and we simply require � ⌧ 1). So far so good from the field theory point of view.
Now, ideally some of us would like to embed inflationary theories in UV complete theories of
gravity such as string theory. In this case the UV complete model need to be able to control
all M

Pl

suppressed operators. This is possible, though sometimes challenging, depending on
the scenario considered. This is a lively line of research.

1.5.2 Small Field Inflation

From (60) we see that if we wish to have a �� ⌧ M
Pl

, we need to have ✏ very very small.
This is possible to achieve in models of the form

V (�) = V
0
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Figure 7: A ‘small-field’inflationary model.

In this case, we have

✏ ' M2

Pl

�2
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(62)

that becomes smaller and smaller as we send �! 0. Of course, we need to guarantee a long
enough duration of inflation, which means that � ⇠ �� ⇠ ✏1/2M

Pl

Ne. Both conditions are
satisfied by taking M & M

Pl

Ne.

1.5.3 Generalizations

Over the thirty years since the discovery of the first inflationary models, there have been a
very large number of generalizations. From fields with a non-trivial kinetic terms, such as
DBI inflation and Ghost Inflation, to theories with multiple fields or with dissipative e↵ects.
We will come back to these models later, when we will o↵er a unified description.
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Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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인플레이션의 끝과 우주의 재가열 (Reheating)
인플라톤이 움직이다가 slow-roll 조건이 만족되지 못하면, 
인플라톤은 재빨리 움직여 포텐셜의 최소점으로 움직이며, 
그 지점을 중심으로 진동을 하게된다.

이 때, 인플라톤의 에너지는 물질지배 때처럼 비슷하게 감소한다.

6.4 Reheating

After inflation ends the scalar field begins to oscillate around the minimum of the potential. During

this phase of coherent oscillations the scalar field acts like pressureless matter

d⇢̄�
dt

+ 3H ⇢̄� = 0 . (91)

Exercise 3 (Coherent Scalar Field Oscillations) Confirm Eqn. (91) from the equations of mo-

tion for �.

The coupling of the inflaton field to other particles leads to a decay of the inflaton energy

d⇢̄�
dt

+ (3H + ��)⇢̄� = 0 . (92)

The coupling parameter �� depends on complicated and model-dependent physical processes that

we do not have the time to review. Eventually, the inflationary energy density is converted into

standard model degrees of freedom and the hot Big Bang commences.

Reheating is a rich and complicated subject to which we couldn’t do justice to in these lectures.

We refer the interested reader to the review by Bassett et al. [13] for more details.

6.5 Models of Inflation

The fundamental microscopic origin of inflation is still a mystery. Basic questions like: what is

the inflaton? what is the shape of the inflationary potential? and why did the universe start

in a high energy state? remain unanswered. The challenge to explain the physics of inflation

is considerable. Inflation is believed to have occurred at an enormous energy scale (maybe as

high as ⇠ 1015 GeV), far out of reach of terrestrial particle accelerators. Any description of the

inflationary era therefore requires a considerable extrapolation of the known laws of physics, and

until recently, only a phenomenological parameterization of the inflationary dynamics was possible.6

In this approach, a suitable inflationary potential function V (�) is postulated (see Figures 10 and

11 for two popular examples) and the experimental predictions are computed from that. As we will

see in the next lecture, details of the primordial fluctuation spectra will depend on the precise shape

of the inflaton potential.

6.5.1 Single-Field Slow-Roll Inflation

The definition of an inflationary model amounts to a specification of the inflaton action (potential

and kinetic terms) and its coupling to gravity. So far we have phrased our discussion of inflation in

terms of the simplest models, single-field slow-roll inflation, characterized by the following action

S =

Z
d4x

p
�g


1

2
R +

1

2
gµ⌫@µ� @⌫� � V (�)

�
. (93)

The dynamics of the inflaton field, from the time when CMB fluctuations were created (see Lecture

2) at �cmb to the end of inflation at �end, is determined by the shape of the inflationary potential

6Recently, progress has been made both in a systematic e↵ective field theory description of inflation [14, 15]
and in top-down derivations of inflationary potentials from string theory [16].
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6.4 Reheating

After inflation ends the scalar field begins to oscillate around the minimum of the potential. During

this phase of coherent oscillations the scalar field acts like pressureless matter

d⇢̄�
dt

+ 3H ⇢̄� = 0 . (91)

Exercise 3 (Coherent Scalar Field Oscillations) Confirm Eqn. (91) from the equations of mo-

tion for �.

The coupling of the inflaton field to other particles leads to a decay of the inflaton energy

d⇢̄�
dt

+ (3H + ��)⇢̄� = 0 . (92)

The coupling parameter �� depends on complicated and model-dependent physical processes that

we do not have the time to review. Eventually, the inflationary energy density is converted into

standard model degrees of freedom and the hot Big Bang commences.

Reheating is a rich and complicated subject to which we couldn’t do justice to in these lectures.

We refer the interested reader to the review by Bassett et al. [13] for more details.

6.5 Models of Inflation

The fundamental microscopic origin of inflation is still a mystery. Basic questions like: what is

the inflaton? what is the shape of the inflationary potential? and why did the universe start

in a high energy state? remain unanswered. The challenge to explain the physics of inflation

is considerable. Inflation is believed to have occurred at an enormous energy scale (maybe as

high as ⇠ 1015 GeV), far out of reach of terrestrial particle accelerators. Any description of the

inflationary era therefore requires a considerable extrapolation of the known laws of physics, and

until recently, only a phenomenological parameterization of the inflationary dynamics was possible.6

In this approach, a suitable inflationary potential function V (�) is postulated (see Figures 10 and

11 for two popular examples) and the experimental predictions are computed from that. As we will

see in the next lecture, details of the primordial fluctuation spectra will depend on the precise shape

of the inflaton potential.

6.5.1 Single-Field Slow-Roll Inflation

The definition of an inflationary model amounts to a specification of the inflaton action (potential

and kinetic terms) and its coupling to gravity. So far we have phrased our discussion of inflation in

terms of the simplest models, single-field slow-roll inflation, characterized by the following action

S =

Z
d4x

p
�g


1

2
R +

1

2
gµ⌫@µ� @⌫� � V (�)

�
. (93)

The dynamics of the inflaton field, from the time when CMB fluctuations were created (see Lecture

2) at �cmb to the end of inflation at �end, is determined by the shape of the inflationary potential

6Recently, progress has been made both in a systematic e↵ective field theory description of inflation [14, 15]
and in top-down derivations of inflationary potentials from string theory [16].
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인플라톤이 다른 가벼운 입자들과 상호작용이 있어 붕괴를 할 수 있다면,

인플라톤의 붕괴 후 뜨거운 복사 시대가 시작되며, 그 때의 온도는

11

where R(t) is the scale factor and k is the curvature = −1, 0 or 1 for an open, flat or closed Universe. In this case,
the Einstein equations lead to the Friedmann equation

H2 +
k

R2
=

8πG

3
ρ, (8)

which governs the expansion of the Universe (here, we introduce the Hubble parameter H ≡ Ṙ/R and ρ is the energy
density). Combined with the continuity equation,

ρ̇+ 3H(ρ+ p) = 0, (9)

one can solve the Friedmann equation for each case of radiation, matter or CC dominated Universe. The scale factor
then evolves as

Radiation ρ ∝ R−4,

Matter ρ ∝ R−3,

Cosmological Constant ρ ∝ constant.

(10)

The early Universe was dominated early on by relativistic particles (radiation-dominated, RD) and later on matter
became dominating (matter-dominated, MD). At present, it is known that the Universe is accelerating and can be well
described by the vacuum-dominated Universe (CC-dominated). The early radiation-dominated Universe is considered
to be preceded by another accelerating phase of the Universe: cosmic inflation.
An initial inflationary period provides an explanation for the cosmological problems related to the initial conditions

of the standard Big Bang cosmology. During inflation the Universe became very flat and homogeneous with only small
amounts of fluctuations. After inflation, the oscillating inflaton field φ briefly makes the Universe matter-dominated
until its decay produces relativistic particles: the Universe is then reheated and thus begins the standard Big Bang
Universe. This process is called reheating.
It is usually assumed that the particles produced from inflaton decay are thermalized instantly and the reheating

temperature Treh is defined as the temperature when the energy density of radiation dominates the matter density of
the oscillating inflaton field [24, 447]. That happens around the time comparable to the lifetime of the inflaton field,
t = (2H)−1 ≃ τ = Γ−1

φ , when the inflaton energy density exponentially decreases. From the Friedmann equation, the
reheating temperature can be expressed as

Treh ≃
(

90

4π2g∗

)1/4√
ΓφMP. (11)

However the maximum temperature, Tmax after inflation, can be much higher than the reheating temperature [291,
447]. If the thermalization is delayed and occurs after radiation domination, then the reheating temperature can be
much lower than that defined by Eq. (11) [209, 480]. To maintain the successful predictions for the abundances of
light nuclei production during the standard Big Bang Nucleosynthesis (BBN), it is required that Treh ! 4MeV [319].
The early Universe after inflation was filled with relativistic particles in a plasma that was very hot and dense.

The relativistic particles, collectively referred to as radiation, became thermalized due to their self-interactions thus
reaching local thermodynamic equilibrium. From the equilibrium distributions, the energy density, number density
and entropy density of radiation are given by

ρR =
π2

30
g∗T

4, (12)

nR =
ζ(3)

π2
g∗ST

3, (13)

and

s =
2π2

45
g∗ST

3, (14)

where ζ(3) = 1.20206 . . . is the Riemann zeta function of 3, g∗ counts the effective number of relativistic species
present in equilibrium and g∗S denotes the effective degrees of freedom of entropy at the time of decoupling.
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인플라톤 붕괴에 의하여 생긴 물질과 복사

4 Inflation

which is exactly the same as the “slow-roll” result (4.2.14) for the exponential
potential.

It is assumed in these theories that when V (ϕ) dropped sufficiently far,
the inequalities (4.2.10) and (4.2.13) were in general no longer be satisfied,
and ϕ began a damped oscillation around the minimum of V (ϕ), which is
at the present value ϕ0. Eventually ϕ would have approached close enough
to ϕ0 so that we can approximate the potential as a quadratic,

V (ϕ) = 1
2

m2 (ϕ − ϕ0)
2 . (4.2.24)

(In order to account for the small present value of the vacuum energy, it
is necessary to assume that, for reasons that remain entirely mysterious,
the minimum value of the potential is very close to zero.) This is just like
the field theory of spinless particles with mass m and negligible velocity.
In order to have ended inflation, there must also be some coupling of the
inflaton scalar field to other fields, including the fields of ordinary matter
and radiation, so that the energy density of the inflaton field decreased as

ρϕ(t) = ρϕ(tI )
(

a(tI )
a(t)

)3
e−#(t−tI ) , (4.2.25)

where # is the rate of decay of the ϕ quanta into other particles, and tI is
taken at the beginning of the inflaton oscillation and decay. This is known
as the period of reheating.8 It is this period in which the entropy observed
in the present universe is supposed to be generated.9

The energy density ρM of the particles into which ϕ decayed satisfies a
conservation equation like Eq. (1.1.32), but corrected to take account of the
flow of energy from the inflaton:

ρ̇M + 3H(ρM + pM ) = #ρϕ . (4.2.26)

For definiteness, we will assume that the decay products of the inflaton are
highly relativistic, so that pM = ρM/3. Then the solution of Eq. (4.2.26) is

ρM (t) = ρϕ(tI )# a3(tI )
a4(t)

∫ t

tI
a(t′) e−#(t′−tI ) dt′ (4.2.27)

In contemporary models of inflation this is the source of all the matter
and radiation in the present universe. (In using this relation it is important

8The term reheating is a historical relic of early theories of inflation in which it was assumed that the
zero-temperature slow roll of the inflaton field followed an earlier period of high temperature.

9A. D. Dolgov and A. D. Linde, Phys. Lett. 116B, 329 (1982); L. F. Abbott, E. Farhi, and M. B.
Wise, Phys. Lett. 117B, 29 (1982).
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the inequalities (4.2.10) and (4.2.13) were in general no longer be satisfied,
and ϕ began a damped oscillation around the minimum of V (ϕ), which is
at the present value ϕ0. Eventually ϕ would have approached close enough
to ϕ0 so that we can approximate the potential as a quadratic,

V (ϕ) = 1
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m2 (ϕ − ϕ0)
2 . (4.2.24)

(In order to account for the small present value of the vacuum energy, it
is necessary to assume that, for reasons that remain entirely mysterious,
the minimum value of the potential is very close to zero.) This is just like
the field theory of spinless particles with mass m and negligible velocity.
In order to have ended inflation, there must also be some coupling of the
inflaton scalar field to other fields, including the fields of ordinary matter
and radiation, so that the energy density of the inflaton field decreased as

ρϕ(t) = ρϕ(tI )
(

a(tI )
a(t)

)3
e−#(t−tI ) , (4.2.25)

where # is the rate of decay of the ϕ quanta into other particles, and tI is
taken at the beginning of the inflaton oscillation and decay. This is known
as the period of reheating.8 It is this period in which the entropy observed
in the present universe is supposed to be generated.9

The energy density ρM of the particles into which ϕ decayed satisfies a
conservation equation like Eq. (1.1.32), but corrected to take account of the
flow of energy from the inflaton:

ρ̇M + 3H(ρM + pM ) = #ρϕ . (4.2.26)

For definiteness, we will assume that the decay products of the inflaton are
highly relativistic, so that pM = ρM/3. Then the solution of Eq. (4.2.26) is

ρM (t) = ρϕ(tI )# a3(tI )
a4(t)

∫ t

tI
a(t′) e−#(t′−tI ) dt′ (4.2.27)

In contemporary models of inflation this is the source of all the matter
and radiation in the present universe. (In using this relation it is important

8The term reheating is a historical relic of early theories of inflation in which it was assumed that the
zero-temperature slow roll of the inflaton field followed an earlier period of high temperature.

9A. D. Dolgov and A. D. Linde, Phys. Lett. 116B, 329 (1982); L. F. Abbott, E. Farhi, and M. B.
Wise, Phys. Lett. 117B, 29 (1982).
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물질밀도의 해를 구할 수 있다.

4 Inflation

which is exactly the same as the “slow-roll” result (4.2.14) for the exponential
potential.

It is assumed in these theories that when V (ϕ) dropped sufficiently far,
the inequalities (4.2.10) and (4.2.13) were in general no longer be satisfied,
and ϕ began a damped oscillation around the minimum of V (ϕ), which is
at the present value ϕ0. Eventually ϕ would have approached close enough
to ϕ0 so that we can approximate the potential as a quadratic,

V (ϕ) = 1
2

m2 (ϕ − ϕ0)
2 . (4.2.24)

(In order to account for the small present value of the vacuum energy, it
is necessary to assume that, for reasons that remain entirely mysterious,
the minimum value of the potential is very close to zero.) This is just like
the field theory of spinless particles with mass m and negligible velocity.
In order to have ended inflation, there must also be some coupling of the
inflaton scalar field to other fields, including the fields of ordinary matter
and radiation, so that the energy density of the inflaton field decreased as

ρϕ(t) = ρϕ(tI )
(

a(tI )
a(t)

)3
e−#(t−tI ) , (4.2.25)

where # is the rate of decay of the ϕ quanta into other particles, and tI is
taken at the beginning of the inflaton oscillation and decay. This is known
as the period of reheating.8 It is this period in which the entropy observed
in the present universe is supposed to be generated.9

The energy density ρM of the particles into which ϕ decayed satisfies a
conservation equation like Eq. (1.1.32), but corrected to take account of the
flow of energy from the inflaton:

ρ̇M + 3H(ρM + pM ) = #ρϕ . (4.2.26)

For definiteness, we will assume that the decay products of the inflaton are
highly relativistic, so that pM = ρM/3. Then the solution of Eq. (4.2.26) is

ρM (t) = ρϕ(tI )# a3(tI )
a4(t)

∫ t

tI
a(t′) e−#(t′−tI ) dt′ (4.2.27)

In contemporary models of inflation this is the source of all the matter
and radiation in the present universe. (In using this relation it is important

8The term reheating is a historical relic of early theories of inflation in which it was assumed that the
zero-temperature slow roll of the inflaton field followed an earlier period of high temperature.

9A. D. Dolgov and A. D. Linde, Phys. Lett. 116B, 329 (1982); L. F. Abbott, E. Farhi, and M. B.
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그리고 표준 빅뱅 팽창이 시작된다.
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New inflation and eternal inflation

The classical movement of inflaton field on 1/H time scale,
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From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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For new inflation, 

For ✏ ⇠ 1/Ne and not too small, the field excursion is of order M
Pl

. This is a pretty large
field excursion (this explains the name large field models). But notice that in principle there
is absolutely nothing bad about this. The energy density of the field is of order �↵/M↵�4 ⇠�

MPl
M

�↵
M4 and needs to be smaller than M4

Pl

for us to be able to trust general relativity and
the semiclassical description of space-time. This is realized once M �M

Pl

(for ↵ = 4 we have
V = ��4 and we simply require � ⌧ 1). So far so good from the field theory point of view.
Now, ideally some of us would like to embed inflationary theories in UV complete theories of
gravity such as string theory. In this case the UV complete model need to be able to control
all M

Pl

suppressed operators. This is possible, though sometimes challenging, depending on
the scenario considered. This is a lively line of research.

1.5.2 Small Field Inflation

From (60) we see that if we wish to have a �� ⌧ M
Pl

, we need to have ✏ very very small.
This is possible to achieve in models of the form

V (�) = V
0

 
1�

✓
�

M

◆
2

!
(61)

� �� �
�obs.

�reheat

V (�)

�begin �

Figure 7: A ‘small-field’inflationary model.

In this case, we have

✏ ' M2

Pl
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(62)

that becomes smaller and smaller as we send �! 0. Of course, we need to guarantee a long
enough duration of inflation, which means that � ⇠ �� ⇠ ✏1/2M

Pl

Ne. Both conditions are
satisfied by taking M & M

Pl

Ne.

1.5.3 Generalizations

Over the thirty years since the discovery of the first inflationary models, there have been a
very large number of generalizations. From fields with a non-trivial kinetic terms, such as
DBI inflation and Ghost Inflation, to theories with multiple fields or with dissipative e↵ects.
We will come back to these models later, when we will o↵er a unified description.
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Chaotic inflation [Linde, 1983]

우주초기에 스칼라장은 공간의 위치에 따라 무작위적인 값을 가지고 카오스
적으로 분포하고 있는 것으로 고려한다.

초기우주에서의 상전이나 열적평형상태 같은 가정은 필요하지 않다.

그 중에 인플레이션 조건을 만족하는 영역이 기하급수적 팽창을 하여 균일한 
공간의 우주 영역을 만들게 된다.
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We discuss the general structure and observational consequences of some of the simplest versions
of chaotic inflation in supergravity in relation to the data by Planck 2013 and BICEP2. We show
that minimal modifications to the simplest quadratic potential are sufficient to provide a controllable
tensor mode signal and a suppression of CMB power at large angular scales.

I. CHAOTIC INFLATION: THE DEFINITION

In this paper we will discuss the simplest versions of
the chaotic inflation scenario in supergravity, and com-
pare their predictions with the data from Planck 2013
[1] and BICEP2 [2]. But before discussing this issue, we
would like to clarify the definition of “chaotic inflation”,
following the original papers and the book on this sce-
nario [3, 4]. Indeed, some authors incorrectly identify
chaotic inflation with the theories with monomial poten-
tials �n. But there is nothing chaotic about monomial
potentials, so what does this strange name refers to?

The name of this broad class of inflationary theories is
related to the observation that inflation can be realized
even in the theories where the inflaton potential does
not have any special features such as local minima or
maxima with extraordinary small curvature, and even if
the universe was not born in the hot Big Bang. To put
it to a proper context, one should compare it to other
approaches to inflation.

The first version of a theory of inflationary type was
proposed by Starobinsky [5]. Instead of attempting to
solve the homogeneity and isotropy problems, he as-
sumed that the universe which was homogeneous and
isotropic from the very beginning, and emphasized that
his scenario was “the extreme opposite of Misner’s initial
chaos” [5]. Thus the main goals of this model were differ-
ent from the goals of inflation. The goal was to solve the
singularity problem by starting the evolution in a non-
singular dS state. However, dS state in his scenario was
unstable, with a finite decay time [6], and therefore it
could not exist at t ! �1.

Old and new inflation assumed that the universe ini-
tially was in a state of thermal equilibrium at an ex-
tremely high temperature, and then it supercooled and
inflated in a state close to the top of the potential V (�)

[7–9]. However, old inflation did not quite work, as
pointed out by its author [10]. New inflation resolved
most of the problems of old inflation, but it was also ruled
out a year later, for many reasons discussed in [4]. As
Hawking said back in 1988, “the new inflationary model
is now dead as a scientific theory, although a lot of peo-
ple do not seem to have heard about its demise and write

papers as if it were viable” [11].

The chaotic inflation scenario [3] was proposed as an
alternative to new inflation, after it was realized that the
assumption of the hot Big Bang, high temperature phase
transitions and supercooling did not help to formulate
a successful inflationary scenario. In fact, in most cases
these assumptions, which constituted the standard trade-
mark of old and new inflation, made inflation much more
difficult to implement. If, instead, one simply considers
the universe with different initial conditions in its differ-
ent parts (or different universes with different values of
fields in each of them), one finds that in many of them
inflation may occur. It makes these parts exponentially
large, thus producing exponentially large islands of or-
der from the primordial chaos. Hence the name: chaotic
inflation.

An important feature of this scenario is its versatil-
ity and the broad variety of models where it can be im-
plemented. Examples of chaotic inflation models pro-
posed in 1983-1985 included models with monomial and
polynomial potentials, and any other models where the
slow roll regime was possible. This regime is possible in
small field models, but it is especially easy to achieve
in large field models, where one could make simple es-
timates V 00 ⇠ V/�2 and V 0 ⇠ V/�. Therefore it was
argued that in such models the slow-roll conditions can
be easily satisfied for � � 1 [3]. One notable example of
such models has the Higgs-like potential ⇠ �(�2 � v2)2

with v � 1 [12]. Models of this type later have been
called “hilltop inflation” [13]. Another example was the
supergravity-based version of chaotic inflation with the
potential V ⇠ a(1�e�b�

) [14]. Such models became quite
popular lately. In 1983-1985, the Starobinsky model [5]
experienced significant modifications. It was reformu-
lated as a theory R+aR2, and initial conditions for infla-
tion in this theory were formulated along the lines of the
chaotic inflation scenario [15, 16]. This resolved the prob-
lem with initial conditions of the original version of this
model. In the natural inflation scenario, the authors said
that “our model is closest in spirit to chaotic inflation”
[17]. The hybrid inflation scenario [18] was introduced as
a specific version of the chaotic inflation scenario. Step
by step, chaotic inflation replaced new inflation in its
role of the main inflationary paradigm. Rather than de-
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31

Power law potential

Planck Collaboration: Constraints on inflation 9

HZ HZ + YP HZ + Ne↵ ⇤CDM
105⌦bh2 2296 ± 24 2296 ± 23 2285 ± 23 2205 ± 28
104⌦ch2 1088 ± 13 1158 ± 20 1298 ± 43 1199 ± 27
100 ✓MC 1.04292 ± 0.00054 1.04439 ± 0.00063 1.04052 ± 0.00067 1.04131 ± 0.00063
⌧ 0.125+0.016

�0.014 0.109+0.013
�0.014 0.105+0.014

�0.013 0.089+0.012
�0.014

ln
⇣

1010As

⌘

3.133+0.032
�0.028 3.137+0.027

�0.028 3.143+0.027
�0.026 3.089+0.024

�0.027
ns — — — 0.9603 ± 0.0073
Ne↵ — — 3.98 ± 0.19 —
YP — 0.3194 ± 0.013 — —
�2� ln(Lmax) 27.9 2.2 2.8 0

Table 3. Constraints on cosmological parameters and best-fit �2� ln(L) with respect to the standard ⇤CDM model, using
Planck+WP data, testing the significance of the deviation from the HZ model.

Sampling the power spectrum parameters As, ns, and r is
not the only method for constraining slow roll inflation. Another
possibility is to sample the HFF in the analytic expressions for
the scalar and tensor power spectra (Stewart & Lyth, 1993; Gong
& Stewart, 2001; Leach et al., 2002). In the Appendix, we per-
form a comparison of slow-roll inflationary predictions by sam-
pling the HFF with Planck data, and show that the results ob-
tained in this way agree with those derived by sampling the
power spectrum parameters. This confirms similar studies with
previous data (Hamann et al., 2008c; Finelli et al., 2010).

The spectral index estimated from Planck+WP data is

ns = 0.9603 ± 0.0073. (32)

This tight bound on ns is crucial for constraining inflation. The
Planck constraint on r depends slightly on the pivot scale; we
adopt k⇤ = 0.002 Mpc�1 to quote our result, with r0.002 < 0.12
at 95% CL. This bound improves on the most recent results,
including the WMAP 9-year constraint of r < 0.38 (Hinshaw
et al., 2012a), the WMAP7 + ACT limit of r < 0.28 (Sievers
et al., 2013), and the WMAP7 + SPT limit of r < 0.18 (Story
et al., 2012). The new bound from Planck is consistent with
the limit from temperature anisotropies alone (Knox & Turner,
1994). When a possible tensor component is included, the spec-
tral index from Planck+WP is not significantly changed, with
ns = 0.9624 ± 0.0075.

The Planck constraint on r corresponds to an upper bound
on the energy scale of inflation

V⇤ =
3⇡2As

2
r M4

pl = (1.94 ⇥ 1016 GeV)4 r⇤
0.12

, (33)

at 95% CL. This is equivalent to an upper bound on the Hubble
parameter during inflation of H⇤/Mpl < 3.7 ⇥ 10�5. In terms of
slow-roll parameters, Planck+WP constraints imply ✏V < 0.008
at 95% CL, and ⌘V = �0.010+0.005

�0.011.
The Planck results on ns and r are robust to the addition

of external data sets (see Table 4). When the high-` CMB
ACT+SPT data are added, we obtain ns = 0.9600 ± 0.0072 and
r0.002 < 0.11 at 95% CL. Including the Planck lensing likeli-
hood gives ns = 0.9653 ± 0.0069 and r0.002 < 0.13, and adding
BAO data gives ns = 0.9643 ± 0.0059 and r0.002 < 0.12. These
bounds are robust to the small changes in the polarization likeli-
hood at low multipoles. To test this robustness, instead of using
the WMAP polarization likelihood, we impose a Gaussian prior
⌧ = 0.07 ± 0.013 to take into account small shifts due to un-
certainties in residual foreground contamination or instrument
systematics in the evaluation of ⌧, as performed in Appendix B
of Planck Collaboration XVI (2013). We find at most a reduction
of 8% for the upper bound on r.

It is useful to plot the inflationary potentials in the ns–r plane
using the first two slow-roll parameters evaluated at the pivot
scale k⇤ = 0.002 Mpc�1 (Dodelson et al., 1997). Given our ig-
norance of the details of the epoch of entropy generation, we
assume that the number of e-folds N⇤ to the end of inflation lies
in the interval [50, 60]. This uncertainty is plotted for those po-
tentials predicting an exit from inflation without changing the
potential.

Fig. 1 shows the Planck constraints in the ns � r plane and
indicates the predictions of a number of representative inflation-
ary potentials. The sensitivity of Planck data to high multipoles
removes the degeneracy between ns and r found using WMAP
data. Planck data favour models with a concave potential. As
shown in Fig. 1, most of the joint 95% allowed region lies be-
low the convex potential limit, and concave models with a red
tilt in the range [0.945-0.98] are allowed by Planck at 95% CL.
In the following we consider the status of several illustrative and
commonly discussed inflationary potentials in light of the Planck
observations.

Power law potential and chaotic inflation

The simplest class of inflationary models is characterized by a
single monomial potential of the form

V(�) = �M4
pl

 

�

Mpl

!n

. (34)

This class of potentials includes the simplest chaotic models, in
which inflation starts from large values for the inflaton, � > Mpl.
Inflation ends by violation of the slow-roll regime, and we as-
sume this occurs at ✏V = 1. According to Eqs. 5, 6, and 15,
this class of potentials predicts to lowest order in slow-roll pa-
rameters ns � 1 ⇡ �n(n + 2)M2

pl/�
2⇤, r ⇡ 8n2M2

pl/�
2⇤, �2⇤ ⇡

nM2
pl(4N⇤ + n)/2. The ��4 model lies well outside of the joint

99.7% CL region in the ns � r plane. This result confirms pre-
vious findings from e.g., Hinshaw et al. (2012a) in which this
model is well outside the 95% CL for the WMAP 9-year data
and is further excluded by CMB data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-` data for
N⇤ . 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has ⌘V = 0 and lies within the
95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive

Exponential potential and power law inflation

10 Planck Collaboration: Constraints on inflation

Model Parameter Planck+WP Planck+WP+lensing Planck + WP+high-` Planck+WP+BAO

⇤CDM + tensor ns 0.9624 ± 0.0075 0.9653 ± 0.0069 0.9600 ± 0.0071 0.9643 + 0.0059
r0.002 < 0.12 < 0.13 < 0.11 < 0.12

�2� lnLmax 0 0 0 -0.31

Table 4. Constraints on the primordial perturbation parameters in the ⇤CDM+r model from Planck combined with other data sets.
The constraints are given at the pivot scale k⇤ = 0.002 Mpc�1.

Fig. 1. Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination with other data sets compared to
the theoretical predictions of selected inflationary models.

reheating priors allowing N⇤ < 50 could reconcile this model
with the Planck data.

Exponential potential and power law inflation

Inflation with an exponential potential

V(�) = ⇤4 exp
 

�� �
Mpl

!

(35)

is called power law inflation (Lucchin & Matarrese, 1985),
because the exact solution for the scale factor is given by
a(t) / t2/�2 . This model is incomplete, since inflation would
not end without an additional mechanism to stop it. Assuming
such a mechanism exists and leaves predictions for cosmo-
logical perturbations unmodified, this class of models predicts
r = �8(ns � 1) and is now outside the joint 99.7% CL contour.

Inverse power law potential

Intermediate models (Barrow, 1990; Muslimov, 1990) with in-
verse power law potentials

V(�) = ⇤4
 

�

Mpl

!��
(36)

lead to inflation with a(t) / exp(At f ), with A > 0 and 0 < f < 1,
where f = 4/(4 + �) and � > 0. In intermediate inflation there
is no natural end to inflation, but if the exit mechanism leaves
the inflationary predictions on cosmological perturbations un-
modified, this class of models predicts r ⇡ �8�(ns � 1)/(� � 2)
(Barrow & Liddle, 1993). It is disfavoured, being outside the
joint 95% CL contour for any �.

Hill-top models

In another interesting class of potentials, the inflaton rolls away
from an unstable equilibrium as in the first new inflationary mod-
els (Albrecht & Steinhardt, 1982; Linde, 1982). We consider

V(�) ⇡ ⇤4
 

1 � �
p

µp + ...

!

, (37)

where the ellipsis indicates higher order terms negligible during
inflation, but needed to ensure the positiveness of the potential
later on. An exponent of p = 2 is allowed only as a large field
inflationary model and predicts ns � 1 ⇡ �4M2

pl/µ
2 + 3r/8 and

r ⇡ 32�2⇤M2
pl/µ

4. This potential leads to predictions in agree-
ment with Planck+WP+BAO joint 95% CL contours for super-
Planckian values of µ, i.e., µ & 9 Mpl.

Models with p � 3 predict ns � 1 ⇡ �(2/N)(p � 1)/(p � 2)
when r ⇠ 0. The hill-top potential with p = 3 lies outside the
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joint 95% CL region for Planck+WP+BAO data; the case with
p = 4 is also in tension with Planck+WP+BAO, but allowed
within the joint 95% CL region for N⇤ & 50. For larger values of
r these models provide a better fit to the Planck+WP+BAO data.

A simple symmetry breaking potential

The symmetry-breaking potential (Olive, 1990)

V(�) = ⇤4
 

1 � �
2

µ2

!2

, (38)

can be considered as a self-consistent completion of the hill-top
model with p = 2 (although it has a different limiting large-
field branch for non-zero r). This potential leads to predictions
in agreement with Planck + WP + BAO joint 95% CL contours
for super-Planckian value of µ, i.e. µ & 13 Mpl.

Natural inflation

Another interesting class of potentials is natural inflation
(Freese et al., 1990; Adams et al., 1993), initially motivated by
its origin in symmetry-breaking in an attempt to naturally give
rise to the extremely flat potentials required for inflationary cos-
mology. In natural inflation the effective one-dimensional po-
tential takes the form

V(�) = ⇤4
"

1 + cos
 

�

f

!#

, (39)

where f is a scale which determines the slope of the potential.
Depending on the value of f , the model falls into the large field
( f & 1.5 Mpl) or small field ( f . 1.5 Mpl) classification scheme.
Therefore, ns ⇡ 1 � M2

pl/ f 2 holds for small f and ns ⇡ 1 � 2/N,
r ⇡ 8/N holds for large f , approximating the m2�2 potential in
the latter case (with N⇤ ⇡ (2 f 2/M2

pl) ln[sin(�e/ f )/ sin(�⇤/ f )]).
This model agrees with Planck+WP data for f & 5 Mpl.

Hybrid inflation

In hybrid inflationary models a second field, �, coupled to the
inflaton, undergoes symmetry breaking. The simplest example
of this class is

V(�, �) = ⇤4
 

1 � �
2

µ2

!2

+ U(�) +
g2

2
�2�2 . (40)

For most of their parameter space, these models can be consid-
ered effectively as single field models for the inflaton �. The
second field � is close to the origin during the slow-roll regime
for �, and inflation ends either by breakdown of slow roll for
the inflaton at ✏� ⇡ M2

pl(dU/d�)2/(⇤4 + U(�))2 ⇡ 1 or by the
waterfall transition of �. The simplest models with

U(�) =
m2

2
�2 (41)

are disfavoured for most of the parameter space (Cortês &
Liddle, 2009). Models with m2�2/2 ⇠ ⇤4 are disfavoured due to
a high tensor-to-scalar ratio, and models with U(�) ⌧ ⇤4 predict
a spectral index ns > 1, also disfavoured by the Planck data.

We discuss hybrid inflationary models predicting ns < 1 sep-
arately. As an example, the spontaneously broken SUSY model
(Dvali et al., 1994)

U(�) = ↵h⇤
4 ln

 

�

µ

!

, (42)

predicts ns � 1 ⇡ �(1 + 3↵h/2)/N⇤ and r ⇡ 8↵h/N⇤. For ↵h ⌧ 1
and N⇤ ' 50, ns ' 0.98 is disfavoured by Planck+WP+BAO
data at more than 95% CL. However, more permissive reheating
priors allowing N⇤ < 50 or a non-negligible ↵h give models that
are consistent with the Planck data.

R2 inflation

Inflationary models can also be accommodated within extended
theories of gravity. These theories can be analysed either in the
original (Jordan) frame or in the conformally-related Einstein
frame with a Klein-Gordon scalar field. Due to the invariance of
curvature and tensor perturbation power spectra with respect to
this conformal transformation, we can use the same methodol-
ogy described earlier.

The first inflationary model proposed was of this type
and based on higher order gravitational terms in the action
(Starobinsky, 1980)

S =
Z

d4x
p�g

M2
pl

2

 

R +
R2

6M2
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, (43)

with the motivation to include semi-classical quantum effects.
The predictions for R2 inflation were first studied in Mukhanov
& Chibisov (1981); Starobinsky (1983) and can be summarized
as: ns�1 ⇡ �8(4N⇤+9)/(4N⇤+3) and r ⇡ 192/(4N⇤+3)2. Since r
is suppressed by another 1/N⇤ with respect to the scalar tilt, this
model predicts a tiny amount of gravitational waves. This model
predicts ns = 0.963 for N⇤ = 55 and is fully consistent with the
Planck constraints.

Non-minimally coupled inflaton

A non-minimal coupling of the inflaton to gravity with the action
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(44)
leads to several interesting consequences such as a lowering of
the tensor-to-scalar ratio.

The case of a massless self-interacting inflaton (�0 = 0)
agrees with the Planck+WP data for ⇠ , 0. Within the range
50 < N⇤ < 60, this model is within the Planck+WP joint
95% CL region for ⇠ > 0.0019, improving previous bounds
(Okada et al., 2010).

The amplitude of scalar perturbations is proportional to �/⇠2
for ⇠ � 1, and therefore the problem of tiny values for the in-
flaton self-coupling � can be alleviated (Salopek et al., 1989;
Fakir & Unruh, 1990). The regime �0 ⌧ Mpl is allowed and �
could be the Standard Model Higgs as proposed in Bezrukov &
Shaposhnikov (2009). The Higgs case with ⇠ � 1 has the same
predictions as the R2 model in terms of ns and r as a function
of N⇤. The reheating mechanism in the Higgs case can be more
efficient than in R2 case and therefore predicts a slightly larger
ns. This model is fully consistent with Planck constraints.

The case with ⇠ < 0 and |⇠|�2
0/M

2
pl ⇠ 1 was also recently

emphasized in Linde et al. (2011). With the symmetry breaking
potential in Eq. 44, the large field case with inflaton � > �0 is
disfavoured by Planck data, whereas the small field case � < �0
is in agreement with the data.
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agrees with the Planck+WP data for ⇠ , 0. Within the range
50 < N⇤ < 60, this model is within the Planck+WP joint
95% CL region for ⇠ > 0.0019, improving previous bounds
(Okada et al., 2010).

The amplitude of scalar perturbations is proportional to �/⇠2
for ⇠ � 1, and therefore the problem of tiny values for the in-
flaton self-coupling � can be alleviated (Salopek et al., 1989;
Fakir & Unruh, 1990). The regime �0 ⌧ Mpl is allowed and �
could be the Standard Model Higgs as proposed in Bezrukov &
Shaposhnikov (2009). The Higgs case with ⇠ � 1 has the same
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여러가지 인플레이션 모형들

Non-minimal coupling to gravity

Modified gravity

ourselves from the sin of not mentioning the broader landscape of inflationary model-building (see

also Ref. [18]).

The simplest inflationary actions (93) may be extended in a number of obvious ways:

1. Non-minimal coupling to gravity.

The action (93) is called minimally coupled in the sense that there is no direct coupling

between the inflaton field and the metric. In principle, we could imagine a non-minimal

coupling between the inflaton and the graviton, however, in practice, non-minimally coupled

theories can be written as minimally coupled theories by a field redefinition.

2. Modified gravity.

Similarly, we could entertain the possibility that the Einstein-Hilbert part of the action is

modified at high energies. However, the simplest examples for this UV modification of gravity,

so-called f(R) theories, can again be transformed into a minimally coupled scalar field with

potential V (�).

3. Non-canonical kinetic term.

The action (93) has a canonical kinetic term

L� = X � V (�) , X ⌘ 1

2
gµ⌫@µ�@⌫� . (99)

Inflation can then only occur if the potential V (�) is very flat. More generally, however, we

could imagine that the high-energy theory has fields with non-canonical kinetic terms

L� = F (�, X) � V (�) , (100)

where F (�, X) is some function of the inflaton field and its derivatives. For actions such as

(100) it is possible that inflation is driven by the kinetic term and occurs even in the presence

of a steep potential.

4. More than one field.

If we allow more than one field to be dynamically relevant during inflation, then the possibilities

for the inflationary dynamics (and the mechanisms for the production of fluctuations) expand

dramatically and the theory loses a lot of its predictive power. Some of the large number of

possibilities of multi-field inflationary models are reviewed in Ref. [19].
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1. Small-field inflaiton
- Field moves over a small distance: 

V (�). The di↵erent possibilities for V (�) can be classified in a useful way by determining whether

they allow the inflaton field to move over a large or small distance �� ⌘ �cmb � �end, as measured

in Planck units.

Figure 11: Large-field inflation. In an important class of inflationary models the inflationary dy-

namics is driven by a single monomial term in the potential, V (�) / �p. In these models

the inflaton field evolves over a super-Planckian range during inflation, �� > Mpl, and a

large amplitude of gravitational waves is produced by quantum mechanical fluctuations

(see Lecture 2).

1. Small-Field Inflation

In small-field models the field moves over a small (sub-Planckian) distance: �� < Mpl. This

is relevant for future observations because small-field models predict that the amplitude of the

gravitational waves produced during inflation is too small to be detected (see Lecture 2). The

potentials that give rise to such small-field evolution often arise in mechanisms of spontaneous

symmetry breaking, where the field rolls o↵ an unstable equilibrium toward a displaced vacuum

(see Fig. 10). A simple example is the Higgs-like potential

V (�) = V0
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More generally, small-field models can be locally approximated by the following expansion

V (�) = V0
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◆p�
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where the dots represent higher-order terms that become important near the end of inflation

and during reheating.

Historically, a famous inflationary potential is the Coleman-Weinberg potential [2, 3]

V (�) = V0
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which arises as the potential for radiatively-induced symmetry breaking in electroweak and

grand unified theories. Although the original values of the parameters V0 and µ based on

the SU(5) theory are incompatible with the small amplitude of inflationary fluctuations, the

Coleman-Weinberg potential remains a popular phenomenological model (see e.g. [17]).
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- predict very small gravitational waves produced during inflation
- related to the spontaneous symmetry breaking

reality, inflation ends at some finite time, and the approximation (60) although valid at early times,

breaks down near the end of inflation. So the surface ⌧ = 0 is not the Big Bang, but the end of

inflation. The initial singularity has been pushed back arbitrarily far in conformal time ⌧ ⌧ 0, and

light cones can extend through the apparent Big Bang so that apparently disconnected points are

in causal contact. In other words, because of inflation, ‘there was more (conformal) time before

recombination than we thought’. This is summarized in the conformal diagram in Figure 9.

6 The Physics of Inflation

Inflation is a very unfamiliar physical phenomenon: within a fraction a second the universe grew

exponential at an accelerating rate. In Einstein gravity this requires a negative pressure source or

equivalently a nearly constant energy density. In this section we describe the physical conditions

under which this can arise.

6.1 Scalar Field Dynamics

reheating

Figure 10: Example of an inflaton potential. Acceleration occurs when the potential energy of

the field, V (�), dominates over its kinetic energy, 1
2 �̇

2. Inflation ends at �end when the

kinetic energy has grown to become comparable to the potential energy, 1
2 �̇

2 ⇡ V . CMB

fluctuations are created by quantum fluctuations �� about 60 e-folds before the end of

inflation. At reheating, the energy density of the inflaton is converted into radiation.

The simplest models of inflation involve a single scalar field �, the inflaton. Here, we don’t

specify the physical nature of the field �, but simply use it as an order parameter (or clock) to

parameterize the time-evolution of the inflationary energy density. The dynamics of a scalar field

(minimally) coupled to gravity is governed by the action

S =

Z
d4x

p
�g


1

2
R +

1

2
gµ⌫@µ� @⌫� � V (�)

�
= SEH + S� . (61)

The action (61) is the sum of the gravitational Einstein-Hilbert action, SEH, and the action of a

scalar field with canonical kinetic term, S�. The potential V (�) describes the self-interactions of the
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2. Large-field inflation
- Field moves over a large distance and moves to the minimum: 
- predict observable gravitational waves produced during inflation

- e.g., monimial inflation, natural inflation etc
V (�). The di↵erent possibilities for V (�) can be classified in a useful way by determining whether

they allow the inflaton field to move over a large or small distance �� ⌘ �cmb � �end, as measured

in Planck units.

Figure 11: Large-field inflation. In an important class of inflationary models the inflationary dy-

namics is driven by a single monomial term in the potential, V (�) / �p. In these models

the inflaton field evolves over a super-Planckian range during inflation, �� > Mpl, and a

large amplitude of gravitational waves is produced by quantum mechanical fluctuations

(see Lecture 2).

1. Small-Field Inflation

In small-field models the field moves over a small (sub-Planckian) distance: �� < Mpl. This

is relevant for future observations because small-field models predict that the amplitude of the

gravitational waves produced during inflation is too small to be detected (see Lecture 2). The

potentials that give rise to such small-field evolution often arise in mechanisms of spontaneous

symmetry breaking, where the field rolls o↵ an unstable equilibrium toward a displaced vacuum

(see Fig. 10). A simple example is the Higgs-like potential
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where the dots represent higher-order terms that become important near the end of inflation
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which arises as the potential for radiatively-induced symmetry breaking in electroweak and

grand unified theories. Although the original values of the parameters V0 and µ based on

the SU(5) theory are incompatible with the small amplitude of inflationary fluctuations, the

Coleman-Weinberg potential remains a popular phenomenological model (see e.g. [17]).
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large amplitude of gravitational waves is produced by quantum mechanical fluctuations

(see Lecture 2).
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In small-field models the field moves over a small (sub-Planckian) distance: �� < Mpl. This

is relevant for future observations because small-field models predict that the amplitude of the

gravitational waves produced during inflation is too small to be detected (see Lecture 2). The

potentials that give rise to such small-field evolution often arise in mechanisms of spontaneous

symmetry breaking, where the field rolls o↵ an unstable equilibrium toward a displaced vacuum

(see Fig. 10). A simple example is the Higgs-like potential
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which arises as the potential for radiatively-induced symmetry breaking in electroweak and

grand unified theories. Although the original values of the parameters V0 and µ based on

the SU(5) theory are incompatible with the small amplitude of inflationary fluctuations, the

Coleman-Weinberg potential remains a popular phenomenological model (see e.g. [17]).
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2. Large-Field Inflation

In large-field models the inflaton field starts a large field values and then evolves to a minimum

at the origin � = 0. If the field evolution is super-Planckian, �� > Mpl, the gravitational

waves produced by inflation should be observed in the near future.

The prototypical large-field model is chaotic inflation where a single monomial term dominates

the potential (see Fig. 11)

V (�) = �p�
p . (97)

For such a potential the slow-roll parameters are small for super-Planckian field values,

� � Mpl (notice that the slow-roll conditions are independent of the coupling constant �p).

However, to arrange for a small amplitude of density fluctuations (see Lecture 2) the inflaton

self-coupling has to be very small, �p ⌧ 1. This condition automatically guarantees that the

potential energy (density) is sub-Planckian, V ⌧ M4
pl, and quantum gravity e↵ects are not

necessarily important (but see §28 in Lecture 5).

One of the most elegant inflationary models is natural inflation where the potential takes the

following form (see Fig. 12)

V (�) = V0


cos

✓
�

f

◆
+ 1

�
. (98)

This potential often arises if the inflaton field is taken to be an axion. Depending on the

parameter f the model can be of the small-field or large-field type. However, it is particularly

attractive to consider natural inflation for large-field variations, 2⇡f > Mpl, since for axions

a shift symmetry can be employed to protect the potential from correction terms even over

large field ranges (see §28).

2πf0

Figure 12: Natural Inflation. If the periodicity 2⇡f is super-Planckian the model can naturally

support a large gravitational wave amplitude.

6.5.2 Beyond Single-Field Slow-Roll

The possibilities for getting inflationary expansion are (maybe frustratingly) varied. Inflation is a

paradigm, a framework for a theory of the early universe, but it is not a unique theory. A large

number of phenomenological models has been proposed with di↵erent theoretical motivations and

observational predictions. For the majority of these lectures we will focus on the simplest single-

field slow-roll models that we just described. However, in this short section we want to relieve
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ρ(t,x) = ρ(t), T (t,x) = T (t), · · · (1)

T ≃ 100 MeV T ≃ 1 MeV (2)

T ≫ MZ g∗ = 106.75

T ≪ MZ T ≪ MW T ≪ mtop
(3)

A+B ↔ X̄ +X A+B ← X̄ +X (4)

T ≫ m T ≪ m (5)

log ρ log
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(z ≃ 5000)
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)−1
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ρ0R
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= ρv = ρ0v

1

1 + z
=

R

R0
=

(

0.74

0.26
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≃ 5000 (10)
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1

Up to now

Cosmological principle: 
Homogeneous and Isotropic 

Universe
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• Large Scale Structure formation

• CMB temperature anisotropy

실제 우리 우주는 불균일하고 비등방적이다.

δρ(t,x)

ρ0(t)
∼ δT (t,x)

T0(t)
∼ 10−5 (1)

ρ(t,x) = ρ0(t) + δρ(t,x), T (t,x) = T0(t) + δT (t,x), · · · (2)

T ≃ 100 MeV T ≃ 1 MeV (3)

T ≫ MZ g∗ = 106.75

T ≪ MZ T ≪ MW T ≪ mtop
(4)

A+B ↔ X̄ +X A+B ← X̄ +X (5)

T ≫ m T ≪ m (6)
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We need 

Initial Small fluctuations to the 
background values

δρ(t,x)

ρ0(t)
∼ δT (t,x)

T0(t)
10−5 (1)
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We can solve Einstein equation

L

4�r2
�N(r) ⇥ L

N(r) ⇥ 4�r2
(1)

� v(r) = H � r H (2)

Gµ� =
8�G

c4
Tµ� (3)

1

Einstein equation

Gµν = Gµν
0 (t) + δGµν(t,x) (1)
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ρ0(t)
∼ δT (t,x)

T0(t)
∼ 10−5 (2)

ρ(t,x) = ρ0(t) + δρ(t,x), T (t,x) = T0(t) + δT (t,x), · · · (3)

T ≃ 100 MeV T ≃ 1 MeV (4)

T ≫ MZ g∗ = 106.75
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with linear perturbation with scalar and tensor  
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1

ds2 = (1 + 2φ)dt2 − a2[(1− 2ψ)δij − hij ]dx
idxj (1)

mn −mp ≃ 1.29 MeV (2)

mG > 50 TeV ⟨σannv⟩ ≃ 10−9 GeV−2 (3)

5.66 < η10 < 6.58 Nν = 3.2± 1.2 (95%CL) (4)

∆Yp ≃ 0.013∆Nν (5)

Γweak ≃ H g∗ = 5.5 +
7

4
Nν (6)

T ∼ 0.07 MeV (t ∼ 3min) τn ≃ 615 sec n/p ≃ 1/7 (7)

n+ p ↔ D + γ (8)

T ∼ 1 MeV (t ∼ 1 sec)
n

p
= e−(mn−mp)/T ≃

1

6
(9)

T ≫ 1 MeV n+ νe ↔ p+ e−

p+ νe ↔ n+ e+

(t ≪ 1 sec)

(10)

ηB =
nB

nγ
≃ 6× 10−9 R−3

(11)

Y ≡ n

s
= constant g∗S = g∗ (12)

s(T )R3 = constant T ∝ g−1/3
∗ R−1 (13)

1012 sec ∼ 1 eV EA, EB ≪ mX (14)

µA + µB = µC + µD (15)

5× 10−9 ρB = mNNB ≃ 938MeV× 5× 10−9nγ nγ = 421 cm−3 ΩB ≃ 0.04
(16)

p+ p+ n+ n → 4He p+ n → D + γ D +D → He3 + n D +D → T + p
(17)

1

and

we can solve the perturbed equations
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In the 0-th order, background equation,
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1

In the 1st order (linear), perturbation equation,

Looks complicated!
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Metric perturbations

7.1 Perturbations and gauge-invariant variables 291

gauge-invariant variables. The relation between the different coordinate systems
prevalent in the literature is also discussed.

7.1.1 Classification of perturbations

The metric of a flat Friedmann universe with small perturbations can be written as

ds2 =
[(0)gαβ + δgαβ(xγ )

]
dxαdxβ, (7.2)

where |δgαβ | ≪ |(0)gαβ |. Using conformal time, the background metric becomes

(0)gαβdxαdxβ = a2(η)
(
dη2 − δi j dxi dx j) . (7.3)

The metric perturbations δgαβ can be categorized into three distinct types: scalar,
vector and tensor perturbations. This classification is based on the symmetry prop-
erties of the homogeneous, isotropic background, which at a given moment of time
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The δg00 component behaves as a scalar under these rotations and hence
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where φ is a 3-scalar.
The spacetime components δg0i can be decomposed into the sum of the spatial

gradient of some scalar B and a vector Si with zero divergence:

δg0i = a2(B,i + Si
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Here a comma with index denotes differentiation with respect to the corresponding
spatial coordinate, e.g. B,i = ∂ B/∂xi . The vector Si satisfies the constraint Si

,i = 0
and therefore has two independent components. From now on the spatial indices
are always raised and lowered with the unit metric δi j and we assume summation
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spatial coordinate, e.g. B,i = ∂ B/∂xi . The vector Si satisfies the constraint Si
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Scalar perturbations

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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They are induced by the energy density inhomogeneities. 
Related to the gravitational instability.

Vector perturbations

292 Gravitational instability in General Relativity

components and there are four constraints). Thus we have ten functions altogether.
This number coincides with the number of independent components of δgαβ .

Scalar perturbations are characterized by the four scalar functions φ, ψ , B,
E . They are induced by energy density inhomogeneities. These perturbations are
most important because they exhibit gravitational instability and may lead to the
formation of structure in the universe.

Vector perturbations are described by the two vectors Si and Fi and are related to
the rotational motions of the fluid. As in Newtonian theory, they decay very quickly
and are not very interesting from the point of view of cosmology.

Tensor perturbations hi j have no analog in Newtonian theory. They describe
gravitational waves, which are the degrees of freedom of the gravitational field
itself. In the linear approximation the gravitational waves do not induce any per-
turbations in the perfect fluid.

Scalar, vector and tensor perturbations are decoupled and thus can be studied
separately.

7.1.2 Gauge transformations and gauge-invariant variables

Let us consider the coordinate transformation

xα → x̃α = xα + ξα, (7.8)

where ξα are infinitesimally small functions of space and time. At a given point
of the spacetime manifold the metric tensor in the coordinate system x̃ can be
calculated using the usual transformation law

g̃αβ(x̃ρ) = ∂xγ

∂ x̃α

∂xδ

∂ x̃β
gγ δ(xρ) ≈ (0)gaβ(xρ) + δgαβ − (0)gαδξ

δ
,β − (0)gγβξγ

,α, (7.9)

where we have kept only the terms linear in δg and ξ . In the new coordinates x̃ the
metric can also be split into background and perturbation parts,

g̃αβ(x̃ρ) = (0)gaβ(x̃ρ) + δg̃aβ, (7.10)

where (0)gaβ is the Friedmann metric (7.3), which now depends on x̃ . Comparing
the expressions in (7.9) and (7.10) and taking into account that

(0)gaβ(xρ) ≈ (0)gaβ(x̃ρ) − (0)gaβ,γ ξγ , (7.11)

we infer the following gauge transformation law:

δgαβ → δg̃aβ = δgαβ − (0)gaβ,γ ξγ − (0)gγβξγ
,α − (0)gαδξ

δ
,β . (7.12)

They are related to the rotational motion of the fluid. They decay very 
quickly  and are not interesting in the linear perturbation.
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where we have kept only the terms linear in δg and ξ . In the new coordinates x̃ the
metric can also be split into background and perturbation parts,

g̃αβ(x̃ρ) = (0)gaβ(x̃ρ) + δg̃aβ, (7.10)

where (0)gaβ is the Friedmann metric (7.3), which now depends on x̃ . Comparing
the expressions in (7.9) and (7.10) and taking into account that

(0)gaβ(xρ) ≈ (0)gaβ(x̃ρ) − (0)gaβ,γ ξγ , (7.11)

we infer the following gauge transformation law:

δgαβ → δg̃aβ = δgαβ − (0)gaβ,γ ξγ − (0)gγβξγ
,α − (0)gαδξ

δ
,β . (7.12)

They describe gravitational waves.

They are decoupled in the Einstein equations and thus can be studied separately.
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components and there are four constraints). Thus we have ten functions altogether.
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the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
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Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
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components and there are four constraints). Thus we have ten functions altogether.
This number coincides with the number of independent components of δgαβ .

Scalar perturbations are characterized by the four scalar functions φ, ψ , B,
E . They are induced by energy density inhomogeneities. These perturbations are
most important because they exhibit gravitational instability and may lead to the
formation of structure in the universe.

Vector perturbations are described by the two vectors Si and Fi and are related to
the rotational motions of the fluid. As in Newtonian theory, they decay very quickly
and are not very interesting from the point of view of cosmology.

Tensor perturbations hi j have no analog in Newtonian theory. They describe
gravitational waves, which are the degrees of freedom of the gravitational field
itself. In the linear approximation the gravitational waves do not induce any per-
turbations in the perfect fluid.

Scalar, vector and tensor perturbations are decoupled and thus can be studied
separately.
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g̃αβ(x̃ρ) = (0)gaβ(x̃ρ) + δg̃aβ, (7.10)

where (0)gaβ is the Friedmann metric (7.3), which now depends on x̃ . Comparing
the expressions in (7.9) and (7.10) and taking into account that
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components and there are four constraints). Thus we have ten functions altogether.
This number coincides with the number of independent components of δgαβ .

Scalar perturbations are characterized by the four scalar functions φ, ψ , B,
E . They are induced by energy density inhomogeneities. These perturbations are
most important because they exhibit gravitational instability and may lead to the
formation of structure in the universe.

Vector perturbations are described by the two vectors Si and Fi and are related to
the rotational motions of the fluid. As in Newtonian theory, they decay very quickly
and are not very interesting from the point of view of cosmology.

Tensor perturbations hi j have no analog in Newtonian theory. They describe
gravitational waves, which are the degrees of freedom of the gravitational field
itself. In the linear approximation the gravitational waves do not induce any per-
turbations in the perfect fluid.

Scalar, vector and tensor perturbations are decoupled and thus can be studied
separately.

7.1.2 Gauge transformations and gauge-invariant variables

Let us consider the coordinate transformation

xα → x̃α = xα + ξα, (7.8)

where ξα are infinitesimally small functions of space and time. At a given point
of the spacetime manifold the metric tensor in the coordinate system x̃ can be
calculated using the usual transformation law

g̃αβ(x̃ρ) = ∂xγ

∂ x̃α

∂xδ

∂ x̃β
gγ δ(xρ) ≈ (0)gaβ(xρ) + δgαβ − (0)gαδξ

δ
,β − (0)gγβξγ

,α, (7.9)

where we have kept only the terms linear in δg and ξ . In the new coordinates x̃ the
metric can also be split into background and perturbation parts,

g̃αβ(x̃ρ) = (0)gaβ(x̃ρ) + δg̃aβ, (7.10)

where (0)gaβ is the Friedmann metric (7.3), which now depends on x̃ . Comparing
the expressions in (7.9) and (7.10) and taking into account that

(0)gaβ(xρ) ≈ (0)gaβ(x̃ρ) − (0)gaβ,γ ξγ , (7.11)

we infer the following gauge transformation law:

δgαβ → δg̃aβ = δgαβ − (0)gaβ,γ ξγ − (0)gγβξγ
,α − (0)gαδξ

δ
,β . (7.12)
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we infer the gauge transformation law for tensor perturbation
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matters. At least now we understand the most of the matters are made of
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the cosmological scales, it seems that something is missing.
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It remains constant outside horizon for adiabatic matter perturbations, 

9.2.3 Gauge-Invariant Variables

As we explained above, to avoid the pitfall of fictitious gauge modes, it useful to introduce gauge-

invariant combinations of metric and matter perturbations [20]. An important gauge-invariant scalar

quantity is the curvature perturbation on uniform-density hypersurfaces [21]

�⇣ ⌘  +
H
˙̄⇢
�⇢ . (136)

Geometrically, ⇣ measures the spatial curvature of constant-density hypersurfaces, R(3) = 4r2 /a2.

An important property of ⇣ is that it remains constant outside the horizon for adiabatic matter

perturbations, i.e. perturbations that satisfy

�pen ⌘ �p �
˙̄p
˙̄⇢
�⇢ = 0 . (137)

Notice that the definition of �pen is gauge-invariant. In the single-field inflation models studied in

this lecture the condition (297) is always satisfy, so the perturbation ⇣
k

doesn’t evolve outside the

horizon, k ⌧ aH.

In a gauge defined by spatially flat hypersurfaces,  , the perturbations ⇣ is the dimensionless

density perturbation 1
3�⇢/(⇢̄ + p̄). Taking into account appropriate transfer functions to describe

the sub-horizon evolution of the fluctuations, CMB and LSS observations can therefore be related

to the primordial value of ⇣ (see Lecture 3). During slow-roll inflation
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H
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Another gauge-invariant scalar is the comoving curvature perturbation
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�q , (139)

where �q is the scalar part of the 3-momentum density T 0
i = @i�q. During inflation T 0

i = � ˙̄�@i��

and hence
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H
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�� . (140)

Geometrically, R measures the spatial curvature of comoving (or constant-�) hypersurfaces.

The linearized Einstein equations relate ⇣ and R as follows (see Appendix A)

�⇣ = R +
k2

(aH)2
2⇢̄

3(⇢̄+ p̄)
 B , (141)

where

 B ⌘  + a2H(Ė � B/a) , (142)

is one of the Bardeen potentials [20]. ⇣ and R are therefore equal on superhorizon scales, k ⌧ aH.

⇣ and R are also equal during slow-roll inflation, cf. Eqs. (138) and (140). The correlation functions

of ⇣ and R are therefore equal at horizon crossing and both ⇣ and R are conserved on superhorizon

scales. In this lecture we will compute the primordial spectrum of R at horizon crossing.
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will be on scalar and tensor fluctuations which are observed as density fluctuations and gravitational

waves in the late universe.

Tensor fluctuations are gauge-invariant, but scalar fluctuations change under a change of coor-

dinates. Consider the gauge transformation

t ! t + ↵ (122)

xi ! xi + �ij�,j . (123)

Under these coordinate transformations the scalar metric perturbations transform as

� ! �� ↵̇ (124)

B ! B + a�1↵ � a�̇ (125)

E ! E � � (126)

 !  + H↵ . (127)

Exercise 4 (Linear Gauge Transformations) Derive the gauge transformations of the scalar

metric perturbations (124)–(127). Hint: use invariance of the spacetime interval,

ds2 = gµ⌫dxµdx⌫ = g̃µ⌫dx̃µdx̃⌫ . (128)

9.2.2 Matter Perturbations

During inflation the inflationary energy is the dominant contribution to the stress-energy of the

universe, so that the inflaton perturbations �� backreact on the spacetime geometry. This coupling

between matter perturbations and metric perturbations is described by the Einstein Equations (see

Appendix A).

After inflation, the perturbations to the total stress-energy tensor of the universe are

T 0
0 = �(⇢̄ + �⇢) (129)

T 0
i = (⇢̄ + p̄) avi (130)

T i
0 = �(⇢̄ + p̄)(vi � Bi)/a (131)

T i
j = �ij(p̄ + �p) + ⌃i

j . (132)

The anisotropic stress ⌃i
j is gauge-invariant while the density, pressure and momentum density

((�q),i ⌘ (⇢̄ + p̄)vi) transform as follows

�⇢ ! �⇢ � ˙̄⇢ ↵ (133)

�p ! �p � ˙̄p ↵ (134)

�q ! �q + (⇢̄ + p̄) ↵ . (135)
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9.2.3 Gauge-Invariant Variables

As we explained above, to avoid the pitfall of fictitious gauge modes, it useful to introduce gauge-

invariant combinations of metric and matter perturbations [20]. An important gauge-invariant scalar

quantity is the curvature perturbation on uniform-density hypersurfaces [21]

�⇣ ⌘  +
H
˙̄⇢
�⇢ . (136)

Geometrically, ⇣ measures the spatial curvature of constant-density hypersurfaces, R(3) = 4r2 /a2.

An important property of ⇣ is that it remains constant outside the horizon for adiabatic matter

perturbations, i.e. perturbations that satisfy

�pen ⌘ �p �
˙̄p
˙̄⇢
�⇢ = 0 . (137)

Notice that the definition of �pen is gauge-invariant. In the single-field inflation models studied in

this lecture the condition (297) is always satisfy, so the perturbation ⇣
k

doesn’t evolve outside the

horizon, k ⌧ aH.

In a gauge defined by spatially flat hypersurfaces,  , the perturbations ⇣ is the dimensionless

density perturbation 1
3�⇢/(⇢̄ + p̄). Taking into account appropriate transfer functions to describe

the sub-horizon evolution of the fluctuations, CMB and LSS observations can therefore be related

to the primordial value of ⇣ (see Lecture 3). During slow-roll inflation

�⇣ ⇡  +
H
˙̄�
�� . (138)

Another gauge-invariant scalar is the comoving curvature perturbation

R ⌘  � H

⇢̄+ p̄
�q , (139)

where �q is the scalar part of the 3-momentum density T 0
i = @i�q. During inflation T 0

i = � ˙̄�@i��

and hence

R =  +
H
˙̄�
�� . (140)

Geometrically, R measures the spatial curvature of comoving (or constant-�) hypersurfaces.

The linearized Einstein equations relate ⇣ and R as follows (see Appendix A)

�⇣ = R +
k2

(aH)2
2⇢̄

3(⇢̄+ p̄)
 B , (141)

where

 B ⌘  + a2H(Ė � B/a) , (142)

is one of the Bardeen potentials [20]. ⇣ and R are therefore equal on superhorizon scales, k ⌧ aH.

⇣ and R are also equal during slow-roll inflation, cf. Eqs. (138) and (140). The correlation functions

of ⇣ and R are therefore equal at horizon crossing and both ⇣ and R are conserved on superhorizon

scales. In this lecture we will compute the primordial spectrum of R at horizon crossing.
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the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
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Those are successful at least in the world around us on earth, in the solar
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9.2.3 Gauge-Invariant Variables

As we explained above, to avoid the pitfall of fictitious gauge modes, it useful to introduce gauge-

invariant combinations of metric and matter perturbations [20]. An important gauge-invariant scalar

quantity is the curvature perturbation on uniform-density hypersurfaces [21]

�⇣ ⌘  +
H
˙̄⇢
�⇢ . (136)

Geometrically, ⇣ measures the spatial curvature of constant-density hypersurfaces, R(3) = 4r2 /a2.

An important property of ⇣ is that it remains constant outside the horizon for adiabatic matter

perturbations, i.e. perturbations that satisfy

�pen ⌘ �p �
˙̄p
˙̄⇢
�⇢ = 0 . (137)

Notice that the definition of �pen is gauge-invariant. In the single-field inflation models studied in

this lecture the condition (297) is always satisfy, so the perturbation ⇣
k

doesn’t evolve outside the

horizon, k ⌧ aH.

In a gauge defined by spatially flat hypersurfaces,  , the perturbations ⇣ is the dimensionless

density perturbation 1
3�⇢/(⇢̄ + p̄). Taking into account appropriate transfer functions to describe

the sub-horizon evolution of the fluctuations, CMB and LSS observations can therefore be related

to the primordial value of ⇣ (see Lecture 3). During slow-roll inflation

�⇣ ⇡  +
H
˙̄�
�� . (138)

Another gauge-invariant scalar is the comoving curvature perturbation

R ⌘  � H

⇢̄+ p̄
�q , (139)

where �q is the scalar part of the 3-momentum density T 0
i = @i�q. During inflation T 0

i = � ˙̄�@i��

and hence

R =  +
H
˙̄�
�� . (140)

Geometrically, R measures the spatial curvature of comoving (or constant-�) hypersurfaces.

The linearized Einstein equations relate ⇣ and R as follows (see Appendix A)
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k2

(aH)2
2⇢̄

3(⇢̄+ p̄)
 B , (141)

where

 B ⌘  + a2H(Ė � B/a) , (142)

is one of the Bardeen potentials [20]. ⇣ and R are therefore equal on superhorizon scales, k ⌧ aH.

⇣ and R are also equal during slow-roll inflation, cf. Eqs. (138) and (140). The correlation functions

of ⇣ and R are therefore equal at horizon crossing and both ⇣ and R are conserved on superhorizon

scales. In this lecture we will compute the primordial spectrum of R at horizon crossing.
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Finally, a gauge-invariant measure of inflaton perturbations is the inflaton perturbation on spa-

tially flat slices

Q ⌘ �� +
˙̄�

H
 . (143)

Exercise 5 (Gauge-Invariant Perturbations) Using the linear gauge transformations for the

metric and matter perturbations, confirm that ⇣, R and Q are gauge-invariant.

9.2.4 Superhorizon (Non-)Evolution

The Einstein equations (see Appendix A) give the evolution equation for the gauge-invariant curva-

ture perturbation

Ṙ = � H

⇢̄ + p̄
�pen +

k2

(aH)2

⇣
. . .

⌘
. (144)

Adiabatic matter perturbations satisfy �pen = 0 and R is conserved on superhorizon scales, k < aH.

Exercise 6 (Separate Universe Approach) Read about the separate universe approach [22] for

proving conservation of the curvature perturbation R on superhorizon scales.

9.3 Statistics of Cosmological Perturbations

A crucial statistical measure of the primordial scalar fluctuations is the power spectrum of R (or

⇣)10

hR
k

R
k

0i = (2⇡)3 �(k + k0) PR(k) , �2
s ⌘ �2

R =
k3

2⇡2
PR(k) . (145)

Here, h ... i defines the ensemble average of the fluctuations. The scale-dependence of the power

spectrum is defined by the scalar spectral index (or tilt)

ns � 1 ⌘ d ln�2
s

d ln k
, (146)

where scale-invariance corresponds to the value ns = 1. We may also define the running of the

spectral index by

↵s ⌘ dns

d ln k
. (147)

The power spectrum is often approximated by a power law form

�2
s (k) = As(k?)

✓
k

k?

◆n
s

(k?)�1+ 1

2

↵
s

(k?) ln(k/k?)

, (148)

where k? is an arbitrary reference or pivot scale.

If R is Gaussian then the power spectrum contains all the statistical information. Primordial non-

Gaussianity is encoded in higher-order correlation functions of R. In single-field slow-roll inflation

the non-Gaussianity is predicted to be small [23, 24], but non-Gaussianity can be significant in

multi-field models or in single-field models with non-trivial kinetic terms and/or violation of the

10The normalization of the dimensionless power spectrum �2

R(k) is chosen such that the variance of R is
hRRi =

R 1
0

�2

R(k) d ln k.
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Quantum fluctuation of scalar field generates

scalar perturbation

tensor perturbation

density perturbation

gravity wave
CMB

During inflation, the background is uniform. The quantum fluctuation occurs in 
this uniform background. The average fluctuation is zero, since somewhere the 
fluctuation is larger than background and somewhere smaller. However the 
average of the square of the fluctuation is not zero, and it is called the variance.
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The variance in the harmonic oscillator

156 INITIAL CONDITIONS 

the inhomogeneities and anisotropies in the universe. In Section 6.5 we will study 
these in detail. In addition to scalar perturbations, though, inflation also generates 
tensor fluctuations in the gravitational metric, so-called gravity waves. As we saw 
in Chapter 5, these are not coupled to the density and so are not responsible for 
the large-scale structure of the universe, but they do induce fluctuations in the 
CMB. In fact, these fluctuations turn out to be a unique signature of inflation 
and offer the best window on the physics driving inflation, so they are clearly 
worthy of our study. I choose to study the production of tensor perturbations first 
before scalar perturbations for a subtle technical reason. Tensor perturbations to 
the metric are not coupled to any of the other perturbation variables,^ so when 
we consider them, we will be looking at the fluctuations in a single field. Scalar 
perturbations to the metric couple to energy density fluctutations. The coupled 
fields fluctuate together and this coupling requires a bit of work to understand. 
This work, while important, is not the main point: the most important idea is that 
quantum mechanical fluctuations during inflation are responsible for the variations 
around the smooth background that so fascinate us. This idea is best introduced 
in the much simpler context of a single field, so we start with tensor perturbations. 

During inflation, the universe consists primarily of a uniform scalar field and a 
uniform background metric. Against this background, the fields fluctuate quantum 
mechanically. At any given time, the average fluctuation is zero, because there are 
regions in which the fleld is slightly larger than its average value and regions in 
which it is smaller. The average of the square of the fluctuations (the variance), 
however, is not zero. Our goal is to compute this variance and see how it evolves as 
inflation progresses. Looking ahead, once we know this variance, we can draw from 
a distribution with this variance to set the initial^ conditions. 

6.4.1 Quantizing the Harmonic Oscillator 

In order to compute the quantum fluctuations in the metric, we need to quantize 
the fleld. The way to do this, in the case of both tensor and scalar perturbations, is 
to rewrite the problem so that it looks like a simple harmonic oscillator. Once that 
is done, we will appeal to our knowledge of this simple system. Therefore, let's flrst 
record some basic facts about the quantization of the harmonic oscillator. 

• A simple harmonic oscillator with unit mass and frequency uj is governed by the 
equation 

+ cj^x = 0. (6.37) 
d^x 
dt^ 

• Upon quantization, x becomes a quantum operator 

x = v{u;,t)a + v%u,t)d^ (6.38) 

•^This is not quite true. The quadrupole moments act as sources for tensor perturbations, but 
these vanish if a scalar field drives inflation. See Exercise 10 

^Initial here means those when the modes of interest are still far outside the horizon. This is 
well before any processing can take place, but well after inflation has generated them. 
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Consider x as operator and expand as creation and annihilation operator,
with solution

Quantization
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where a is a quantum operator which acts on the state of the system, and f is a 
solution to Eq. (6.37), v oc e"^^*. 

• In particular, a annihilates the vacuum state |0), in which there are no particles. 
It also satisfies the commutation relation 

[a, o)] = aa^ — a'^a = 1. (6.39) 

Other commutators vanish: [a,a] = [a^,a^] = 0. It is straightforward to show 
(Exercise 9) that these commutation relations are equivalent to the (perhaps 
more familiar) relations between x and its momentum p: 

[x,p] = i , (6.40) 

as long as v is normalized via 

v{u;,t)=-=. (6.41) 

These facts enable us to compute the quantum fluctuations of the operator x in 
the ground state |0): 

(If |2) = (Olftxlo) 

= (0| (i;*a+ + va) {va + v*d^) |0). (6.42) 

Since a|0) = 0, the first term in the second set of parentheses vanishes. Similarly, 
(0|at = (a|0))t = 0, so we are left with 

{\x\'') = \v{w,t)f{0\aa^O) 

= |u(w,t)|2(0|[a,at]+ata|0). (6.43) 

The second term again vanishes since a annihilates the vacuum, while the first is 
unity, so the variance in x is 

{\x\^) = \v{co,t)f, (6.44) 

in this case l/2cc;. This is (almost) all we need to know about quantum fluctuations 
in order to compute the fluctuations in the early universe generated by inflation. 

6.4.2 Tensor Perturbations 

Recall that tensor perturbations to the metric are described by two functions h^ 
and /ix, each of which obeys Eq. (5.63), 

h-\-2-h + k'^h = 0. (6.45) 

with vacuum 
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[Dodelson]
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• In particular, a annihilates the vacuum state |0), in which there are no particles. 
It also satisfies the commutation relation 

[a, o)] = aa^ — a'^a = 1. (6.39) 

Other commutators vanish: [a,a] = [a^,a^] = 0. It is straightforward to show 
(Exercise 9) that these commutation relations are equivalent to the (perhaps 
more familiar) relations between x and its momentum p: 

[x,p] = i , (6.40) 

as long as v is normalized via 

v{u;,t)=-=. (6.41) 

These facts enable us to compute the quantum fluctuations of the operator x in 
the ground state |0): 

(If |2) = (Olftxlo) 

= (0| (i;*a+ + va) {va + v*d^) |0). (6.42) 

Since a|0) = 0, the first term in the second set of parentheses vanishes. Similarly, 
(0|at = (a|0))t = 0, so we are left with 

{\x\'') = \v{w,t)f{0\aa^O) 

= |u(w,t)|2(0|[a,at]+ata|0). (6.43) 

The second term again vanishes since a annihilates the vacuum, while the first is 
unity, so the variance in x is 

{\x\^) = \v{co,t)f, (6.44) 

in this case l/2cc;. This is (almost) all we need to know about quantum fluctuations 
in order to compute the fluctuations in the early universe generated by inflation. 

6.4.2 Tensor Perturbations 

Recall that tensor perturbations to the metric are described by two functions h^ 
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Tensor perturbation158 INITIAL CONDITIONS 

We would like to massage this equation into the form of a harmonic oscillator, so 
that h can be easily quantized. To do this, define^ 

h ^ - ^ . (6.46) 

Derivatives of h with respect to conformal time can be rewritten as 

h h a -

\/l67rG a a^ 
(6.47) 

and 

\/l67rG a 
= ^-2U-^h^2^h. (6.48) 

Inserting these into Eq. (6.45), and multiplying by \/l67rG, gives 

h ^ a r d ~ ^(a)^~ ^a f h a ~\ ^nh 
- - 2 — h-—h + 2 ^ h + 2- ^/i + / c2 -
a a^ a^ a^ a \ a a"^ a 

h+{k'--]h 
a 

= 0. (6.49) 

This is precisely the form we know how to use. It has no damping term ((x h) so 
we can immediately write down an expression for the quantum operator 

h{k, rj) = v{k, 7])a^ + ^* (A:, ry)al, (6.50) 

where the coefficients of the creation and annihilation operators satisfy the equation 

v + ( e - - \ v = 0. (6.51) 

We will shortly solve Eq. (6.51), but first let's see how the eventual solution 
determines the power spectrum of the fluctuations of the tensor perturbations. 

^Regarding the factor of VTGTTG here, the only way I know of deriving this is to write down 
the action for the fields /i+,x- The kinetic term is then multiplied by a factor of l/32nG. A 
canonical scalar field has prefactor equal to a half. So the additional 167rG must be absorbed 
into a redefinition of the field. The hard part of this is writing down the action to second order 
in perturbation variables. We have seen that even first-order perturbations are cumbersome to 
track. On the other hand, by dimensional analysis — the fact that h(x) is dimensionless while a 
canonical scalar field has dimensions equal to mass — we could have guessed that the factor of 
TTipi = G~^l'^ is required. Note that this prefactor does not affect the equation for h\ it simply 
provides the normalization that becomes important when trying to determine the amplitude of 
the gravity-wave spectrum. 
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Using our harmonic oscillator analogy, we can write the variance of perturbations 
in the h field as 

{h {k,r])h{k\r])) - \v{k,r])\^{27rf5^{k-k'). (6.52) 

There is one difference between this expression and the analogous expression for 
the one-dimensional harmonic oscillator in Eq. (6.44). A quantum field is defined in 
all space, so it can be considered as a collection, an infinite collection, of oscillators, 
each at a different spatial position (or, in Fourier space, at different values of k). 
The quantum fiuctnations in each of these oscillators are independent (as long as 
the equations are linear) so h{k) is completely uncorrelated with h{k^) \ik ^ k'. The 
Dirac delta function in Eq. (6.52) enforces this independence; the (27r)^ allows for 
the fact that we have moved to the continuum limit. Recalling that h — ah/y/WnG^ 
we see that 

(/it(fc,r?)Mfc',77)> = ^ \v{k,rjt {27rfSHk-k') 

= {27TfPh{k)5^{k-k') (6.53) 

where the second line defines the power spectrum of the primordial perturbations to 
the metric. Conventions for the power spectrum abound in the literature; the one 
Tve chosen in Eq. (6.53) is not the most popular in the early universe community. 
Often a factor oi k~^ is added so that the power spectrum is dimensionless. I prefer 
to omit this factor to be consistent with the large scale structure community which 
likes its power spectra to have dimensions of k~^. In any event, with this definition, 

P,(fc) = 1 6 7 r G M ^ . (6.54) 

We have now reduced the problem of determining the spectrum of tensor per-
turbations produced during inflation to one of solving a second-order differential 
equation for v{k, rj), Eq. (6.51). To solve this equation, we first need to evaluate a/a 
during inflation. Recall that overdots denote derivative with respect to conformal 
time, so d = a^H ^ ~a/r] by virtue of Eq. (6.34). Therefore, the second derivative 
of a in Eq. (6.51) is 

d I d fa 
a a dr] \rj 

2 
(6.55) 

So the equation for v is 

v+(k^ - ^ j v = 0. (6.56) 

The initial conditions necessary to solve this equation come from considering v at 
very early times before inflation has done most of its work. At that time, —rj is 
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and therefore

tensor power spectrum
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Guth's (1981) initial formulation of inflation used a scalar field trapped in a false 
minimum of the potential, but it was quickly realized (Guth and Weinberg, 1983; 
Hawking, Moss, and Stewart, 1982) that such a scenario is not viable. The only way 
for the field to evolve to its true minimum is similar to the way an alpha particle 
migrates out of the potential barrier in a nucleus: it tunnels quantum mechanically. 
Thus, initially small localized regions tunnel from the false to the true vacuum. 
These bubbles of the true vacuum state must coalesce in order for the universe 
as a whole to move to the true vacuum state. Careful calculations showed that 
these bubbles would never coalesce, that the regions of false vacuum would expand 
rapidly and remain, so that the true vacuum state of the universe would never be 
attained. 

To avoid the problem of the universe never reaching its true vacuum state, 
subsequent models of inflation (Linde, 1982; Albrecht and Steinhardt, 1982) made 
use of a scalar field slowly rolling toward its true ground state. The energy density 
of such a field is also very close to constant (if the potential is not too steep) so 
it quickly comes to dominate. To determine the evolution of (f)^^^ in general when 
the field is not trapped, we return to the Einstein equations as given in Eq. (6.21). 
Consider the first of these. If the dominant component in the universe is 0, then the 
energy density on the right-hand side becomes (dcj)^^^/dt)'^/2 -f- V. Differentiating 
this first equation therefore leads to 

da/dt d^a/dt^ fda/dtV 
a \ a J 

STTG fd[^\fd^\ d^ 
\ dt ) \ dt^ ) + V' dt 

(6.30) 

where V is defined as the derivative of V with respect to the field 0^^^ We can 
replace the first term in brackets on the left by —47rG(p/3-f P) as in Eq. (6.22). Sim-
ilarly the second term on the left is SirGp/S. The left-hand side therefore becomes 

^^87rG[-{p/3) -V -2p/3] = -SnGH ( ^ ) . (6.31) 

Equating this to the right side of Eq. (6.30) leads to the evolution equation for a 
homogeneous scalar field in an expanding universe, 

^ + 3 / / ^ + V ' = 0. (6.32) 
dt^ dt 

A more useful form for us will be with the conformal time r] as the time variable; 
then it is straightforward (Exercise 8) to show that 

0(0) + 2aiJ(/)(°) + a V ' = 0 (6.33) 

where overdots still denote derivatives with respect to conformal time rj. 
Most models of infiation are slow roll models, in which the zero-order field, 

and hence the Hubble rate, vary slowly. Therefore, a simple relation between the 
conformal time rj and the expansion rate holds. In particular, during inflation 
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the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
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Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
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dt = ad⌘ (1)

' � 1

MP

Z �
f

�
i

1p
2✏

d� (2)

Tf = 1MeV 50⇥ 106 ' e18 50⇥ 1025 ' e61 (3)

= e�H(t
f

�t
i

)

✓
Req

Rf

◆✓
R

0

Req

◆
1/2

(4)

eN >

✓
Req

Rf

◆✓
R

0

Req

◆
1/2

=

✓
Tf

Teq

◆✓
Teq

T
0

◆
1/2

= 50

✓
Tf

1 eV

◆
(5)

R(ti)�h

H�1(ti)
=

✓
RiHi

RfHf

◆✓
RfHf

ReqHeq

◆✓
ReqHeq

R
0

H
0

◆✓
R

0

�h

H�1

0

◆
< 1 (6)

R
0

�h R(ti)�h (7)

R(ti) R(tf )�h R(teq)�h R
0

(8)

H�1(ti) H�1(tf ) H�1(teq) H�1

0

(9)

1

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.

dt = ad⌘ ⌘ ' � 1

aH
(1)

' � 1

MP

Z �
f

�
i

1p
2✏

d� (2)

Tf = 1MeV 50⇥ 106 ' e18 50⇥ 1025 ' e61 (3)

= e�H(t
f

�t
i

)

✓
Req

Rf

◆✓
R

0

Req

◆
1/2

(4)

eN >

✓
Req

Rf

◆✓
R

0

Req

◆
1/2

=

✓
Tf

Teq

◆✓
Teq

T
0

◆
1/2

= 50

✓
Tf

1 eV

◆
(5)

R(ti)�h

H�1(ti)
=

✓
RiHi

RfHf

◆✓
RfHf

ReqHeq

◆✓
ReqHeq

R
0

H
0

◆✓
R

0

�h

H�1

0

◆
< 1 (6)

R
0

�h R(ti)�h (7)

R(ti) R(tf )�h R(teq)�h R
0

(8)

H�1(ti) H�1(tf ) H�1(teq) H�1

0

(9)

1

slow-roll conditions. We will return to primordial non-Gaussianity in Lecture 4. In this lecture we

restrict our computation to Gaussian fluctuations and the associated power spectra.

The power spectrum for the two polarization modes of hij , i.e. h ⌘ h+, h⇥, is defined as

hh
k

h
k

0i = (2⇡)3 �(k + k0) Ph(k) , �2
h =

k3

2⇡2
Ph(k) . (149)

We define the power spectrum of tensor perturbations as the sum of the power spectra for the two

polarizations

�2
t ⌘ 2�2

h . (150)

Its scale-dependence is defined analogously to Eqn. (146) but for historical reasons without the �1,

nt ⌘ d ln �2
t

d ln k
, (151)

i.e.

�2
t (k) = At(k?)

✓
k
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◆n
t
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. (152)

Aim of this Lecture

It will be the aim of this lecture to compute the power spectra of scalar and tensor fluctuations,

PR(k) and Ph(k), from first principles. This is one of the most important calculations in modern

theoretical cosmology, so to understand it will be well worth our e↵orts.

10 Preview: The Quantum Origin of Structure

In the last lecture we discussed the classical evolution of the inflaton field. Something remarkable

happens when one considers quantum fluctuations of the inflaton: inflation combined with quantum

mechanics provides an elegant mechanism for generating the initial seeds of all structure in the

universe. In other words, quantum fluctuations during inflation are the source of the primordial

power spectra of scalar and tensor fluctuations, Ps(k) and Pt(k). In this section we sketch the

mechanism by which inflation relates microscopic physics to macroscopic observables. In §12 we

present the full calculation.

10.1 Quantum Zero-Point Fluctuations

As we will explain quantitatively in §12 quantum fluctuations during inflation induce a non-zero

variance for fluctuations in all light fields (like the inflaton or the metric perturbations). This is very

similar to the variance in the amplitude of a harmonic oscillator induced by zero-point fluctuations

in the ground state; see §11. The amplitude of fluctuations scales with the expansion parameter H

during inflation. This relates to the de Sitter horizon, H�1, and the quantum fluctuations during

inflation may also be interpreted as thermal fluctuations in de Sitter space in close analogy to the

Hawking radiation for black holes.

50

* conformal time derivative
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Using our harmonic oscillator analogy, we can write the variance of perturbations 
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the metric. Conventions for the power spectrum abound in the literature; the one 
Tve chosen in Eq. (6.53) is not the most popular in the early universe community. 
Often a factor oi k~^ is added so that the power spectrum is dimensionless. I prefer 
to omit this factor to be consistent with the large scale structure community which 
likes its power spectra to have dimensions of k~^. In any event, with this definition, 

P,(fc) = 1 6 7 r G M ^ . (6.54) 

We have now reduced the problem of determining the spectrum of tensor per-
turbations produced during inflation to one of solving a second-order differential 
equation for v{k, rj), Eq. (6.51). To solve this equation, we first need to evaluate a/a 
during inflation. Recall that overdots denote derivative with respect to conformal 
time, so d = a^H ^ ~a/r] by virtue of Eq. (6.34). Therefore, the second derivative 
of a in Eq. (6.51) is 
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So the equation for v is 

v+(k^ - ^ j v = 0. (6.56) 

The initial conditions necessary to solve this equation come from considering v at 
very early times before inflation has done most of its work. At that time, —rj is 
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We would like to massage this equation into the form of a harmonic oscillator, so 
that h can be easily quantized. To do this, define^ 
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This is precisely the form we know how to use. It has no damping term ((x h) so 
we can immediately write down an expression for the quantum operator 
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in perturbation variables. We have seen that even first-order perturbations are cumbersome to 
track. On the other hand, by dimensional analysis — the fact that h(x) is dimensionless while a 
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Using our harmonic oscillator analogy, we can write the variance of perturbations 
in the h field as 

{h {k,r])h{k\r])) - \v{k,r])\^{27rf5^{k-k'). (6.52) 

There is one difference between this expression and the analogous expression for 
the one-dimensional harmonic oscillator in Eq. (6.44). A quantum field is defined in 
all space, so it can be considered as a collection, an infinite collection, of oscillators, 
each at a different spatial position (or, in Fourier space, at different values of k). 
The quantum fiuctnations in each of these oscillators are independent (as long as 
the equations are linear) so h{k) is completely uncorrelated with h{k^) \ik ^ k'. The 
Dirac delta function in Eq. (6.52) enforces this independence; the (27r)^ allows for 
the fact that we have moved to the continuum limit. Recalling that h — ah/y/WnG^ 
we see that 

(/it(fc,r?)Mfc',77)> = ^ \v{k,rjt {27rfSHk-k') 

= {27TfPh{k)5^{k-k') (6.53) 

where the second line defines the power spectrum of the primordial perturbations to 
the metric. Conventions for the power spectrum abound in the literature; the one 
Tve chosen in Eq. (6.53) is not the most popular in the early universe community. 
Often a factor oi k~^ is added so that the power spectrum is dimensionless. I prefer 
to omit this factor to be consistent with the large scale structure community which 
likes its power spectra to have dimensions of k~^. In any event, with this definition, 

P,(fc) = 1 6 7 r G M ^ . (6.54) 

We have now reduced the problem of determining the spectrum of tensor per-
turbations produced during inflation to one of solving a second-order differential 
equation for v{k, rj), Eq. (6.51). To solve this equation, we first need to evaluate a/a 
during inflation. Recall that overdots denote derivative with respect to conformal 
time, so d = a^H ^ ~a/r] by virtue of Eq. (6.34). Therefore, the second derivative 
of a in Eq. (6.51) is 

d I d fa 
a a dr] \rj 

2 
(6.55) 

So the equation for v is 

v+(k^ - ^ j v = 0. (6.56) 

The initial conditions necessary to solve this equation come from considering v at 
very early times before inflation has done most of its work. At that time, —rj is 

During inflation
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large, of order r/prim, so the A:̂  term dominates, and the equation reduces precisely 
to that of the simple harmonic oscillator. In that case, we know (Eq. (6.41)) that 
the properly normalized solution is e~*^^/\/2fc. This knowledge enables us to choose 
(Exercise 11) the proper solution to Eq. (6.56), 

Q-ikr) 

V = 
2k krj 

(6.57) 

This obviously goes into the correct solution when the mode is well within the 
horizon {k\r]\ ̂  1). Even if you don't work through Exercise 11 (which arrives at 
the relatively simple solution of Eq. (6.57) in a rather tortured way), you should at 
least check that the v given here is indeed a solution to Eq. (6.56). 

After inflation has worked for many e-folds k\r]\ becomes very small. Now that v 
has been normalized, we can determine the amplitude of v, and hence the variance 
of the super-horizon gravitational wave amplitude, by taking the small argument 
limit of Eq. (6.57): 

lim v{k,r]) = ^ ^ f^. (6.58) 
-kv^o ^ '^ y/2k kr] 

Figure 6.7 shows the evolution of /i ex v/a during inflation. At early times h falls 
as 1/a as inflation reduces the amplitude of the modes. Once —kr] becomes smaller 
than unity, the mode leaves the horizon, after which h remains constant. 

The primordial power spectrum for tensor modes, which scales as |t 'p/a^, is 
therefore constant in time after inflation has stretched the mode to be larger than 
the horizon. This constant determines the initial conditions for the gravity waves, 
those with which to start off /i+^x at early times (where in this context "early" 
means well after inflation has ended but before decoupling). Equations (6.54) and 
(6.58) show that this constant is 

Ph{k) = 
WTTG 1 

a2 2A:3r/2 

k^ ' 
(6.59) 

The second hue here follows from Eq. (6.34). We have assumed that H is constant 
in deriving this result; more generally, H is to be evaluated at the time when the 
mode of interest leaves the horizon. This is our final expression for the primordial 
power spectrum of gravity waves. Detection of these waves would, quite remarkably, 
measure the Hubble rate during inflation. Since potential energy usually dominates 
kinetic energy in inflationary models, a measure of H would be tantamount to 
measuring the potential V, again quite remarkable in view of the likelihood that 
inflation was generated by physics at energy scales above 10^^ GeV, 12 orders of 
magnitude beyond the capacity of present-day accelerators. There is no guarantee 
that gravity waves produced during inflation will be detectable. Indeed, since H^ (x 
p/rripi' ^^^ power spectrum is proportional to p/mpj, the energy density at the time 
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Tensor spectrum : the power spectrum for the two polarization modes

slow-roll conditions. We will return to primordial non-Gaussianity in Lecture 4. In this lecture we

restrict our computation to Gaussian fluctuations and the associated power spectra.

The power spectrum for the two polarization modes of hij , i.e. h ⌘ h+, h⇥, is defined as

hh
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We define the power spectrum of tensor perturbations as the sum of the power spectra for the two

polarizations
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Aim of this Lecture

It will be the aim of this lecture to compute the power spectra of scalar and tensor fluctuations,

PR(k) and Ph(k), from first principles. This is one of the most important calculations in modern

theoretical cosmology, so to understand it will be well worth our e↵orts.

10 Preview: The Quantum Origin of Structure

In the last lecture we discussed the classical evolution of the inflaton field. Something remarkable

happens when one considers quantum fluctuations of the inflaton: inflation combined with quantum

mechanics provides an elegant mechanism for generating the initial seeds of all structure in the

universe. In other words, quantum fluctuations during inflation are the source of the primordial

power spectra of scalar and tensor fluctuations, Ps(k) and Pt(k). In this section we sketch the

mechanism by which inflation relates microscopic physics to macroscopic observables. In §12 we

present the full calculation.

10.1 Quantum Zero-Point Fluctuations

As we will explain quantitatively in §12 quantum fluctuations during inflation induce a non-zero

variance for fluctuations in all light fields (like the inflaton or the metric perturbations). This is very

similar to the variance in the amplitude of a harmonic oscillator induced by zero-point fluctuations

in the ground state; see §11. The amplitude of fluctuations scales with the expansion parameter H

during inflation. This relates to the de Sitter horizon, H�1, and the quantum fluctuations during

inflation may also be interpreted as thermal fluctuations in de Sitter space in close analogy to the

Hawking radiation for black holes.
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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We define the tensor power spectrum as the sum of the power spectra 
for the two polarizations 
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8.2 Perturbations on inflation (slow-roll approximation) 325

Thus, in the case of the Gaussian random process we need to know only σ 2
k

or, equivalently, δ f (k). For small perturbations Fourier modes evolve indepen-
dently. Therefore, the spatial distribution of inhomogeneities remains Gaussian
and only their spectrum changes with time. When the perturbations enter the non-
linear regime, different Fourier modes start to “interact.” As a result the statistical
analysis of nonlinear structure becomes very complicated.

In this chapter we consider only small inhomogeneities and our main task is
to derive the initial perturbation spectrum generated in inflation. This spectrum
will be characterized by the variance of the gravitational potential σ 2

k ≡ |#k |2 or,
equivalently, by the dimensionless variance

δ2
#(k) ≡

|#k |2 k3

2π2
. (8.11)

In the following we refer to δ2
#(k) as the power spectrum. Given δ2

# the corresponding
power spectrum for the energy density fluctuations can easily be calculated.

8.2 Perturbations on inflation (slow-roll approximation)

To aid our intuition we begin with a nonrigorous derivation of the inflationary
spectrum in a simple model with a scalar field. Let us consider the universe filled
by a scalar field ϕ with potential V (ϕ), and see how small inhomogeneities δϕ(x, η),
superimposed on a homogeneous component ϕ0(η), evolve during the inflationary
stage. In curved spacetime the scalar field satisfies the Klein–Gordon equation,

1
√−g

∂

∂xα

(√
−ggαβ ∂ϕ

∂xβ

)
+ ∂V

∂ϕ
= 0, (8.12)

which follows immediately from the action

S =
∫ ( 1

2 gγ δϕ,γ ϕ,δ − V
) √

−gd4x . (8.13)

A small perturbation δϕ(x, η) induces scalar metric perturbations and as a result
the metric takes the form (7.17). Substituting

ϕ = ϕ0(η) + δϕ(x, η)

together with (7.17) into (8.12), we find that the Klein–Gordon equation for the
homogeneous component reduces to

ϕ′′
0 + 2Hϕ′

0 + a2V,ϕ = 0 (8.14)

Klein-Gordon eq. in the curved spacetime,
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For the perturbed scalar field, 

8.2 Perturbations on inflation (slow-roll approximation) 325

Thus, in the case of the Gaussian random process we need to know only σ 2
k

or, equivalently, δ f (k). For small perturbations Fourier modes evolve indepen-
dently. Therefore, the spatial distribution of inhomogeneities remains Gaussian
and only their spectrum changes with time. When the perturbations enter the non-
linear regime, different Fourier modes start to “interact.” As a result the statistical
analysis of nonlinear structure becomes very complicated.

In this chapter we consider only small inhomogeneities and our main task is
to derive the initial perturbation spectrum generated in inflation. This spectrum
will be characterized by the variance of the gravitational potential σ 2

k ≡ |#k |2 or,
equivalently, by the dimensionless variance

δ2
#(k) ≡

|#k |2 k3

2π2
. (8.11)

In the following we refer to δ2
#(k) as the power spectrum. Given δ2

# the corresponding
power spectrum for the energy density fluctuations can easily be calculated.

8.2 Perturbations on inflation (slow-roll approximation)

To aid our intuition we begin with a nonrigorous derivation of the inflationary
spectrum in a simple model with a scalar field. Let us consider the universe filled
by a scalar field ϕ with potential V (ϕ), and see how small inhomogeneities δϕ(x, η),
superimposed on a homogeneous component ϕ0(η), evolve during the inflationary
stage. In curved spacetime the scalar field satisfies the Klein–Gordon equation,

1
√−g

∂

∂xα

(√
−ggαβ ∂ϕ

∂xβ

)
+ ∂V

∂ϕ
= 0, (8.12)

which follows immediately from the action

S =
∫ ( 1

2 gγ δϕ,γ ϕ,δ − V
) √

−gd4x . (8.13)

A small perturbation δϕ(x, η) induces scalar metric perturbations and as a result
the metric takes the form (7.17). Substituting

ϕ = ϕ0(η) + δϕ(x, η)

together with (7.17) into (8.12), we find that the Klein–Gordon equation for the
homogeneous component reduces to

ϕ′′
0 + 2Hϕ′

0 + a2V,ϕ = 0 (8.14)

Background eq.
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Linear order eq. in the gauge invariant form,
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(compare with (5.24)). To linear order in metric perturbations and δϕ it becomes

δϕ′′ + 2Hδϕ′ − #
(
δϕ − ϕ′

0

(
B − E ′)) + a2V,ϕϕδϕ

−ϕ′
0(3ψ + φ)′ + 2a2V,ϕφ = 0. (8.15)

This equation is valid in any coordinate system. Using the background equation
(8.14), we can easily recast it in terms of the gauge-invariant variables & and ',
defined in (7.19), and the gauge-invariant scalar field perturbation

δϕ ≡ δϕ − ϕ′
0

(
B − E ′) . (8.16)

The result is

δϕ
′′ + 2Hδϕ

′ − #δϕ + a2V,ϕϕδϕ − ϕ′
0(3' + &)′ + 2a2V,ϕ& = 0. (8.17)

Problem 8.3 Derive (8.15) and (8.17). (Hint As previously noted, the quickest
way to derive gauge-invariant equations is to use the longitudinal gauge. After the
equations are obtained in this gauge, we simply have to replace the perturbation
variables by the corresponding gauge-invariant quantities: φl → &, ψl → ' and
δϕl → δϕ. Then using the explicit expressions for &, ' and δϕ we can write the
equations in an arbitrary coordinate system.)

Equation (8.17) contains three unknown variables, δϕ, & and ', and should be
supplemented by the Einstein equations. For these we need the energy–momentum
tensor for the scalar field, which follows from the action in (8.13) upon variation
with respect to the metric gαβ :

T α
β = gαγ ϕ,γ ϕ,β −

(
gγ δϕ,γ ϕ,δ − V (ϕ)

)
δα
β . (8.18)

It is convenient to use (7.39). For the energy–momentum tensor (8.18), the perturbed
gauge-invariant components δT

0
i , defined in (7.35), are

δT
0
i = 1

a2
ϕ′

0δϕ,i − 1
a2

ϕ′2
0

(
B − E ′)

,i = 1
a2

(
ϕ′

0δϕ
)
,i . (8.19)

Equation (7.39) becomes

' ′ + H& = 4πϕ′
0δϕ, (8.20)

where we have set G = 1. Finally, we note that the nondiagonal spatial components
of the energy–momentum tensor are equal to zero, that is, δT i

k = 0 for i ̸= k, and
hence ' = &.

We will solve (8.17) and (8.20) in two limiting cases: for perturbations with a
physical wavelength λph much smaller than the curvature scale H−1 and for long-
wavelength perturbations with λph ≫ H−1. The curvature scale does not change
very much during inflation. On the other hand the physical scale of a perturbation,
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Equation during slow-roll

164 INITIAL CONDITIONS 

expanded as a zero-order term, y(0^^^) plus a first-order correction, F'(50, so the 
first-order correction to the energy-momentum tensor is 

- V'S4>. (6.67) 

Similarly, you can show that the space-space component is 

STj^Siji^^-V'sA- (6.68) 

Therefore, the conservation equation (6.62) becomes 

Carrying out the time derivatives (the only subtle one is dV/dr] — Vcjy^^'^), mul-
tiplying by a^, and collecting terms leads to 

+ J0 (^_0(o) _ 4^^^(0) _ ^2^/^ _̂  ^^ ( - a V 0 ( ^ ) - e^^""^) = 0. (6.70) 

The V" term here is typically small, proportional to the slow-roll variables e and 
S (Exercise 14), so it can be neglected. The coefficient of (50, the first set of paren-
theses, is equal to — 2ai/0^^^ using the zero-order equation (6.33), so after dividing 
by —</)̂ \̂ we are left with 

6(1) + 2aHS(l) -h k^S(p = 0. (6.71) 

This equation for perturbations to Sep is identical to Eq. (6.45) for tensor pertur-
bations to the metric. Thus we can trivially copy our result from Section 6.4.2 and 
write immediately that the power spectrum of fluctuations in Sep is equal to 

Ps, = ~ . (6.72) 

Compare this with Eq. (6.57). It is identical apart from a factor of 167rG. Recall 
that we inserted this factor (with a bit of hand-waving; see the footnote on page 
158) in the tensor case to turn the dimensionless h into a field with dimensions 
of mass. To get the result for 5(j) which is already a scalar field with the proper 
dimensions, we simply remove this factor. 

6.5.2 Super-Horizon Perturbations 

Until now, we have neglected the metric perturbations. When the wavelength of 
the perturbation is of order the horizon or smaller, this approximation is valid, as 

same as the equation for the tensor perturbation.
The power spectrum is
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1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
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Table 2. Conventions and definitions for inflation physics

Parameter Definition

� . . . . . . . . . . . . . . . . Inflaton
V(�) . . . . . . . . . . . . . Inflaton potential
a . . . . . . . . . . . . . . . . Scale factor
t . . . . . . . . . . . . . . . . Cosmic (proper) time
�X . . . . . . . . . . . . . . Fluctuation of X
Ẋ = dX/dt . . . . . . . . . Derivative with respect to proper time
X0 = dX/d⌘ . . . . . . . . Derivative with respect to conformal time
X� = @X/@� . . . . . . . . Partial derivative with respect to �
Mpl . . . . . . . . . . . . . . Reduced Planck mass (= 2.435 ⇥ 1018 GeV)
Q . . . . . . . . . . . . . . . Scalar perturbation variable
h+,⇥ . . . . . . . . . . . . . . Gravitational wave amplitude of (+,⇥)-polarization component
X⇤ . . . . . . . . . . . . . . . X evaluated at Hubble exit during inflation of mode with wavenumber k⇤
Xe . . . . . . . . . . . . . . . X evaluated at end of inflation
✏V = M2

plV
2
�/2V2 . . . . . First slow-roll parameter for V(�)

⌘V = M2
plV��/V2 . . . . . Second slow-roll parameter for V(�)

⇠2
V = M4

plV�V���/V2 . . Third slow-roll parameter for V(�)
$3

V = M6
plV

2
�V����/V3 . Fourth slow-roll parameter for V(�)

✏1 = �Ḣ/H2 . . . . . . . First Hubble hierarchy parameter
✏n+1 = ✏̇n/H✏n . . . . . . . (n + 1)st Hubble hierarchy parameter (where n � 1)
N(t) =

R te
t

dt H . . . . . . Number of e-folds to end of inflation
�� . . . . . . . . . . . . . . Curvature field perturbation
�s . . . . . . . . . . . . . . . Isocurvature field perturbation

where z = a�̇/H. The gauge-invariant field fluctuation is directly
related to the comoving curvature perturbation2

R = �H
��

�̇
. (8)

Analogously, gravitational waves are described by the two
polarization states (+,⇥) of the transverse and traceless parts of
the metric fluctuations and are amplified by the expansion of the
Universe as well (Grishchuk, 1975). The evolution equation for
their mode function is

(ah+,⇥k )00 +
 

k2 � a00

a

!

(ah+,⇥k ) = 0. (9)

Early discussions of the generation of gravitational waves dur-
ing inflation include Starobinsky (1979); Rubakov et al. (1982);
Fabbri & Pollock (1983); Abbott & Wise (1984).

Because the primordial perturbations are small, of order
10�5, the linearized equations 7 and 9 provide an accurate de-
scription for the generation and subsequent evolution of the cos-
mological perturbations during inflation. In this paper we use
two approaches for solving for the cosmological perturbations.
Firstly, we use an approximate treatment based on the slow-
roll approximation described below. Secondly, we use an almost
exact approach based on numerical integration of the ordinary
differential equations 7 and 9 for each value of the co-moving
wavenumber k. For fixed k the evolution may be divided into
three epochs: (i) sub-Hubble evolution, (ii) Hubble crossing evo-
lution, and (iii) super-Hubble evolution. During (i) the wave-
length is much smaller than the Hubble length, and the mode os-
cillates as it would in a non-expanding Universe (i.e., Minkowski
space). Therefore we can proceed with quantization as we would

2 Another important quantity is the curvature perturbation on uniform
density hypersurfaces ⇣ (in the Newtonian gauge, ⇣ = � � H�⇢/⇢̇,
where  is the generalized gravitational potential) which is related to
the perturbed spatial curvature (3)R = �4r2⇣/a2. On large scales ⇣ ⇡ R.

in Minkowski space. We quantize by singling out the positive
frequency solution, as in the Bunch-Davies vacuum (Bunch &
Davies, 1978). This epoch is the oscillating regime in the WKB
approximation. In (iii), by contrast, there are two solutions, a
growing and a decaying mode, and the evolution becomes inde-
pendent of k. We care only about the growing mode. On scales
much larger than the Hubble radius (i.e., k ⌧ aH), both cur-
vature and tensor fluctuations admit solutions constant in time.3
All the interesting, or nontrivial, evolution takes place between
(i) and (iii)—that is, during (ii), a few e-folds before and after
Hubble crossing, and this is the interval where the numerical in-
tegration is most useful since the asymptotic expansions are not
valid in this transition region. Two numerical codes are used in
this paper, ModeCode (Adams et al., 2001; Peiris et al., 2003;
Mortonson et al., 2009; Easther & Peiris, 2012), and the inflation
module of Lesgourgues & Valkenburg (2007) as implemented in
CLASS (Lesgourgues, 2011; Blas et al., 2011).4

It is convenient to expand the power spectra of curvature and
tensor perturbations as

PR(k) = As

 

k
k⇤

!ns�1+ 1
2 dns/d ln k ln(k/k⇤)+ 1

6 d2ns/d ln k2(ln(k/k⇤))2+...

(10)

Pt(k) = At

 

k
k⇤

!nt+
1
2 dnt/d ln k ln(k/k⇤)+...

, (11)

where As (At) is the scalar (tensor) amplitude and ns (nt),
dns/d ln k (dnt/d ln k) and d2ns/d ln k2 are the scalar (tensor)
spectral index, the running of the scalar (tensor) spectral index,
and the running of the running of the scalar spectral index, re-
spectively.

3 On large scales, the curvature fluctuation is constant in time when
non-adiabatic pressure terms are negligible. This condition is typically
violated in multi-field inflationary models.

4 http://zuserver2.star.ucl.ac.uk/˜hiranya/ModeCode/,
http://class-code.net
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Analogously, gravitational waves are described by the two
polarization states (+,⇥) of the transverse and traceless parts of
the metric fluctuations and are amplified by the expansion of the
Universe as well (Grishchuk, 1975). The evolution equation for
their mode function is
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Early discussions of the generation of gravitational waves dur-
ing inflation include Starobinsky (1979); Rubakov et al. (1982);
Fabbri & Pollock (1983); Abbott & Wise (1984).

Because the primordial perturbations are small, of order
10�5, the linearized equations 7 and 9 provide an accurate de-
scription for the generation and subsequent evolution of the cos-
mological perturbations during inflation. In this paper we use
two approaches for solving for the cosmological perturbations.
Firstly, we use an approximate treatment based on the slow-
roll approximation described below. Secondly, we use an almost
exact approach based on numerical integration of the ordinary
differential equations 7 and 9 for each value of the co-moving
wavenumber k. For fixed k the evolution may be divided into
three epochs: (i) sub-Hubble evolution, (ii) Hubble crossing evo-
lution, and (iii) super-Hubble evolution. During (i) the wave-
length is much smaller than the Hubble length, and the mode os-
cillates as it would in a non-expanding Universe (i.e., Minkowski
space). Therefore we can proceed with quantization as we would

2 Another important quantity is the curvature perturbation on uniform
density hypersurfaces ⇣ (in the Newtonian gauge, ⇣ = � � H�⇢/⇢̇,
where  is the generalized gravitational potential) which is related to
the perturbed spatial curvature (3)R = �4r2⇣/a2. On large scales ⇣ ⇡ R.

in Minkowski space. We quantize by singling out the positive
frequency solution, as in the Bunch-Davies vacuum (Bunch &
Davies, 1978). This epoch is the oscillating regime in the WKB
approximation. In (iii), by contrast, there are two solutions, a
growing and a decaying mode, and the evolution becomes inde-
pendent of k. We care only about the growing mode. On scales
much larger than the Hubble radius (i.e., k ⌧ aH), both cur-
vature and tensor fluctuations admit solutions constant in time.3
All the interesting, or nontrivial, evolution takes place between
(i) and (iii)—that is, during (ii), a few e-folds before and after
Hubble crossing, and this is the interval where the numerical in-
tegration is most useful since the asymptotic expansions are not
valid in this transition region. Two numerical codes are used in
this paper, ModeCode (Adams et al., 2001; Peiris et al., 2003;
Mortonson et al., 2009; Easther & Peiris, 2012), and the inflation
module of Lesgourgues & Valkenburg (2007) as implemented in
CLASS (Lesgourgues, 2011; Blas et al., 2011).4

It is convenient to expand the power spectra of curvature and
tensor perturbations as
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where As (At) is the scalar (tensor) amplitude and ns (nt),
dns/d ln k (dnt/d ln k) and d2ns/d ln k2 are the scalar (tensor)
spectral index, the running of the scalar (tensor) spectral index,
and the running of the running of the scalar spectral index, re-
spectively.

3 On large scales, the curvature fluctuation is constant in time when
non-adiabatic pressure terms are negligible. This condition is typically
violated in multi-field inflationary models.

4 http://zuserver2.star.ucl.ac.uk/˜hiranya/ModeCode/,
http://class-code.net
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related to the comoving curvature perturbation2

R = �H
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�̇
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Analogously, gravitational waves are described by the two
polarization states (+,⇥) of the transverse and traceless parts of
the metric fluctuations and are amplified by the expansion of the
Universe as well (Grishchuk, 1975). The evolution equation for
their mode function is
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Early discussions of the generation of gravitational waves dur-
ing inflation include Starobinsky (1979); Rubakov et al. (1982);
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Because the primordial perturbations are small, of order
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mological perturbations during inflation. In this paper we use
two approaches for solving for the cosmological perturbations.
Firstly, we use an approximate treatment based on the slow-
roll approximation described below. Secondly, we use an almost
exact approach based on numerical integration of the ordinary
differential equations 7 and 9 for each value of the co-moving
wavenumber k. For fixed k the evolution may be divided into
three epochs: (i) sub-Hubble evolution, (ii) Hubble crossing evo-
lution, and (iii) super-Hubble evolution. During (i) the wave-
length is much smaller than the Hubble length, and the mode os-
cillates as it would in a non-expanding Universe (i.e., Minkowski
space). Therefore we can proceed with quantization as we would

2 Another important quantity is the curvature perturbation on uniform
density hypersurfaces ⇣ (in the Newtonian gauge, ⇣ = � � H�⇢/⇢̇,
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where As (At) is the scalar (tensor) amplitude and ns (nt),
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mological perturbations during inflation. In this paper we use
two approaches for solving for the cosmological perturbations.
Firstly, we use an approximate treatment based on the slow-
roll approximation described below. Secondly, we use an almost
exact approach based on numerical integration of the ordinary
differential equations 7 and 9 for each value of the co-moving
wavenumber k. For fixed k the evolution may be divided into
three epochs: (i) sub-Hubble evolution, (ii) Hubble crossing evo-
lution, and (iii) super-Hubble evolution. During (i) the wave-
length is much smaller than the Hubble length, and the mode os-
cillates as it would in a non-expanding Universe (i.e., Minkowski
space). Therefore we can proceed with quantization as we would

2 Another important quantity is the curvature perturbation on uniform
density hypersurfaces ⇣ (in the Newtonian gauge, ⇣ = � � H�⇢/⇢̇,
where  is the generalized gravitational potential) which is related to
the perturbed spatial curvature (3)R = �4r2⇣/a2. On large scales ⇣ ⇡ R.

in Minkowski space. We quantize by singling out the positive
frequency solution, as in the Bunch-Davies vacuum (Bunch &
Davies, 1978). This epoch is the oscillating regime in the WKB
approximation. In (iii), by contrast, there are two solutions, a
growing and a decaying mode, and the evolution becomes inde-
pendent of k. We care only about the growing mode. On scales
much larger than the Hubble radius (i.e., k ⌧ aH), both cur-
vature and tensor fluctuations admit solutions constant in time.3
All the interesting, or nontrivial, evolution takes place between
(i) and (iii)—that is, during (ii), a few e-folds before and after
Hubble crossing, and this is the interval where the numerical in-
tegration is most useful since the asymptotic expansions are not
valid in this transition region. Two numerical codes are used in
this paper, ModeCode (Adams et al., 2001; Peiris et al., 2003;
Mortonson et al., 2009; Easther & Peiris, 2012), and the inflation
module of Lesgourgues & Valkenburg (2007) as implemented in
CLASS (Lesgourgues, 2011; Blas et al., 2011).4

It is convenient to expand the power spectra of curvature and
tensor perturbations as

PR(k) = As

 

k
k⇤

!ns�1+ 1
2 dns/d ln k ln(k/k⇤)+ 1

6 d2ns/d ln k2(ln(k/k⇤))2+...

(10)

Pt(k) = At

 

k
k⇤

!nt+
1
2 dnt/d ln k ln(k/k⇤)+...

, (11)

where As (At) is the scalar (tensor) amplitude and ns (nt),
dns/d ln k (dnt/d ln k) and d2ns/d ln k2 are the scalar (tensor)
spectral index, the running of the scalar (tensor) spectral index,
and the running of the running of the scalar spectral index, re-
spectively.

3 On large scales, the curvature fluctuation is constant in time when
non-adiabatic pressure terms are negligible. This condition is typically
violated in multi-field inflationary models.

4 http://zuserver2.star.ucl.ac.uk/˜hiranya/ModeCode/,
http://class-code.net
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4.3. Running spectral index

We have shown that the single parameter Harrison-Zeldovich
spectrum does not fit the data, and that at least the first two terms,
As and ns, in the expansion of the primordial power spectrum in
powers of ln(k) given in Eq. 10 are needed. Here we consider
whether the data require the next term known as the running of
the spectral index (Kosowsky & Turner, 1995), defined as the
derivative of the spectral index with respect to ln k, dns ,t/d ln k
for scalar or tensor fluctuations. In slow-roll single-field infla-
tion, the running is second order in the Hubble slow-roll param-
eters, for scalar and for tensor perturbations (see Eqs. 17 and
18, respectively) (Leach et al., 2002), and thus is typically sup-
pressed with respect to, e.g., ns � 1 and nt, which are first order.
If the slow-roll approximation holds and the inflaton has reached
its attractor solution, dns/d ln k and dnt/d ln k are related to the
potential slow-roll parameters as in Eqs. 17 and 18. Given the
tight constraints on the first two slow-roll parameters ✏V and ⌘V
(✏1 and ✏2) from the present data, typical values of the running to
which Planck is sensitive (Pahud et al., 2007) would generically
be dominated by the contribution from the third derivative of the
potential, encoded in |⇠2V | (or ✏3).

While it is easy to see that the running is invariant under a
change in pivot scale, the same does not hold true for the spectral
index and the amplitude of the primordial power spectrum. It is
convenient to choose k⇤ such that dns/d ln k and ns are decorre-
lated (Cortês et al., 2007). This approach minimizes the inferred
variance of ns and facilitates comparison with constraints on ns
in the power law models. Note however that the decorrelation
pivot scale kdec⇤ depends both on the model and data set consid-
ered in the analysis.

We consider a model parameterizing the power spectrum us-
ing As(k⇤) , ns(k⇤), and dns/d ln k, where k⇤ = 0.05 Mpc�1. The
joint constraints on ns and dns/d ln k at the decorrelation scale
of kdec⇤ = 0.04 Mpc�1 are shown in Fig. 4. The Planck+WP con-
straints on the running do not change significantly when com-
plementary data sets such as Planck lensing, CMB high-`, and
BAO data are included. We find

dns/d ln k = �0.013 ± 0.009 (68% CL, Planck+WP) , (45)

which is negative at the 1.5� level. This reduces the the uncer-
tainty compared to previous CMB results. Error bars are reduced
by 60% compared to the WMAP 9-year results (Hinshaw et al.,
2012a), and by 20-30% compared to WMAP supplemented by
SPT and ACT data (Hou et al., 2012; Sievers et al., 2013). Planck
finds a smaller scalar running than SPT+WMAP7 (Hou et al.,
2012), and larger then ACT+WMAP7 (Sievers et al., 2013). The
best-fit likelihood improves by only ��2

e↵ ⇡ 1.5 (3 when high-`
data are included) with respect to the minimal case in which ns is
scale independent, indicating that the deviation from scale inde-
pendence is not very significant. The constraint for the spectral
index in this case is 0.9630 ± 0.0065 at 68% CL at the decor-
relation pivot scale k⇤ = 0.038 Mpc�1. This result implies that
the third derivative of the potential is small, i.e., |⇠2V | ⇠ 0.007,
but compatible with zero at 95% CL, for inflation at low energy
(i.e., with ✏V ⇡ 0).

We also test the possibility that the running depends on the
wavelength so that d2ns/d ln k2 is nonzero. With Planck+WP
data, we find d2ns/d ln k2 = 0.020+0.016

�0.015. This result is stable
with respect to the addition of complementary data sets. When
d2ns/d ln k2 is allowed in the fit, we find a value for the running
dns/d ln k consistent with zero.

Finally we allow a non-zero primordial gravitational wave
spectrum together with the running. The tensor spectral in-

Fig. 2. Marginalized joint 68% and 95% CL for (dns/d ln k , ns)
using Planck+WP+BAO, either marginalizing over r or fixing
r = 0 at k⇤ = 0.038 Mpc�1. The purple strip shows the prediction
for single monomial chaotic inflationary models with 50 < N⇤ <
60 for comparison.

dex and its running are set by the slow-roll consistency re-
lations to second order, with nt = �r(2 � r/8 � ns)/8 and
dnt/d ln k = r(r/8 + ns � 1)/8. Planck measures the running to
be dns/d ln k = �0.016 ± 0.010 when tensors are included (see
Table 5 and Fig. 4). The constraints on the tensor-to-scalar ra-
tio are relaxed compared to the case with no running, due to an
anti-correlation between r and dns/d ln k, as shown in Fig. 4 for
Planck+WP+BAO.

Varying both tensors and running, Planck+WP implications
for slow-roll parameters are ✏V < 0.015 at 95% CL, ⌘V =
�0.014+0.015

�0.011, |⇠2V | = 0.009 ± 0.006.
In summary, the Planck data prefer a negative running for

the scalar spectral index of order dns/d ln k ⇡ �0.015 at the
1.5� significance level, alone and in combination with other
astrophysical data sets. Weak statistical evidence for non-zero
negative values of dns/d ln k has been claimed in several previ-
ous investigations with the WMAP data and smaller scale CMB
data (e.g., Spergel et al., 2003; Peiris et al., 2003; Dunkley et al.,
2011; Hinshaw et al., 2012a; Hou et al., 2012).

If primordial, negative values for dns/d ln k of order 10�2,
would be interesting for the physics of inflation. The running of
the scalar spectral index is a key prediction for inflationary mod-
els. It is strictly zero for power law inflation, whose fit to Planck
was shown to be quite poor in the previous section. Chaotic
monomial models with V(�) / �n predict dns/d ln k ⇡ �8(n +
2)/(4N+n)2 ⇡ (ns�1)2, and the same order of magnitude (10�3)
is quite typical for many slow-roll inflationary models, such as
natural inflation or hilltop inflation, to name a few. It was pointed
out that a large negative running of dns/d ln k . �10�2 would
make it difficult to support the N⇤ ⇡ 50 e-foldings required from
inflation (Easther & Peiris, 2006), but this holds only without
nonzero derivatives higher than the third order in the inflation-
ary potential. Designing inflationary models that predict a neg-
ative running of O(10�2) with an acceptable ns and number of
e-folds is not impossible, as the case with modulated oscilla-
tions in the inflationary potential demonstrates (Kobayashi &
Takahashi, 2011). This occurs, for instance, in the axion mon-
odromy model when the instanton contribution is taken into ac-

4 Planck Collaboration: Constraints on inflation

Table 2. Conventions and definitions for inflation physics

Parameter Definition

� . . . . . . . . . . . . . . . . Inflaton
V(�) . . . . . . . . . . . . . Inflaton potential
a . . . . . . . . . . . . . . . . Scale factor
t . . . . . . . . . . . . . . . . Cosmic (proper) time
�X . . . . . . . . . . . . . . Fluctuation of X
Ẋ = dX/dt . . . . . . . . . Derivative with respect to proper time
X0 = dX/d⌘ . . . . . . . . Derivative with respect to conformal time
X� = @X/@� . . . . . . . . Partial derivative with respect to �
Mpl . . . . . . . . . . . . . . Reduced Planck mass (= 2.435 ⇥ 1018 GeV)
Q . . . . . . . . . . . . . . . Scalar perturbation variable
h+,⇥ . . . . . . . . . . . . . . Gravitational wave amplitude of (+,⇥)-polarization component
X⇤ . . . . . . . . . . . . . . . X evaluated at Hubble exit during inflation of mode with wavenumber k⇤
Xe . . . . . . . . . . . . . . . X evaluated at end of inflation
✏V = M2

plV
2
�/2V2 . . . . . First slow-roll parameter for V(�)

⌘V = M2
plV��/V2 . . . . . Second slow-roll parameter for V(�)

⇠2
V = M4

plV�V���/V2 . . Third slow-roll parameter for V(�)
$3

V = M6
plV

2
�V����/V3 . Fourth slow-roll parameter for V(�)

✏1 = �Ḣ/H2 . . . . . . . First Hubble hierarchy parameter
✏n+1 = ✏̇n/H✏n . . . . . . . (n + 1)st Hubble hierarchy parameter (where n � 1)
N(t) =

R te
t

dt H . . . . . . Number of e-folds to end of inflation
�� . . . . . . . . . . . . . . Curvature field perturbation
�s . . . . . . . . . . . . . . . Isocurvature field perturbation

where z = a�̇/H. The gauge-invariant field fluctuation is directly
related to the comoving curvature perturbation2

R = �H
��

�̇
. (8)

Analogously, gravitational waves are described by the two
polarization states (+,⇥) of the transverse and traceless parts of
the metric fluctuations and are amplified by the expansion of the
Universe as well (Grishchuk, 1975). The evolution equation for
their mode function is

(ah+,⇥k )00 +
 

k2 � a00

a

!

(ah+,⇥k ) = 0. (9)

Early discussions of the generation of gravitational waves dur-
ing inflation include Starobinsky (1979); Rubakov et al. (1982);
Fabbri & Pollock (1983); Abbott & Wise (1984).

Because the primordial perturbations are small, of order
10�5, the linearized equations 7 and 9 provide an accurate de-
scription for the generation and subsequent evolution of the cos-
mological perturbations during inflation. In this paper we use
two approaches for solving for the cosmological perturbations.
Firstly, we use an approximate treatment based on the slow-
roll approximation described below. Secondly, we use an almost
exact approach based on numerical integration of the ordinary
differential equations 7 and 9 for each value of the co-moving
wavenumber k. For fixed k the evolution may be divided into
three epochs: (i) sub-Hubble evolution, (ii) Hubble crossing evo-
lution, and (iii) super-Hubble evolution. During (i) the wave-
length is much smaller than the Hubble length, and the mode os-
cillates as it would in a non-expanding Universe (i.e., Minkowski
space). Therefore we can proceed with quantization as we would

2 Another important quantity is the curvature perturbation on uniform
density hypersurfaces ⇣ (in the Newtonian gauge, ⇣ = � � H�⇢/⇢̇,
where  is the generalized gravitational potential) which is related to
the perturbed spatial curvature (3)R = �4r2⇣/a2. On large scales ⇣ ⇡ R.

in Minkowski space. We quantize by singling out the positive
frequency solution, as in the Bunch-Davies vacuum (Bunch &
Davies, 1978). This epoch is the oscillating regime in the WKB
approximation. In (iii), by contrast, there are two solutions, a
growing and a decaying mode, and the evolution becomes inde-
pendent of k. We care only about the growing mode. On scales
much larger than the Hubble radius (i.e., k ⌧ aH), both cur-
vature and tensor fluctuations admit solutions constant in time.3
All the interesting, or nontrivial, evolution takes place between
(i) and (iii)—that is, during (ii), a few e-folds before and after
Hubble crossing, and this is the interval where the numerical in-
tegration is most useful since the asymptotic expansions are not
valid in this transition region. Two numerical codes are used in
this paper, ModeCode (Adams et al., 2001; Peiris et al., 2003;
Mortonson et al., 2009; Easther & Peiris, 2012), and the inflation
module of Lesgourgues & Valkenburg (2007) as implemented in
CLASS (Lesgourgues, 2011; Blas et al., 2011).4

It is convenient to expand the power spectra of curvature and
tensor perturbations as

PR(k) = As

 

k
k⇤

!ns�1+ 1
2 dns/d ln k ln(k/k⇤)+ 1

6 d2ns/d ln k2(ln(k/k⇤))2+...

(10)

Pt(k) = At

 

k
k⇤

!nt+
1
2 dnt/d ln k ln(k/k⇤)+...

, (11)

where As (At) is the scalar (tensor) amplitude and ns (nt),
dns/d ln k (dnt/d ln k) and d2ns/d ln k2 are the scalar (tensor)
spectral index, the running of the scalar (tensor) spectral index,
and the running of the running of the scalar spectral index, re-
spectively.

3 On large scales, the curvature fluctuation is constant in time when
non-adiabatic pressure terms are negligible. This condition is typically
violated in multi-field inflationary models.

4 http://zuserver2.star.ucl.ac.uk/˜hiranya/ModeCode/,
http://class-code.net
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•  Origin of the primordial curvature perturbation : Inflation
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Radiation dominated era

If not, it can be changed
eg, multi-field

Thursday, August 28, 14



• The properties of the primordial curvature perturbation

• Power spectrum

• Spectral index

• Tensor-to-scalar ratio
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: small perturbation

: almost scale-invariant

: unobserved yet

• Non-Gaussianity

: No evidence of non-G yet

and the (inverse) Kähler metric, KSS! ¼ 1=KSS! ¼ 1, KTT! ¼ 1=KTT! ¼ 1, KST! ¼ KST! ¼ 0, etc., one can write down the
F-term scalar potential:
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where we have inserted ðT þ T!Þ ¼
ffiffiffi
2

p
ϕ and dropped

jSj4=M4
P because of its smallness, and used eK=M

2
P ≈

ð1þ ϕ2=M2
PÞð1þ jSj2=M2

PÞ. As seen in Eq. (12), the
Hubble scale mass terms for S and a are not generated.
In contrast, the real component of T, i.e. ϕ (≡hϕiþ δϕ),
which is invariant under the shift symmetry and so
contributes to the Kähler potential, obtains the Hubble
scale mass term, κ2M4δϕ2=M2

P ¼ 3H2δϕ2, violating the
slow-roll condition (η ¼ 1). Hence, it should be stabilized
during inflation. Its VEV is estimated as hϕi=f ¼
OðM2

Pm
2
n=f2M2Þ ≪ 1. We will neglect hϕi=f.

III. INFLATION WITH THE LARGE
TENSOR SPECTRUM

In this section, we explore the conditions under which
Eq. (12) can account for the power spectrum (Pζ) and its
scalar spectral index (nζ) [6],

Pζ ¼ ð2.198& 0.056Þ × 10−9; ð13Þ

nζ ¼ 0.9603& 0.0073; ð14Þ

for the first seven e-folds of the inflation after the scale of
the last scattering exits the horizon, and also the tensor-to-
scalar ratio (r) [7],

r ¼ 0.16þ0.06
−0.05 ; ð15Þ

for the first four e-folds. For the smaller scales, the scalar
power spectrum should be smaller than 10−4.
These requirements on the primordial spectra can be

achieved with the periodic inflaton potential by the infinite
summation of e−nT=f in Eq. (12). However, we will show
that all the above cosmological requirements can easily be
satisfied with only two terms of the summation.4 When all

the fields heavier than the Hubble scale are decoupled out,
the effective inflationary potential becomes
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where the parameters are identified with the parameters in
Lagrangian of Eq. (12) as μ4 ≡ κ2M4, λ1;2 ≡&2im2

1;2=M
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(≪ 1), and α ∼ κ2=8π2 (≪ 1), respectively. Here we have
assumed that m2

1;2 are purely imaginary. The last term
corresponds to the quantum correction to the potential
generated when the waterfall fields ψ and ψ̄ are integrated
out: σ denotes the real component of S, and Λ is the
renormalization scale. In this potential, the minimum of the
a field is located at

amin

f
¼ −cos−1

!
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 32ðλ2=λ1Þ2

p

8ðλ2=λ1Þ

"
; ð17Þ

which is slightly smaller than −π=2 for jλ2=λ1j ≪ 1. For the
shape of λ1;2 terms in the potential Eq. (16), see Fig. 1,
where we set λ2=λ1 ¼ 0.15. In this case, amin=f ≈ −1.83.
The slow-roll parameters in this model are calculated as
follows:
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where the parameters ξ2, β and the fields θ, χ are
defined as

4It was pointed out that a large running spectral index, dnζ=d ×
ln k ¼ −0.028& 0.009 (68%) [7], can reconcile the tension
between BICEP2 and PLANCK on r [36]. In principle, such a
value of dnζ=d × ln k can also be encoded in the potential
[Eq. (12)] with several sinusoidal functions. But we need to
wait for more data on it at the moment.
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Tensor fluctuations

: polarization data (B-mode) in next year
: temperature alone can constrain the amplitude of tensor modes indirectly

Planck Collaboration: Cosmological parameters

Measurements of the temperature power spectrum can also
be used to constrain the amplitude of tensor modes. Although
such limits can appear to be much tighter than the limits from
B-mode measurements, it should be borne in mind that such lim-
its are indirect because they are derived within the context of a
particular theoretical model. In the rest of this subsection, we
will review temperature based limits on tensor modes and then
present the results from Planck.

Adding a tensor component to the base ⇤CDM model, the
WMAP 9-year results constrain r0.002 < 0.38 at 95% confidence
(Hinshaw et al. 2012). Including small-scale ACT and SPT data
this improves to r0.002 < 0.17, and to r0.002 < 0.12 with the
addition of BAO data. These limits are degraded substantially,
however, in models which allow running of the scalar spectral
index in addition to tensors. For such models, the WMAP data
give r0.002 < 0.50, and this limit is not significantly improved by
adding high resolution CMB and BAO data.

The precise determination of the fourth, fifth and sixth
acoustic peaks by Planck now largely breaks the degener-
acy between the primordial fluctuation parameters. For the
Planck+WP+highL likelihood we find

r0.002 < 0.11 (95%; no running), (64a)
r0.002 < 0.26 (95%; including running). (64b)

As shown in Figs. 21 and 23, the tensor amplitude is weakly cor-
related with the scalar spectral index; an increase in ns that could
match the first three peaks cannot fit the fourth and higher acous-
tic peak in the Planck spectrum. Likewise, the shape constraints
from the fourth and higher acoustic peaks give a reduction in
the correlations between a tensor mode and a running in the
spectral index, leading to significantly tighter limits than from
previous CMB experiments. These numbers in Eqs. (64a) and
(64b) are driven by the temperature spectrum and change very
little if we add non-CMB data such as BAO measurements. The
Planck limits are largely decoupled from assumptions about the
late-time evolution of the Universe and are close to the tightest
possible limits achievable from the temperature power spectrum
alone (Knox & Turner 1994; Knox 1995).

These limits on a tensor mode have profound implications
for inflationary cosmology. The limits translate directly to an up-
per limit on the energy scale of inflation,

V⇤ = (1.94 ⇥ 1016 GeV)4(r0.002/0.12) (65)

(Linde 1983; Lyth 1984), and to the parameters of “large-field”
inflation models. Slow-roll inflation driven by a power law po-
tential V(�) / �↵ o↵ers a simple example of large-field inflation.
The field values in such a model must necessarily exceed the
Planck scale mPl , and lead to a scalar spectral index and tensor
amplitude of

1 � ns ⇡ (↵ + 2)/2N, (66a)
r ⇡ 4↵/N, (66b)

where N is the number of e-foldings between the end of inflation
and the time that our present day Hubble scale crossed the infla-
tionary horizon (see e.g., Lyth & Riotto 1999). The 95% confi-
dence limits from the Planck data are now close to the predic-
tions of ↵ = 2 models for N ⇡ 50–60 e-folds (see Fig. 23).
Large-field models with quartic potentials (e.g., Linde 1982) are
now firmly excluded by CMB data. Planck constraints on power-
law and on broader classes of inflationary models are discussed
in detail in Planck Collaboration XXIV (2013). Improved lim-
its on B-modes will be required to further constrain high field
models of inflation.

6.2.3. Curvature

An explanation of the near flatness of our observed Universe
was one of the primary motivations for inflationary cosmology.
Inflationary models that allow a large number of e-foldings pre-
dict that our Universe should be very accurately spatially flat31.
Nevertheless, by introducing fine tunings it is possible to con-
struct inflation models with observationally interesting open ge-
ometries (e.g., Linde 1995; Bucher et al. 1995; Linde 1999) or
closed geometries (Linde 2003). Even more speculatively, there
has been interest in models with open geometries from consid-
erations of tunnelling events between metastable vacua within
a “string landscape” (Freivogel et al. 2006). Observational lim-
its on spatial curvature therefore o↵er important additional con-
straints on inflationary models and fundamental physics.

CMB temperature power spectrum measurements su↵er
from a well-known “geometrical degeneracy” (Bond et al. 1997;
Zaldarriaga et al. 1997). Models with identical primordial spec-
tra, physical matter densities and angular diameter distance to
the last scattering surface, will have almost identical CMB tem-
perature power spectra. This is a near perfect degeneracy (see
Fig. 25) and is broken only via the integrated Sachs-Wolfe (ISW)
e↵ect on large angular scales and gravitational lensing of the
CMB spectrum (Stompor & Efstathiou 1999). The geometrical
degeneracy can also be broken with the addition of probes of
late time physics, including BAO, Type Ia supernova, and mea-
surement of the Hubble constant (e.g., Spergel et al. 2007).

Recently, the detection of the gravitational lensing of the
CMB by ACT and SPT has been used to break the geomet-
rical degeneracy, by measuring the integrated matter potential
distribution. ACT constrained ⌦⇤ = 0.61 ± 0.29 (68% CL)
in Sherwin et al. (2011), with the updated analysis in Das et al.
(2013) giving ⌦K = �0.031 ± 0.026 (68% CL) (Sievers et al.
2013). The SPT lensing measurements combined with seven
year WMAP temperature spectrum improved this limit to ⌦K =
�0.0014 ± 0.017 (68 % CL) (van Engelen et al. 2012).

With Planck we detect gravitational lensing at
about 26� through the 4-point function (Sect. 5.1 and
Planck Collaboration XVII 2013). This strong detection of
gravitational lensing allows us to constrain the curvature to
percent level precision using observations of the CMB alone:

100⌦K = �4.2+4.3
�4.8 (95%; Planck+WP+highL); (67a)

100⌦K = �1.0+1.8
�1.9 (95%; Planck+lensing

+WP+highL). (67b)

These constraints are improved substantially by the addition
of BAO data. We then find

100⌦K = �0.05+0.65
�0.66 (95%; Planck+WP+highL+BAO), (68a)

100⌦K = �0.10+0.62
�0.65 (95%; Planck+lensing+WP

+highL+BAO). (68b)

These limits are consistent with (and slightly tighter than) the
results reported by Hinshaw et al. (2012) from combining the
nine-year WMAP data with high resolution CMB measurements
and BAO data. We find broadly similar results to Eqs. (68a) and
(68b) if the Riess et al. (2011) H0 measurement, or either of the
SNe compilations discussed in Sect. 5.4, are used in place of the
BAO measurements.

31The e↵ective curvature within our Hubble radius should then be of
the order of the amplitude of the curvature fluctuations generated during
inflation, ⌦K ⇠ O(10�5).
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Fig. 22. The Planck power spectrum of Fig. 10 plotted as `2D`
against multipole, compared to the best-fit base ⇤CDM model
with ns = 0.96 (red dashed line). The best-fit base ⇤CDM model
with ns constrained to unity is shown by the blue line.

Our extensive grid of models allows us to investigate cor-
relations of the spectral index with a number of cosmological
parameters beyond those of the base ⇤CDM model (see Figs.
21 and 24). As expected, ns is uncorrelated with parameters de-
scribing late-time physics, including the neutrino mass, geom-
etry, and the equation of state of dark energy. The remaining
correlations are with parameters that a↵ect the evolution of the
early Universe, including the number of relativistic species, or
the helium fraction. This is illustrated in Fig. 24: modifying the
standard model by increasing the number of neutrinos species,
or the helium fraction, has the e↵ect of damping the small-scale
power spectrum. This can be partially compensated by an in-
crease in the spectral index. However, an increase in the neu-
trino species must be accompanied by an increased matter den-
sity to maintain the peak positions. A measurement of the matter
density from the BAO measurements helps to break this degen-
eracy. This is clearly seen in the upper panel of Fig. 24, which
shows the improvement in the constraints when BAO measure-
ments are added to the Planck+WP+highL likelihood. With the
addition of BAO measurements we find more than a 3� devi-
ation from ns = 1 even in this extended model, with a best-fit
value of ns = 0.969 ± 0.010 for varying relativistic species. As
discussed in Sect. 6.3, we see no evidence from the Planck data
for non-standard neutrino physics.

The simplest single-field inflationary models predict that the
running of the spectral index should be of second order in infla-
tionary slow-roll parameters and therefore small [dns/d ln k ⇠
(ns � 1)2], typically about an order of magnitude below the
sensitivity limit of Planck (see e.g., Kosowsky & Turner 1995;
Baumann et al. 2009). Nevertheless, it is easy to construct in-
flationary models that have a larger scale dependence (e.g., by
adjusting the third derivative of the inflaton potential) and so it
is instructive to use the Planck data to constrain dns/d ln k. A
test for dns/d ln k is of particularly interest given the results from
previous CMB experiments.

Early results from WMAP suggested a preference for a nega-
tive running at the 1–2� level. In the final 9-year WMAP analy-
sis no significant running was seen using WMAP data alone, with
dns/d ln k = �0.019 ± 0.025 (68% confidence; Hinshaw et al.
2012. Combining WMAP data with the first data releases from

0.94 0.96 0.98 1.00
ns

0.0

0.2

0.4

0.6

0.8

1.0

P
/P

m
ax

�CDM
+running+tensors

0.94 0.96 0.98 1.00
ns

�0.06

�0.03

0.00

0.03

dn
s/

d
ln

k

�CDM+running

�CDM+running+tensors

0.94 0.96 0.98 1.00
ns

0.0

0.1

0.2

0.3

0.4

r 0
.0

02

N = 40

N = 50
N = 60

m 2� 2

�CDM+tensors

�CDM+running+tensors

Fig. 23. Upper: Posterior distribution for ns for the base ⇤CDM
model (black) compared to the posterior when a tensor compo-
nent and running scalar spectral index are added to the model
(red) Middle: Constraints (68% and 95%) in the ns–dns/d ln k
plane for ⇤CDM models with running (blue) and additionally
with tensors (red). Lower: Constraints (68% and 95%) on ns and
the tensor-to-scalar ratio r0.002 for ⇤CDM models with tensors
(blue) and additionally with running of the spectral index (red).
The dotted line show the expected relation between r and ns for
a V(�) / �2 inflationary potential (Eqs. 66a and 66b); here N is
the number of inflationary e-foldings as defined in the text. The
dotted line should be compared to the blue contours, since this
model predicts negligible running. All of these results use the
Planck+WP+highL data combination.
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HZ HZ + YP HZ + Ne↵ ⇤CDM
105⌦bh2 2296 ± 24 2296 ± 23 2285 ± 23 2205 ± 28
104⌦ch2 1088 ± 13 1158 ± 20 1298 ± 43 1199 ± 27
100 ✓MC 1.04292 ± 0.00054 1.04439 ± 0.00063 1.04052 ± 0.00067 1.04131 ± 0.00063
⌧ 0.125+0.016

�0.014 0.109+0.013
�0.014 0.105+0.014

�0.013 0.089+0.012
�0.014

ln
⇣

1010As

⌘

3.133+0.032
�0.028 3.137+0.027

�0.028 3.143+0.027
�0.026 3.089+0.024

�0.027
ns — — — 0.9603 ± 0.0073
Ne↵ — — 3.98 ± 0.19 —
YP — 0.3194 ± 0.013 — —
�2� ln(Lmax) 27.9 2.2 2.8 0

Table 3. Constraints on cosmological parameters and best-fit �2� ln(L) with respect to the standard ⇤CDM model, using
Planck+WP data, testing the significance of the deviation from the HZ model.

Sampling the power spectrum parameters As, ns, and r is
not the only method for constraining slow roll inflation. Another
possibility is to sample the HFF in the analytic expressions for
the scalar and tensor power spectra (Stewart & Lyth, 1993; Gong
& Stewart, 2001; Leach et al., 2002). In the Appendix, we per-
form a comparison of slow-roll inflationary predictions by sam-
pling the HFF with Planck data, and show that the results ob-
tained in this way agree with those derived by sampling the
power spectrum parameters. This confirms similar studies with
previous data (Hamann et al., 2008c; Finelli et al., 2010).

The spectral index estimated from Planck+WP data is

ns = 0.9603 ± 0.0073. (32)

This tight bound on ns is crucial for constraining inflation. The
Planck constraint on r depends slightly on the pivot scale; we
adopt k⇤ = 0.002 Mpc�1 to quote our result, with r0.002 < 0.12
at 95% CL. This bound improves on the most recent results,
including the WMAP 9-year constraint of r < 0.38 (Hinshaw
et al., 2012a), the WMAP7 + ACT limit of r < 0.28 (Sievers
et al., 2013), and the WMAP7 + SPT limit of r < 0.18 (Story
et al., 2012). The new bound from Planck is consistent with
the limit from temperature anisotropies alone (Knox & Turner,
1994). When a possible tensor component is included, the spec-
tral index from Planck+WP is not significantly changed, with
ns = 0.9624 ± 0.0075.

The Planck constraint on r corresponds to an upper bound
on the energy scale of inflation

V⇤ =
3⇡2As

2
r M4

pl = (1.94 ⇥ 1016 GeV)4 r⇤
0.12

, (33)

at 95% CL. This is equivalent to an upper bound on the Hubble
parameter during inflation of H⇤/Mpl < 3.7 ⇥ 10�5. In terms of
slow-roll parameters, Planck+WP constraints imply ✏V < 0.008
at 95% CL, and ⌘V = �0.010+0.005

�0.011.
The Planck results on ns and r are robust to the addition

of external data sets (see Table 4). When the high-` CMB
ACT+SPT data are added, we obtain ns = 0.9600 ± 0.0072 and
r0.002 < 0.11 at 95% CL. Including the Planck lensing likeli-
hood gives ns = 0.9653 ± 0.0069 and r0.002 < 0.13, and adding
BAO data gives ns = 0.9643 ± 0.0059 and r0.002 < 0.12. These
bounds are robust to the small changes in the polarization likeli-
hood at low multipoles. To test this robustness, instead of using
the WMAP polarization likelihood, we impose a Gaussian prior
⌧ = 0.07 ± 0.013 to take into account small shifts due to un-
certainties in residual foreground contamination or instrument
systematics in the evaluation of ⌧, as performed in Appendix B
of Planck Collaboration XVI (2013). We find at most a reduction
of 8% for the upper bound on r.

It is useful to plot the inflationary potentials in the ns–r plane
using the first two slow-roll parameters evaluated at the pivot
scale k⇤ = 0.002 Mpc�1 (Dodelson et al., 1997). Given our ig-
norance of the details of the epoch of entropy generation, we
assume that the number of e-folds N⇤ to the end of inflation lies
in the interval [50, 60]. This uncertainty is plotted for those po-
tentials predicting an exit from inflation without changing the
potential.

Fig. 1 shows the Planck constraints in the ns � r plane and
indicates the predictions of a number of representative inflation-
ary potentials. The sensitivity of Planck data to high multipoles
removes the degeneracy between ns and r found using WMAP
data. Planck data favour models with a concave potential. As
shown in Fig. 1, most of the joint 95% allowed region lies be-
low the convex potential limit, and concave models with a red
tilt in the range [0.945-0.98] are allowed by Planck at 95% CL.
In the following we consider the status of several illustrative and
commonly discussed inflationary potentials in light of the Planck
observations.

Power law potential and chaotic inflation

The simplest class of inflationary models is characterized by a
single monomial potential of the form

V(�) = �M4
pl

 

�

Mpl

!n

. (34)

This class of potentials includes the simplest chaotic models, in
which inflation starts from large values for the inflaton, � > Mpl.
Inflation ends by violation of the slow-roll regime, and we as-
sume this occurs at ✏V = 1. According to Eqs. 5, 6, and 15,
this class of potentials predicts to lowest order in slow-roll pa-
rameters ns � 1 ⇡ �n(n + 2)M2

pl/�
2⇤, r ⇡ 8n2M2

pl/�
2⇤, �2⇤ ⇡

nM2
pl(4N⇤ + n)/2. The ��4 model lies well outside of the joint

99.7% CL region in the ns � r plane. This result confirms pre-
vious findings from e.g., Hinshaw et al. (2012a) in which this
model is well outside the 95% CL for the WMAP 9-year data
and is further excluded by CMB data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-` data for
N⇤ . 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has ⌘V = 0 and lies within the
95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive

with tensor
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Table 3. Constraints on cosmological parameters and best-fit �2� ln(L) with respect to the standard ⇤CDM model, using
Planck+WP data, testing the significance of the deviation from the HZ model.

Sampling the power spectrum parameters As, ns, and r is
not the only method for constraining slow roll inflation. Another
possibility is to sample the HFF in the analytic expressions for
the scalar and tensor power spectra (Stewart & Lyth, 1993; Gong
& Stewart, 2001; Leach et al., 2002). In the Appendix, we per-
form a comparison of slow-roll inflationary predictions by sam-
pling the HFF with Planck data, and show that the results ob-
tained in this way agree with those derived by sampling the
power spectrum parameters. This confirms similar studies with
previous data (Hamann et al., 2008c; Finelli et al., 2010).

The spectral index estimated from Planck+WP data is

ns = 0.9603 ± 0.0073. (32)

This tight bound on ns is crucial for constraining inflation. The
Planck constraint on r depends slightly on the pivot scale; we
adopt k⇤ = 0.002 Mpc�1 to quote our result, with r0.002 < 0.12
at 95% CL. This bound improves on the most recent results,
including the WMAP 9-year constraint of r < 0.38 (Hinshaw
et al., 2012a), the WMAP7 + ACT limit of r < 0.28 (Sievers
et al., 2013), and the WMAP7 + SPT limit of r < 0.18 (Story
et al., 2012). The new bound from Planck is consistent with
the limit from temperature anisotropies alone (Knox & Turner,
1994). When a possible tensor component is included, the spec-
tral index from Planck+WP is not significantly changed, with
ns = 0.9624 ± 0.0075.

The Planck constraint on r corresponds to an upper bound
on the energy scale of inflation

V⇤ =
3⇡2As

2
r M4

pl = (1.94 ⇥ 1016 GeV)4 r⇤
0.12

, (33)

at 95% CL. This is equivalent to an upper bound on the Hubble
parameter during inflation of H⇤/Mpl < 3.7 ⇥ 10�5. In terms of
slow-roll parameters, Planck+WP constraints imply ✏V < 0.008
at 95% CL, and ⌘V = �0.010+0.005

�0.011.
The Planck results on ns and r are robust to the addition

of external data sets (see Table 4). When the high-` CMB
ACT+SPT data are added, we obtain ns = 0.9600 ± 0.0072 and
r0.002 < 0.11 at 95% CL. Including the Planck lensing likeli-
hood gives ns = 0.9653 ± 0.0069 and r0.002 < 0.13, and adding
BAO data gives ns = 0.9643 ± 0.0059 and r0.002 < 0.12. These
bounds are robust to the small changes in the polarization likeli-
hood at low multipoles. To test this robustness, instead of using
the WMAP polarization likelihood, we impose a Gaussian prior
⌧ = 0.07 ± 0.013 to take into account small shifts due to un-
certainties in residual foreground contamination or instrument
systematics in the evaluation of ⌧, as performed in Appendix B
of Planck Collaboration XVI (2013). We find at most a reduction
of 8% for the upper bound on r.

It is useful to plot the inflationary potentials in the ns–r plane
using the first two slow-roll parameters evaluated at the pivot
scale k⇤ = 0.002 Mpc�1 (Dodelson et al., 1997). Given our ig-
norance of the details of the epoch of entropy generation, we
assume that the number of e-folds N⇤ to the end of inflation lies
in the interval [50, 60]. This uncertainty is plotted for those po-
tentials predicting an exit from inflation without changing the
potential.

Fig. 1 shows the Planck constraints in the ns � r plane and
indicates the predictions of a number of representative inflation-
ary potentials. The sensitivity of Planck data to high multipoles
removes the degeneracy between ns and r found using WMAP
data. Planck data favour models with a concave potential. As
shown in Fig. 1, most of the joint 95% allowed region lies be-
low the convex potential limit, and concave models with a red
tilt in the range [0.945-0.98] are allowed by Planck at 95% CL.
In the following we consider the status of several illustrative and
commonly discussed inflationary potentials in light of the Planck
observations.

Power law potential and chaotic inflation

The simplest class of inflationary models is characterized by a
single monomial potential of the form

V(�) = �M4
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This class of potentials includes the simplest chaotic models, in
which inflation starts from large values for the inflaton, � > Mpl.
Inflation ends by violation of the slow-roll regime, and we as-
sume this occurs at ✏V = 1. According to Eqs. 5, 6, and 15,
this class of potentials predicts to lowest order in slow-roll pa-
rameters ns � 1 ⇡ �n(n + 2)M2

pl/�
2⇤, r ⇡ 8n2M2

pl/�
2⇤, �2⇤ ⇡

nM2
pl(4N⇤ + n)/2. The ��4 model lies well outside of the joint

99.7% CL region in the ns � r plane. This result confirms pre-
vious findings from e.g., Hinshaw et al. (2012a) in which this
model is well outside the 95% CL for the WMAP 9-year data
and is further excluded by CMB data at smaller scales.

The model with a quadratic potential, n = 2 (Linde, 1983),
often considered the simplest example for inflation, now lies
outside the joint 95% CL for the Planck+WP+high-` data for
N⇤ . 60 e-folds, as shown in Fig. 1.

A linear potential with n = 1 (McAllister et al., 2010), mo-
tivated by axion monodromy, has ⌘V = 0 and lies within the
95% CL region. Inflation with n = 2/3 (Silverstein & Westphal,
2008), however, also motivated by axion monodromy, now lies
on the boundary of the joint 95% CL region. More permissive
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Model Parameter Planck+WP Planck+WP+lensing Planck + WP+high-` Planck+WP+BAO

⇤CDM + tensor ns 0.9624 ± 0.0075 0.9653 ± 0.0069 0.9600 ± 0.0071 0.9643 + 0.0059
r0.002 < 0.12 < 0.13 < 0.11 < 0.12

�2� lnLmax 0 0 0 -0.31

Table 4. Constraints on the primordial perturbation parameters in the ⇤CDM+r model from Planck combined with other data sets.
The constraints are given at the pivot scale k⇤ = 0.002 Mpc�1.

Fig. 1. Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination with other data sets compared to
the theoretical predictions of selected inflationary models.

reheating priors allowing N⇤ < 50 could reconcile this model
with the Planck data.

Exponential potential and power law inflation

Inflation with an exponential potential

V(�) = ⇤4 exp
 

�� �
Mpl

!

(35)

is called power law inflation (Lucchin & Matarrese, 1985),
because the exact solution for the scale factor is given by
a(t) / t2/�2 . This model is incomplete, since inflation would
not end without an additional mechanism to stop it. Assuming
such a mechanism exists and leaves predictions for cosmo-
logical perturbations unmodified, this class of models predicts
r = �8(ns � 1) and is now outside the joint 99.7% CL contour.

Inverse power law potential

Intermediate models (Barrow, 1990; Muslimov, 1990) with in-
verse power law potentials

V(�) = ⇤4
 

�

Mpl

!��
(36)

lead to inflation with a(t) / exp(At f ), with A > 0 and 0 < f < 1,
where f = 4/(4 + �) and � > 0. In intermediate inflation there
is no natural end to inflation, but if the exit mechanism leaves
the inflationary predictions on cosmological perturbations un-
modified, this class of models predicts r ⇡ �8�(ns � 1)/(� � 2)
(Barrow & Liddle, 1993). It is disfavoured, being outside the
joint 95% CL contour for any �.

Hill-top models

In another interesting class of potentials, the inflaton rolls away
from an unstable equilibrium as in the first new inflationary mod-
els (Albrecht & Steinhardt, 1982; Linde, 1982). We consider

V(�) ⇡ ⇤4
 

1 � �
p

µp + ...

!

, (37)

where the ellipsis indicates higher order terms negligible during
inflation, but needed to ensure the positiveness of the potential
later on. An exponent of p = 2 is allowed only as a large field
inflationary model and predicts ns � 1 ⇡ �4M2

pl/µ
2 + 3r/8 and

r ⇡ 32�2⇤M2
pl/µ

4. This potential leads to predictions in agree-
ment with Planck+WP+BAO joint 95% CL contours for super-
Planckian values of µ, i.e., µ & 9 Mpl.

Models with p � 3 predict ns � 1 ⇡ �(2/N)(p � 1)/(p � 2)
when r ⇠ 0. The hill-top potential with p = 3 lies outside the
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2.1.2. Ionization history

To make accurate predictions for the CMB power spectra, the
background ionization history has to be calculated to high ac-
curacy. Although the main processes that lead to recombina-
tion at z ⇡ 1090 are well understood, cosmological param-
eters from Planck can be sensitive to sub-percent di↵erences
in the ionization fraction xe (Hu et al. 1995; Lewis et al. 2006;
Rubino-Martin et al. 2009; Shaw & Chluba 2011). The process
of recombination takes the Universe from a state of fully ion-
ized hydrogen and helium in the early Universe, through to the
completion of recombination with residual fraction xe ⇠ 10�4.
Sensitivity of the CMB power spectrum to xe enters through
changes to the sound horizon at recombination, from changes
in the timing of recombination, and to the detailed shape of the
recombination transition, which a↵ects the thickness of the last-
scattering surface and hence the amount of small-scale di↵usion
(Silk) damping, polarization, and line-of-sight averaging of the
perturbations.

Since the pioneering work of Peebles (1968) and
Zeldovich et al. (1969), which identified the main physical
processes involved in recombination, there has been signif-
icant progress in numerically modelling the many relevant
atomic transitions and processes that can a↵ect the details of
the recombination process (Hu et al. 1995; Seager et al. 2000;
Wong et al. 2008; Hirata & Switzer 2008; Switzer & Hirata
2008; Rubino-Martin et al. 2009; Chluba & Thomas 2011;
Ali-Haimoud & Hirata 2011). In recent years a consen-
sus has emerged between the results of two multi-level
atom codes HyRec5 (Switzer & Hirata 2008; Hirata 2008;
Ali-Haimoud & Hirata 2011), and CosmoRec6 (Chluba et al.
2010; Chluba & Thomas 2011), demonstrating agreement at a
level better than that required for Planck (di↵erences less that
4 ⇥ 10�4 in the predicted temperature power spectra on small
scales).

These recombination codes are remarkably fast, given the
complexity of the calculation. However, the recombination his-
tory can be computed even more rapidly by using the sim-
ple e↵ective three-level atom model developed by Seager et al.
(2000) and implemented in the recfast code7, with appropri-
ately chosen small correction functions calibrated to the full
numerical results (Wong et al. 2008; Rubino-Martin et al. 2009;
Shaw & Chluba 2011). We use recfast in our baseline param-
eter analysis, with correction functions adjusted so that the pre-
dicted power spectra C` agree with those from the latest ver-
sions of HyRec (January 2012) and CosmoRec (v2) to better than
0.05%8. We have confirmed, using importance sampling, that
cosmological parameter constraints using recfast are consis-
tent with those using CosmoRec at the 0.05� level. Since the re-
sults of the Planck parameter analysis are crucially dependent on
the accuracy of the recombination history, we have also checked,
following Lewis et al. (2006), that there is no strong evidence for
simple deviations from the assumed history. However, we note
that any deviation from the assumed history could significantly
shift parameters compared to the results presented here and we
have not performed a detailed sensitivity analysis.

The background recombination model should accurately
capture the ionization history until the Universe is reionized
at late times via ultra-violet photons from stars and/or active

5http://www.sns.ias.edu/˜yacine/hyrec/hyrec.html
6http://www.chluba.de/CosmoRec/
7http://www.astro.ubc.ca/people/scott/recfast.html
8The updated recfast used here in the baseline model is publicly

available as version 1.5.2 and is the default in camb as of October 2012.

galactic nuclei. We approximate reionization as being relatively
sharp, with the mid-point parameterized by a redshift zre (where
xe = f /2) and width parameter �zre = 0.5. Hydrogen reion-
ization and the first reionization of helium are assumed to oc-
cur simultaneously, so that when reionization is complete xe =
f ⌘ 1 + fHe ⇡ 1.08 (Lewis 2008), where fHe is the helium-
to-hydrogen ratio by number. In this parameterization, the opti-
cal depth is almost independent of �zre and the only impact of
the specific functional form on cosmological parameters comes
from very small changes to the shape of the polarization power
spectrum on large angular scales. The second reionization of he-
lium (i.e., He+ ! He++) produces very small changes to the
power spectra (�⌧ ⇠ 0.001, where ⌧ is the optical depth to
Thomson scattering) and does not need to be modelled in detail.
We include the second reionization of helium at a fixed redshift
of z = 3.5 (consistent with observations of Lyman-↵ forest lines
in quasar spectra, e.g., Becker et al. 2011), which is su�ciently
accurate for the parameter analyses described in this paper.

2.1.3. Initial conditions

In our baseline model we assume purely adiabatic scalar per-
turbations at very early times, with a (dimensionless) curvature
power spectrum parameterized by

PR(k) = As

 
k
k0

!ns�1+(1/2)(dns/d ln k) ln(k/k0)

, (2)

with ns and dns/d ln k taken to be constant. For most of this
paper we shall assume no “running”, i.e., a power-law spec-
trum with dns/d ln k = 0. The pivot scale, k0, is chosen to be
k0 = 0.05 Mpc�1, roughly in the middle of the logarithmic range
of scales probed by Planck. With this choice, ns is not strongly
degenerate with the amplitude parameter As.

The amplitude of the small-scale linear CMB power spec-
trum is proportional to e�2⌧As. Because Planck measures this
amplitude very accurately there is a tight linear constraint be-
tween ⌧ and ln As (see Sect. 3.4). For this reason we usually use
ln As as a base parameter with a flat prior, which has a signifi-
cantly more Gaussian posterior than As. A linear parameter re-
definition then also allows the degeneracy between ⌧ and As to be
explored e�ciently. (The degeneracy between ⌧ and As is broken
by the relative amplitudes of large-scale temperature and polar-
ization CMB anisotropies and by the non-linear e↵ect of CMB
lensing.)

We shall also consider extended models with a significant
amplitude of primordial gravitational waves (tensor modes).
Throughout this paper, the (dimensionless) tensor mode spec-
trum is parameterized as a power-law with9

Pt(k) = At

 
k
k0

!nt

. (3)

We define r0.05 ⌘ At/As, the primordial tensor-to-scalar ratio at
k = k0. Our constraints are only weakly sensitive to the tensor
spectral index, nt (which is assumed to be close to zero), and
we adopt the theoretically motivated single-field inflation con-
sistency relation nt = �r0.05/8, rather than varying nt indepen-
dently. We put a flat prior on r0.05, but also report the constraint
at k = 0.002 Mpc�1 (denoted r0.002), which is closer to the scale

9For a transverse-traceless spatial tensor Hi j, the tensor part of the
metric is ds2 = a2[d⌘2 � (�i j + 2Hi j)dxidx j], and Pt is defined so that
Pt(k) = @ln kh2Hi j2Hi ji.
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To make accurate predictions for the CMB power spectra, the
background ionization history has to be calculated to high ac-
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eters from Planck can be sensitive to sub-percent di↵erences
in the ionization fraction xe (Hu et al. 1995; Lewis et al. 2006;
Rubino-Martin et al. 2009; Shaw & Chluba 2011). The process
of recombination takes the Universe from a state of fully ion-
ized hydrogen and helium in the early Universe, through to the
completion of recombination with residual fraction xe ⇠ 10�4.
Sensitivity of the CMB power spectrum to xe enters through
changes to the sound horizon at recombination, from changes
in the timing of recombination, and to the detailed shape of the
recombination transition, which a↵ects the thickness of the last-
scattering surface and hence the amount of small-scale di↵usion
(Silk) damping, polarization, and line-of-sight averaging of the
perturbations.

Since the pioneering work of Peebles (1968) and
Zeldovich et al. (1969), which identified the main physical
processes involved in recombination, there has been signif-
icant progress in numerically modelling the many relevant
atomic transitions and processes that can a↵ect the details of
the recombination process (Hu et al. 1995; Seager et al. 2000;
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sus has emerged between the results of two multi-level
atom codes HyRec5 (Switzer & Hirata 2008; Hirata 2008;
Ali-Haimoud & Hirata 2011), and CosmoRec6 (Chluba et al.
2010; Chluba & Thomas 2011), demonstrating agreement at a
level better than that required for Planck (di↵erences less that
4 ⇥ 10�4 in the predicted temperature power spectra on small
scales).

These recombination codes are remarkably fast, given the
complexity of the calculation. However, the recombination his-
tory can be computed even more rapidly by using the sim-
ple e↵ective three-level atom model developed by Seager et al.
(2000) and implemented in the recfast code7, with appropri-
ately chosen small correction functions calibrated to the full
numerical results (Wong et al. 2008; Rubino-Martin et al. 2009;
Shaw & Chluba 2011). We use recfast in our baseline param-
eter analysis, with correction functions adjusted so that the pre-
dicted power spectra C` agree with those from the latest ver-
sions of HyRec (January 2012) and CosmoRec (v2) to better than
0.05%8. We have confirmed, using importance sampling, that
cosmological parameter constraints using recfast are consis-
tent with those using CosmoRec at the 0.05� level. Since the re-
sults of the Planck parameter analysis are crucially dependent on
the accuracy of the recombination history, we have also checked,
following Lewis et al. (2006), that there is no strong evidence for
simple deviations from the assumed history. However, we note
that any deviation from the assumed history could significantly
shift parameters compared to the results presented here and we
have not performed a detailed sensitivity analysis.

The background recombination model should accurately
capture the ionization history until the Universe is reionized
at late times via ultra-violet photons from stars and/or active

5http://www.sns.ias.edu/˜yacine/hyrec/hyrec.html
6http://www.chluba.de/CosmoRec/
7http://www.astro.ubc.ca/people/scott/recfast.html
8The updated recfast used here in the baseline model is publicly

available as version 1.5.2 and is the default in camb as of October 2012.

galactic nuclei. We approximate reionization as being relatively
sharp, with the mid-point parameterized by a redshift zre (where
xe = f /2) and width parameter �zre = 0.5. Hydrogen reion-
ization and the first reionization of helium are assumed to oc-
cur simultaneously, so that when reionization is complete xe =
f ⌘ 1 + fHe ⇡ 1.08 (Lewis 2008), where fHe is the helium-
to-hydrogen ratio by number. In this parameterization, the opti-
cal depth is almost independent of �zre and the only impact of
the specific functional form on cosmological parameters comes
from very small changes to the shape of the polarization power
spectrum on large angular scales. The second reionization of he-
lium (i.e., He+ ! He++) produces very small changes to the
power spectra (�⌧ ⇠ 0.001, where ⌧ is the optical depth to
Thomson scattering) and does not need to be modelled in detail.
We include the second reionization of helium at a fixed redshift
of z = 3.5 (consistent with observations of Lyman-↵ forest lines
in quasar spectra, e.g., Becker et al. 2011), which is su�ciently
accurate for the parameter analyses described in this paper.

2.1.3. Initial conditions

In our baseline model we assume purely adiabatic scalar per-
turbations at very early times, with a (dimensionless) curvature
power spectrum parameterized by

PR(k) = As

 
k
k0

!ns�1+(1/2)(dns/d ln k) ln(k/k0)

, (2)

with ns and dns/d ln k taken to be constant. For most of this
paper we shall assume no “running”, i.e., a power-law spec-
trum with dns/d ln k = 0. The pivot scale, k0, is chosen to be
k0 = 0.05 Mpc�1, roughly in the middle of the logarithmic range
of scales probed by Planck. With this choice, ns is not strongly
degenerate with the amplitude parameter As.

The amplitude of the small-scale linear CMB power spec-
trum is proportional to e�2⌧As. Because Planck measures this
amplitude very accurately there is a tight linear constraint be-
tween ⌧ and ln As (see Sect. 3.4). For this reason we usually use
ln As as a base parameter with a flat prior, which has a signifi-
cantly more Gaussian posterior than As. A linear parameter re-
definition then also allows the degeneracy between ⌧ and As to be
explored e�ciently. (The degeneracy between ⌧ and As is broken
by the relative amplitudes of large-scale temperature and polar-
ization CMB anisotropies and by the non-linear e↵ect of CMB
lensing.)

We shall also consider extended models with a significant
amplitude of primordial gravitational waves (tensor modes).
Throughout this paper, the (dimensionless) tensor mode spec-
trum is parameterized as a power-law with9

Pt(k) = At

 
k
k0

!nt

. (3)

We define r0.05 ⌘ At/As, the primordial tensor-to-scalar ratio at
k = k0. Our constraints are only weakly sensitive to the tensor
spectral index, nt (which is assumed to be close to zero), and
we adopt the theoretically motivated single-field inflation con-
sistency relation nt = �r0.05/8, rather than varying nt indepen-
dently. We put a flat prior on r0.05, but also report the constraint
at k = 0.002 Mpc�1 (denoted r0.002), which is closer to the scale

9For a transverse-traceless spatial tensor Hi j, the tensor part of the
metric is ds2 = a2[d⌘2 � (�i j + 2Hi j)dxidx j], and Pt is defined so that
Pt(k) = @ln kh2Hi j2Hi ji.
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Table 10. Separable template-fitting estimates of primordial fNL for
local, equilateral, orthogonal shapes, as obtained from SMICA fore-
ground cleaned maps, after marginalizing over the Poissonian point-
source bispectrum contribution and subtracting the ISW-lensing bias.
Uncertainties are 1�.

fNL

Local Equilateral Orthogonal

2.7 ± 5.8 �42 ± 75 �25 ± 39

Alternative geometries and non-trivial topologies have also
been analyzed (see (Planck Collaboration XXVI 2013) for more
details). The Bianchi VIIh models, including global rotation
and shear, have been constrained, with the vorticity parameter
!0 < 10�9H0 at 95 % confidence. Topological models are con-
strained by the lack of matched circles or other evidence of large-
scale correlation signatures, limiting the scale of the fundamen-
tal domain to the size of the diameter of the scattering surface in
a variety of specific models.

9.3. CMB polarization

The current data release and scientific results are based on CMB
temperature data only. Planck measures polarization from 30 to
353 GHz, and both Data Processing Centres routinely produce
polarization products. The analysis of polarization data is more
complicated than that of temperature data, and is therefore in a
less advanced state. There are several reasons for this: the re-
sponse of each detector to polarization is di�cult to calibrate
due to the lack of celestial standard sources; the amplitude of
the polarized CMB signal is low and astrophysical foregrounds
dominate over the CMB over the whole sky; and the detection
of polarized signals is subject to specific systematic e↵ects. An
example of the last of these is leakage of total intensity into the
polarization maps. This can occur because Planck measures po-
larization by di↵erentiating a common intensity mode from de-
tectors sensitive to linear polarization with di↵erent orientations,
and there are di↵erential calibration errors between pairs of de-
tectors. Nevertheless, strong polarized synchrotron and thermal
dust emission from the Galaxy are currently being imaged with
high significance (see Sect. 8.2.4).

These issues are not yet resolved at a level satisfactory
for cosmological analysis at large angular scales (` <100).
At smaller angular scales, however, systematic e↵ects are sub-
dominant and uncertainties are dominated by residual detector
noise. At high Galactic latitudes, CMB polarization is being
measured by Planck with unprecedented sensitivity at angular
scales smaller than a few degrees.

Planck’s capability to detect polarization is well illustrated
by the use of stacking to enhance the measurement of polariza-
tion around CMB peaks. Adiabatic scalar fluctuations predict
a specific polarization pattern around cold and hot spots, and
this pattern is what we seek to image. We used ILC estimates
(Eriksen et al. 2004) of the CMB I, Q, and U maps from 100
to 353 GHz, degraded to an HEALPix resolution of Nside = 512
and smoothed to 30 arc-minutes. After applying the Planck mask
used for component separation (Planck Collaboration XII 2013),
we find on the remaining 71 % of the sky 11 396 cold spots
and 10 468 hot spots, consistent with the ⇤CDM Planck best
fit model prediction (which anticipates 4⇡ fskyn̄peak = 11073 hot
and cold spots each). Around each of these temperature ex-
trema, we extract 5� ⇥ 5� square maps that we co-add to pro-

duce stacked maps for I, Q and U. Q and U stacked maps are
then rotated in the temperature extrema radial frame Qr(✓) and
Ur(✓) (Kamionkowski et al. 1997). In this reference frame the
standard model predicts Qr(✓) alternating between positive (ra-
dial polarization) and negative (tangential polarization) values
and Ur(✓) = 0.

Figure 27 shows the stacked I and Qr (Q in the radial frame)
maps for cold and hot spots, computed from the Planck data
and compared to the ⇤CDM Planck best fit. Measurements ex-
tracted from the stacked maps are in very good agreement with
the Planck best-fit model. The combined best fit amplitude is
0.999 ± 0.010 (68 % CL) leading to a statistical significance of
the detection larger than 95�.

The most interesting cosmological signal visible in polariza-
tion is the very large-scale (` < 10) E-mode peak due to reion-
ization, at a typical brightness level of 0.3 µK. At the present
stage of analysis, and with the data currently available, there are
unexplained residuals in the survey-to-survey di↵erence maps
that are comparable to or larger than an expected B-mode signal.
For these reasons, we are delaying the use of CMB polarization
measurements from Planck from cosmological analysis until we
have a firmer understanding and control of such systematic ef-
fects.

9.4. The ISW effect

In the spatially flat Universe clearly established by Planck, the
detection of the integrated Sachs-Wolfe (ISW) e↵ect provides
complementary evidence of the accelerated expansion of the uni-
verse, governed by some form of Dark Energy. The high sensitiv-
ity, high resolution and full-sky coverage of Planck has permit-
ted us, for the first time, to obtain evidence of the ISW directly
from CMB measurements, via the non-Gaussian signal induced
by the cross-correlation of the secondary anisotropies due to the
ISW itself and the lensing clearly detected by Planck (Planck
Collaboration XVII 2013). Following this approach, we report
an ISW detection of ⇡ 2.5� from the CMB alone.

In addition, we have also confirmed (Planck Collaboration
XIX 2013) the ISW signal by cross-correlating the clean CMB
maps produced by Planck with several galaxy catalogues, which
act as tracers of the gravitational potential. This standard tech-
nique provides an overall detection of ⇡ 3�, by combining in-
formation from all the surveys at the same time. This figure
is somewhat weaker than previous claims made from WMAP
data (e.g., Ho et al. 2008; Giannantonio et al. 2012). Di↵erences
do not seem to be related to the CMB data itself, but rather to the
way in which the uncertainties are computed and, especially, to
the characterization of the galaxy catalogues. A clear agreement
with previous detection claims (. 3�) using the NVSS data is
reported. The ISW amplitude estimation made with Planck is
in very good agreement with the theoretical expectation (which
depends on such characterizations), whereas deviations of more
than 1� were found in previous works. These results give sup-
port and robustness to our findings.

The ISW signal induced by isolated features in the large-
scale structure of the universe has also been studied. In par-
ticular, we have stacked the CMB fluctuations in the positions
of voids and super-clusters, showing a clear detection (above
3� and almost 3� for voids and clusters, respectively) of a
secondary anisotropy. The results are compatible with previous
claims made with WMAP data (Granett et al. 2008), and the
most likely origin of the secondary anisotropy is the time evolu-
tion of the gravitational potential associated to those structures.
However, the signal initially detected is at odds in scale and am-
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The bound (r < 0.11 at 95 %CL) implies an upper limit for the
energy scale of standard inflation of 1.9 ⇥ 1016 GeV (95 %CL).

The power spectrum of the best fit base ⇤CDM cosmol-
ogy has a higher amplitude than the observed power spectrum
at multipoles ` < 30. The low-` di↵erence is in turn related
to the preference for a higher lensing amplitude when fitting
to the temperature anisotropy power spectrum through a chain
of parameter degeneracies (see Planck Collaboration XVI 2013,
for discussion). There are other indications for ‘anomalies’ at
low ` (Section 9.2, Planck Collaboration XXIII (2013)), which
may be indicative of new physics operating on the largest scales.
However the interpretation of such anomalies is di�cult in the
absence of a compelling theoretical framework. In addition, our
determination of the power spectrum amplitude is in weak ten-
sion with that derived from the abundance of rich clusters found
with the Sunyaev-Zeldovich e↵ect in the Planck data (Planck
Collaboration XX 2013) and from measurements of cosmic
shear from the CFHTLenS survey (Heymans et al. 2012; Erben
et al. 2012).

9.2. Non-Gaussianity

Two of the fundamental assumptions of the standard cosmologi-
cal model — that the initial fluctuations are statistically isotropic
and Gaussian in nature — have been rigorously examined in the
four CMB maps described in Section 7.1 (Planck Collaboration
XXIII 2013)). Realistic simulations incorporating essential as-
pects of the Planck measurement process have been used to sup-
port the analysis. Deviations from isotropy have been found in
the data, which are robust against changes in the component sep-
aration algorithm or mask used, or frequency examined. Many of
these anomalies were previously observed in the WMAP data on
large angular scales (e.g., an alignment between the quadrupole
and octopole moments, an asymmetry of power between two
preferred hemispheres, and a region of significant decrement, the
so-called Cold Spot), and are now confirmed at similar levels of
significance (⇠ 3�) but a higher level of confidence. In spite
of the presence of strong non-Gaussian or anisotropic emissions
coming from Galactic and extragalactic sources, the consistency
of the tests performed on the four CMB maps produced by the
component separation algorithms strongly favors a cosmologi-
cal origin for the anomalies. Moreover, the agreement between
WMAP and the two independent instruments of Planck rules out
a possible explanation based on systematic artifacts.

On the other hand, we find little evidence for non-
Gaussianity (see also Planck Collaboration XXIV (2013)), with
the exception of a few statistical signatures that seem to be as-
sociated with specific anomalies. In particular, we find that the
quadrupole-octopole alignment is also connected to a low ob-
served variance of the CMB signal with respect to the standard
⇤CDM model. In addition, the hemispherical asymmetry is now
found to persist to much smaller angular scales, and can be de-
scribed in the low-` regime at a statistically significant level by a
phenomenological dipole modulation model. It is plausible that
some of these features may be reflected in the angular power
spectrum of the data, which shows a deficit of power on these
scales. Indeed, when the two opposing hemispheres defined by
the preferred direction are considered separately, the power spec-
trum shows a clear power asymmetry, as well as oscillations be-
tween odd and even modes that may be related to parity viola-
tion and phase correlations also detected in the data. While these
analyses represent a step forward in building an understanding
of the anomalies, a satisfactory explanation based on physically
motivated models is still lacking.

The search for specific types of non-Gaussianity (NG) in the
statistics of the CMB anisotropies provides important clues to
the physical mechanism that originated the cosmological per-
turbations. Indeed, perturbations generated during inflation are
expected to display specific forms of NG. Di↵erent inflation-
ary models, firmly rooted in modern theoretical particle physics,
predict di↵erent amplitudes and shapes of NG. Thus, constraints
on primordial NG are complementary to constraints on the scalar
spectral index of curvature perturbations and the tensor-to-scalar
ratio, lifting the degeneracy among inflationary models that pre-
dict the same power-spectra. The level of NG predicted by the
simplest models of inflation, consisting of a single slowly-rolling
scalar field, is low and undetectable even by Planck. However,
extensions of the simplest paradigm generically lead to levels of
NG in CMB anisotropies that should be detectable. A detection
of primordial NG would rule out all canonical single-field slow-
roll models of inflation, pointing to physics beyond the simplest
inflation model. Conversely, a significant upper bound on the
level of primordial NG, as we have obtained, severely limits ex-
tensions of the simplest paradigm.

Inflationary NG can be characterized by the dimensionless
non-linearity parameter fNL (see Planck Collaboration XXIV
(2013) for more details), which measures the amplitude of pri-
mordial NG of quadratic type in the comoving curvature per-
turbation mode. We have estimated fNL for various NG shapes
– including the three fundamental ones, local, equilateral, and
orthogonal – predicted by di↵erent classes of inflationary mod-
els. Results for these three fundamental shapes are reported in
Table 10, which gives independent estimates for each contribu-
tion. These results have been obtained using a suite of optimal
bispectrum estimators (see (Planck Collaboration XXIV 2013),
where a full description of the procedure, as well as of the valida-
tion tests can also be found). The reported values have been ob-
tained after marginalizing over the Poissonian bispectrum con-
tribution of di↵use point-sources and subtracting the bias due
to the secondary bispectrum arising from the coupling of the
Integrated Sachs-Wolfe (ISW) e↵ect and the weak gravitational
lensing of CMB photons (see Planck Collaboration XIX (2013)
for more details). We also obtain constraints on key, primor-
dial, non-Gaussian paradigms, including non-separable single-
field models, excited initial states (non-Bunch-Davies vacua),
and directionally-dependent vector field models, and we pro-
vide an initial survey of scale-dependent features and resonance
models. The absence of significant non-Gaussianity implies that
the speed of sound of the inflaton field in these models must be
within two orders of magnitude of the speed of light.

Moreover, we derive bispectrum constraints on a selection of
specific inflationary mechanisms, including both general single-
field inflationary models and multifield ones. Our results lead
to a lower bound on the speed of sound, cs > 0.02 (95 % CL),
in the e↵ective field theory parametrization of the inflationary
model space. Moving beyond the bispectrum, Planck data also
provide an upper limit on the amplitude of the trispectrum in the
local NG model, ⌧NL < 2800 (95 % CL).

The Planck data have been used to provide stringent new
constraints on cosmic strings and other defects (see (Planck
Collaboration XXV 2013)). Using CMB power-spectrum fore-
casts for cosmic strings, we have used the Planck likelihoods to
obtain the new limits Gµ/c2 < 1.5⇥ 10�7 for Nambu strings and
Gµ/c2 < 3.2 ⇥ 10�7 for field theory strings. Tighter constraints
for joint analysis with high�` data are also described, along with
results for textures and semi-local strings. Complementary non-
Gaussian searches using di↵erent methodologies also find no ev-
idence for cosmic strings with somewhat weaker constraints.
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: No evidence for primordial NG of these shapes

: Constraints on trispectrum

 With these results, the paradigm of standard single-field slow-roll inflation 
has survived its most stringent tests to-date.
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Fig. 24. Constraints on ns for ⇤CDM models with non-standard
relativistic species, Ne↵ , (upper) and helium fraction, YP, (lower).
We show 68% and 95% contours for various data combinations.
Note the tightening of the constraints with the addition of BAO
data.

ACT and SPT, Hinshaw et al. (2012) found a negative running
at nearly the 2� level with dns/d ln k = �0.022 ± 0.012 (see
also Dunkley et al. 2011 and Keisler et al. 2011 for analysis
of ACT and SPT with earlier data from WMAP). The ACT
3-year release, which incorporated a new region of sky, gave
dns/d ln k = �0.003 ± 0.013 (Sievers et al. 2013) when com-
bined with WMAP 7 year data. With the wide field SPT data at
150 GHz, a negative running was seen at just over the 2� level,
dns/d ln k = �0.024 ± 0.011 (Hou et al. 2012).

The picture from previous CMB experiments is therefore
mixed. The latest WMAP data show a 1� trend for a running,
but when combined with the S12 SPT data, this trend is ampli-
fied to give a potentially interesting result. The latest ACT data
go in the other direction, giving no support for a running spectral
index when combined with WMAP29.

The results from Planck data are as follows (see Figs. 21 and
23):

dns/d ln k = �0.013 ± 0.009 (68%; Planck+WP); (62a)

29The di↵erences between the Planck results reported here and the
WMAP-7+SPT results (Hou et al. 2012) are discussed in Appendix A.

dns/d ln k = �0.015 ± 0.009 (68%; Planck+WP+highL); (62b)
dns/d ln k = �0.011 ± 0.008 (68%; Planck+lensing

+WP+highL). (62c)

The consistency between (62a) and (62b) shows that these re-
sults are insensitive to modelling of unresolved foregrounds.
The preferred solutions have a small negative running, but not
at a high level of statistical significance. Closer inspection of
the best-fits shows that the change in �2 when dns/d ln k is in-
cluded as a parameter comes almost entirely from the low multi-
pole temperature likelihood. In fact, the fits to the high multipole
Planck likelihood have a slightly worse �2 when dns/d ln k is in-
cluded. The slight preference for a negative running is therefore
driven by the spectrum at low multipoles ` <⇠ 50. The tendency
for negative running is partly mitigated by including the Planck
lensing likelihood (Eq. 62c).

The constraints on dns/d ln k are broadly similar if tensor
fluctuations are allowed in addition to a running of the spectrum
(Fig. 23) . Adding tensor fluctuations, the marginalized posterior
distributions for dns/d ln k give

dns/d ln k = �0.021 ± 0.011 (68%; Planck+WP), (63a)
dns/d ln k = �0.022 ± 0.010 (68%; Planck+WP+highL), (63b)
dns/d ln k = �0.019 ± 0.010 (68%; Planck+lensing

+WP+highL). (63c)

As with Eqs. (62a)–(62c) the tendency to favour negative run-
ning is driven by the low multipole component of the tempera-
ture likelihood not by the Planck spectrum at high multipoles.

This is one of several examples discussed in this section
where marginal evidence for extensions to the base ⇤CDM
model are favoured by the TT spectrum at low multipoles. (The
low multipole spectrum is also largely responsible for the pull of
the lensing amplitude, AL, to values greater than unity discussed
in Sect. 5.1). The mismatch between the best-fit base ⇤CDM
model and the TT spectrum at multipoles ` <⇠ 30 is clearly vis-
ible in Fig. 1. The implications of this mismatch are discussed
further in Sect. 7.

Beyond a simple running, various extended parameter-
izations have been developed by e.g., Bridle et al. (2003),
Shafieloo & Souradeep (2008), Verde & Peiris (2008), and
Hlozek et al. (2012), to test for deviations from a power-law
spectrum of fluctuations. Similar techniques are applied to the
Planck data in Planck Collaboration XXII (2013).

6.2.2. Tensor fluctuations

In the base ⇤CDM model, the fluctuations are assumed to
be purely scalar modes. Primordial tensor fluctuations could
also contribute to the temperature and polarization power spec-
tra (e.g., Grishchuk 1975; Starobinsky 1979; Basko & Polnarev
1980; Crittenden et al. 1993, 1995). The most direct way of test-
ing for a tensor contribution is to search for a magnetic-type par-
ity signature via a large-scale B-mode pattern in CMB polar-
ization (Zaldarriaga & Seljak 1997; Kamionkowski et al. 1997).
Direct B-mode measurements are challenging as the expected
signal is small; upper limits measured by BICEP and QUIET
give 95% upper limits of r0.002 < 0.73 and r0.002 < 2.8 respec-
tively (Chiang et al. 2010; QUIET Collaboration et al. 2012)30.

30As discussed in Planck Collaboration II (2013) and
Planck Collaboration VI (2013), residual low-level polarization
systematics in both the LFI and HFI data preclude a Planck B-mode
polarization analysis at this stage.
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Fig. 24. Constraints on ns for ⇤CDM models with non-standard
relativistic species, Ne↵ , (upper) and helium fraction, YP, (lower).
We show 68% and 95% contours for various data combinations.
Note the tightening of the constraints with the addition of BAO
data.

ACT and SPT, Hinshaw et al. (2012) found a negative running
at nearly the 2� level with dns/d ln k = �0.022 ± 0.012 (see
also Dunkley et al. 2011 and Keisler et al. 2011 for analysis
of ACT and SPT with earlier data from WMAP). The ACT
3-year release, which incorporated a new region of sky, gave
dns/d ln k = �0.003 ± 0.013 (Sievers et al. 2013) when com-
bined with WMAP 7 year data. With the wide field SPT data at
150 GHz, a negative running was seen at just over the 2� level,
dns/d ln k = �0.024 ± 0.011 (Hou et al. 2012).

The picture from previous CMB experiments is therefore
mixed. The latest WMAP data show a 1� trend for a running,
but when combined with the S12 SPT data, this trend is ampli-
fied to give a potentially interesting result. The latest ACT data
go in the other direction, giving no support for a running spectral
index when combined with WMAP29.

The results from Planck data are as follows (see Figs. 21 and
23):

dns/d ln k = �0.013 ± 0.009 (68%; Planck+WP); (62a)

29The di↵erences between the Planck results reported here and the
WMAP-7+SPT results (Hou et al. 2012) are discussed in Appendix A.

dns/d ln k = �0.015 ± 0.009 (68%; Planck+WP+highL); (62b)
dns/d ln k = �0.011 ± 0.008 (68%; Planck+lensing

+WP+highL). (62c)

The consistency between (62a) and (62b) shows that these re-
sults are insensitive to modelling of unresolved foregrounds.
The preferred solutions have a small negative running, but not
at a high level of statistical significance. Closer inspection of
the best-fits shows that the change in �2 when dns/d ln k is in-
cluded as a parameter comes almost entirely from the low multi-
pole temperature likelihood. In fact, the fits to the high multipole
Planck likelihood have a slightly worse �2 when dns/d ln k is in-
cluded. The slight preference for a negative running is therefore
driven by the spectrum at low multipoles ` <⇠ 50. The tendency
for negative running is partly mitigated by including the Planck
lensing likelihood (Eq. 62c).

The constraints on dns/d ln k are broadly similar if tensor
fluctuations are allowed in addition to a running of the spectrum
(Fig. 23) . Adding tensor fluctuations, the marginalized posterior
distributions for dns/d ln k give

dns/d ln k = �0.021 ± 0.011 (68%; Planck+WP), (63a)
dns/d ln k = �0.022 ± 0.010 (68%; Planck+WP+highL), (63b)
dns/d ln k = �0.019 ± 0.010 (68%; Planck+lensing

+WP+highL). (63c)

As with Eqs. (62a)–(62c) the tendency to favour negative run-
ning is driven by the low multipole component of the tempera-
ture likelihood not by the Planck spectrum at high multipoles.

This is one of several examples discussed in this section
where marginal evidence for extensions to the base ⇤CDM
model are favoured by the TT spectrum at low multipoles. (The
low multipole spectrum is also largely responsible for the pull of
the lensing amplitude, AL, to values greater than unity discussed
in Sect. 5.1). The mismatch between the best-fit base ⇤CDM
model and the TT spectrum at multipoles ` <⇠ 30 is clearly vis-
ible in Fig. 1. The implications of this mismatch are discussed
further in Sect. 7.

Beyond a simple running, various extended parameter-
izations have been developed by e.g., Bridle et al. (2003),
Shafieloo & Souradeep (2008), Verde & Peiris (2008), and
Hlozek et al. (2012), to test for deviations from a power-law
spectrum of fluctuations. Similar techniques are applied to the
Planck data in Planck Collaboration XXII (2013).

6.2.2. Tensor fluctuations

In the base ⇤CDM model, the fluctuations are assumed to
be purely scalar modes. Primordial tensor fluctuations could
also contribute to the temperature and polarization power spec-
tra (e.g., Grishchuk 1975; Starobinsky 1979; Basko & Polnarev
1980; Crittenden et al. 1993, 1995). The most direct way of test-
ing for a tensor contribution is to search for a magnetic-type par-
ity signature via a large-scale B-mode pattern in CMB polar-
ization (Zaldarriaga & Seljak 1997; Kamionkowski et al. 1997).
Direct B-mode measurements are challenging as the expected
signal is small; upper limits measured by BICEP and QUIET
give 95% upper limits of r0.002 < 0.73 and r0.002 < 2.8 respec-
tively (Chiang et al. 2010; QUIET Collaboration et al. 2012)30.

30As discussed in Planck Collaboration II (2013) and
Planck Collaboration VI (2013), residual low-level polarization
systematics in both the LFI and HFI data preclude a Planck B-mode
polarization analysis at this stage.
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Fig. 22. The Planck power spectrum of Fig. 10 plotted as `2D`
against multipole, compared to the best-fit base ⇤CDM model
with ns = 0.96 (red dashed line). The best-fit base ⇤CDM model
with ns constrained to unity is shown by the blue line.

Our extensive grid of models allows us to investigate cor-
relations of the spectral index with a number of cosmological
parameters beyond those of the base ⇤CDM model (see Figs.
21 and 24). As expected, ns is uncorrelated with parameters de-
scribing late-time physics, including the neutrino mass, geom-
etry, and the equation of state of dark energy. The remaining
correlations are with parameters that a↵ect the evolution of the
early Universe, including the number of relativistic species, or
the helium fraction. This is illustrated in Fig. 24: modifying the
standard model by increasing the number of neutrinos species,
or the helium fraction, has the e↵ect of damping the small-scale
power spectrum. This can be partially compensated by an in-
crease in the spectral index. However, an increase in the neu-
trino species must be accompanied by an increased matter den-
sity to maintain the peak positions. A measurement of the matter
density from the BAO measurements helps to break this degen-
eracy. This is clearly seen in the upper panel of Fig. 24, which
shows the improvement in the constraints when BAO measure-
ments are added to the Planck+WP+highL likelihood. With the
addition of BAO measurements we find more than a 3� devi-
ation from ns = 1 even in this extended model, with a best-fit
value of ns = 0.969 ± 0.010 for varying relativistic species. As
discussed in Sect. 6.3, we see no evidence from the Planck data
for non-standard neutrino physics.

The simplest single-field inflationary models predict that the
running of the spectral index should be of second order in infla-
tionary slow-roll parameters and therefore small [dns/d ln k ⇠
(ns � 1)2], typically about an order of magnitude below the
sensitivity limit of Planck (see e.g., Kosowsky & Turner 1995;
Baumann et al. 2009). Nevertheless, it is easy to construct in-
flationary models that have a larger scale dependence (e.g., by
adjusting the third derivative of the inflaton potential) and so it
is instructive to use the Planck data to constrain dns/d ln k. A
test for dns/d ln k is of particularly interest given the results from
previous CMB experiments.

Early results from WMAP suggested a preference for a nega-
tive running at the 1–2� level. In the final 9-year WMAP analy-
sis no significant running was seen using WMAP data alone, with
dns/d ln k = �0.019 ± 0.025 (68% confidence; Hinshaw et al.
2012. Combining WMAP data with the first data releases from
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Fig. 23. Upper: Posterior distribution for ns for the base ⇤CDM
model (black) compared to the posterior when a tensor compo-
nent and running scalar spectral index are added to the model
(red) Middle: Constraints (68% and 95%) in the ns–dns/d ln k
plane for ⇤CDM models with running (blue) and additionally
with tensors (red). Lower: Constraints (68% and 95%) on ns and
the tensor-to-scalar ratio r0.002 for ⇤CDM models with tensors
(blue) and additionally with running of the spectral index (red).
The dotted line show the expected relation between r and ns for
a V(�) / �2 inflationary potential (Eqs. 66a and 66b); here N is
the number of inflationary e-foldings as defined in the text. The
dotted line should be compared to the blue contours, since this
model predicts negligible running. All of these results use the
Planck+WP+highL data combination.
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etry, and the equation of state of dark energy. The remaining
correlations are with parameters that a↵ect the evolution of the
early Universe, including the number of relativistic species, or
the helium fraction. This is illustrated in Fig. 24: modifying the
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or the helium fraction, has the e↵ect of damping the small-scale
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crease in the spectral index. However, an increase in the neu-
trino species must be accompanied by an increased matter den-
sity to maintain the peak positions. A measurement of the matter
density from the BAO measurements helps to break this degen-
eracy. This is clearly seen in the upper panel of Fig. 24, which
shows the improvement in the constraints when BAO measure-
ments are added to the Planck+WP+highL likelihood. With the
addition of BAO measurements we find more than a 3� devi-
ation from ns = 1 even in this extended model, with a best-fit
value of ns = 0.969 ± 0.010 for varying relativistic species. As
discussed in Sect. 6.3, we see no evidence from the Planck data
for non-standard neutrino physics.

The simplest single-field inflationary models predict that the
running of the spectral index should be of second order in infla-
tionary slow-roll parameters and therefore small [dns/d ln k ⇠
(ns � 1)2], typically about an order of magnitude below the
sensitivity limit of Planck (see e.g., Kosowsky & Turner 1995;
Baumann et al. 2009). Nevertheless, it is easy to construct in-
flationary models that have a larger scale dependence (e.g., by
adjusting the third derivative of the inflaton potential) and so it
is instructive to use the Planck data to constrain dns/d ln k. A
test for dns/d ln k is of particularly interest given the results from
previous CMB experiments.

Early results from WMAP suggested a preference for a nega-
tive running at the 1–2� level. In the final 9-year WMAP analy-
sis no significant running was seen using WMAP data alone, with
dns/d ln k = �0.019 ± 0.025 (68% confidence; Hinshaw et al.
2012. Combining WMAP data with the first data releases from
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Fig. 23. Upper: Posterior distribution for ns for the base ⇤CDM
model (black) compared to the posterior when a tensor compo-
nent and running scalar spectral index are added to the model
(red) Middle: Constraints (68% and 95%) in the ns–dns/d ln k
plane for ⇤CDM models with running (blue) and additionally
with tensors (red). Lower: Constraints (68% and 95%) on ns and
the tensor-to-scalar ratio r0.002 for ⇤CDM models with tensors
(blue) and additionally with running of the spectral index (red).
The dotted line show the expected relation between r and ns for
a V(�) / �2 inflationary potential (Eqs. 66a and 66b); here N is
the number of inflationary e-foldings as defined in the text. The
dotted line should be compared to the blue contours, since this
model predicts negligible running. All of these results use the
Planck+WP+highL data combination.
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Tensor to scalar ratio

12.3.2 Quantization

Each polarization of the gravitational wave is therefore just a renormalized massless field in de Sitter

space
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Since we computed the power spectrum of  = v/a in the previous section, �2
 = (H/2⇡)2m we

can simply right down the answer for �2
h, the power spectrum for a single polarization of tensor

perturbations,
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✓
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Again, the r.h.s. is to be evaluated at horizon exit.

12.3.3 Power Spectrum

The dimensionless power spectrum of tensor fluctuations therefore is
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12.4 The Energy Scale of Inflation

Tensor fluctuations are often normalized relative to the (measured) amplitude of scalar fluctuations,

�2
s ⌘ �2

R ⇠ 10�9. The tensor-to-scalar ratio is

r ⌘ �2
t (k)

�2
s (k)

. (217)

Since �2
s is fixed and �2

t / H2 ⇡ V , the tensor-to-scalar ratio is a direct measure of the energy scale

of inflation
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1016 GeV . (218)

Large values of the tensor-to-scalar ratio, r � 0.01, correspond to inflation occuring at GUT scale

energies.

12.5 The Lyth Bound

Note from Eqns. (203) and (216) that the tensor-to-scalar ratio relates directly to the evolution of

the inflaton as a function of e-folds N
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The total field evolution between the time when CMB fluctuations exited the horizon at Ncmb and

the end of inflation at Nend can therefore be written as the following integral
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end
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The determination of r gives the energy scale of inflation
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During slow-roll evolution, r(N) doesn’t evolve much and one may obtain the following approximate

relation [27]
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= O(1) ⇥

⇣ r
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, (221)

where r(Ncmb) is the tensor-to-scalar ratio on CMB scales. Large values of the tensor-to-scalar ratio,

r > 0.01, therefore correlate with �� > Mpl or large-field inflation.

13 Primordial Spectra

The results for the power spectra of the scalar and tensor fluctuations created by inflation are
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where

" = �d ln H

dN
. (224)

The horizon crossing condition k = aH makes (222) and (223) functions of the comoving wavenumber

k. The tensor-to-scalar ratio is
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13.1 Scale-Dependence

The scale dependence of the spectra follows from the time-dependence of the Hubble parameter and

is quantified by the spectral indices
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We split this into two factors
d ln �2
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The derivative with respect to e-folds is

d ln �2
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d ln H
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� d ln "
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. (228)

The first term is just �2" and the second term may be evaluated with the following result from

Appendix D
d ln "

dN
= 2(" � ⌘) , where ⌘ = �d ln H,�

dN
. (229)

The second factor in Eqn. (227) is evaluated by recalling the horizon crossing condition k = aH, or

ln k = N + ln H . (230)
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The large value of tensor-to-scalar ratio is related to the large field 
inflation.

1 Formulae

2 Dark Matter

Matters are around us, trees, food, animals. Even our body is made of matter.
From the first time of the history, human has been studying these matters,
to find out whether they are eatable or not, they are useful to make house
or clothes, they are strong enough to make weapons etc. Even nowadays we
are trying to understand the cells, materials atoms, stars. The mechanism of
their behaviors, the properties of the materials or the ultimate ingredients of
the matters, or what is the fundamental (the thing we cannot divide any more)
matters. At least now we understand the most of the matters are made of
atoms. They are made of charged particles, protons and electrons, thus they
may interact with light by electromagnetic interactions.

Those are successful at least in the world around us on earth, in the solar
system. However in the larger scales, such as galaxy, clusters of galaxies or in
the cosmological scales, it seems that something is missing.
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