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Evolution in the big bang cosmology

Inflation | RD | MD DE
P const R~ | R? const
R(t) | exp(Ht) | t'/2 | t2/3 | exp(Ht)
H const 2t %t const
Scale Hubble scale
Comoving scale, Physical scale Comoving scale, Physical scale
2
= % Aohys = R(£)A RIH! H1
Comoving mode, Physical mode Comoving mode, Physical mode
b= k= — =R % on(RH) onH
A )\phys
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Aphys = R()A and H
RD or MD

.ftcr - .
Inflation I
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Horizon exit and reentry: |physical scale

dr R t2£3
A== Aphys = R(H)A R x Vt :
H ' §t
2
A horizon ri-entry
9 - -
3
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I
R
%)
>
<
o
H~! £ const.
reheating
~ > time
> <« > <« —>

<«
/ Inflation Rad. dom. Matter dom.
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For inflation, we need

R
H—l

increases, or R~!H~!decreases during inflation

T (comoving Hubble distance)

(RH)-1 7} sk 98 24 SR A ST

<0=R>0

4 1
i=—2Glp+3pa>0 = |w=C<-2
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How much inflation do we need?

reheating
> time
— > > f
Inflation Rad. dom. . Matter dom. .
R(t;) R(ts) R(te) Ho
Uniform (£:) A R(tf)An R(teq)An RoAp,
at present ' B
Hubble H_l(tq;) H_l(tf) H_l(teq) Ho_l
size
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Inflation | RD | MD DE
0 const R | R const
R(t) | exp(Ht) | t'72 | 33 | exp(Ht)
H-1 const 2t %t const
R(t:i) M ( R;H, ) ( R;H; ) (Requq) (RW) <1
H=1(t;)  \RyHy ) \RegHey )\ RoHo )\ 'Hy "

Therefore

€N>(

50 x 10° ~ ¢!8

o~ H(ts—t;) (Req
Ry

50 x 10%° ~ b1

Ro
R.,
Req R 1/2 }
Rr ) \ Re, B

Teq

-
)(

Teq
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Horizon exit and reentry: co-moving scale: A and R™H ™

(RH) ' o« R oc et T (GeV)
5 102 1 10-8 10-10
Inflation —~ 10% | | |
El'-:-'-'l-« Quadrupole Scale Today
\ g 1 | Scale of Non-Linearity Today
Inside E -
horizon ‘E dir < R 2
- =
ap 10-5 |- Horizon E
-
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ﬁ
i O
O 1A4=10 &
o 10 | L .
10-18 10-19 10-5 1

a [Dodelson]
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Inflation
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~EF2 W A~ 7] 23 (Starobinsky model) [Starobinsky, 1979, 1980]

7} ALk~ [Kazanas, 1980]

- Temperature dependent vacuum energy (horizon problem)

AFE  [Sato, 1981]
- First order phase transition similar to Guth’s model (domain wall

problem)
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Old inflation [Guth, 1981]

PHYSICAL REVIEW D VOLUME 23, NUMBER 2 15 JANUARY 1981

- Inflationary universe: A possible solution to the horizon and flatness problems

Alan H. Guth*

Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305 -
(Received 11 August 1980)

The standard model of hot big-bang cosmology requires initial conditions which are problematic in two ways: (1)
The early universe is assumed to be highly homogeneous, in spite of the fact that separated regions were causally
disconnected (horizon problem); and (2) the initial value of the Hubble constant must be fine tuned to extraordinary
accuracy to produce a universe as.flat (i.e., near critical mass density) as the one we see today (flatness problem).
These problems would disappear if, in its early history, the universe supercooled to temperatures 28 or more orders
of magnitude below the critical temperature for some phase transition. A huge expansion factor would then result
from a period of exponential growth, and the entropy of the universe would be multiplied by a huge factor when the
latent heat is released. Such a scenario is completely natural in the context of grand unified models of elementary-
particle interactions. In such models, the supercooling is also relevant to the problem of monopole suppression.
Unfortunately, the scenario seems to lead to some unacg)table consequences, SO modifications must be sought.
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V. PROBLEMS OF THE INFLATIONARY SCENARIO®’

As I mentioned earlier, the inflationary scenario
seems to lead to some unacceptable consequences.
It is hoped that some variation can be found which
avoids these undesirable features but maintains the
desirable ones. The problems of the model will be
discussed in more detail elsewher"e,37 but for com-
pleteness I will give a brief description here.

"~ The central problem is the difficulty in finding a
smooth ending to the period of exponential expan-
sion. Let us assume that A(¢) approaches a con-
stant as £ >« and T — 0. To achieve the desired
expansion factor Z > 10*, one needs }y/x* <107
[see (3.18)], which means that the nucleation rate
is slow compared to the expansion rate of the uni-
verse. (Explicit calculations show that Ay/x! is
typically much smaller than this value. !%1%36) The
randomness of the bubble formation process then
leads to gross inhomogeneities.

To understand the effects of this randomness,
the reader should bear in mind the following facts.

(i) All of the latent heat released as a bubble ex-
pands is transferred initially to the walls of the

(v) Each cluster will contain only a few of the
largest bubbles. Thus, the collisions discussed in
(iii) cannot occur. |

The above statements do not quite prove that the
scenario is impossible, but these consequences
are at best very unattractive. Thus, it seems that
the scenario will become viable only if some mod-
ification can be found which avoids these inhomog-
eneities. Some vague possibilities will be men-
tioned in the next section.

Note that the above arguments seem to rule out
the possibility that the universe was ever trapped
in'a false vacuum state, unless Ay/x*= 1. Such a
large value of Ay/x* does not seem likely, but it
is possible. 19

VI. CONCLUSION

I have tried to convince the reader that the stan-
dard model of the very early universe requires the

- assumption of initial conditions which are very im-

plausible for two reasons:
(i) The horizon problem. Causally disconnected
regions are assumed to be nearly identical; in par-
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Old inflation and New inflation

Higgs Field

[ T
a b C
(a) (b) Inflation { (<)
g Overly Stable ends abruptly l’ :
e False Vacuum | encigy rapidly {
K Rapid | . dissipates | |
:.E / | Plunge | leaving an empty umve'ﬁse
=N\ [ et ) | e
= ©  Quantum \\ f
0 . \ B
= \ ~ Tunneling '/
0 N Nk |
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Q e ;
il “Just Right” ,
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[Guth, 1981]

Old inflation
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New inflation [Linde, 1982, Albrecht, Steinhardt, 1982]
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Slow-roll inflation

- ¢

PCMB ﬂand reheating
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Slow-roll ?1 & 4| o] A §;§ = j_—g@w?g%) + V=0 My = (87G)~1/2

O = HlA Al (1) + 3H()p(t) + V, = 0,

AYA 2
et s H

_ L.
— TR (2¢ + V(gb)).

—>  SHW ~ -V, =P Azeelde] &
eV V(o)

. H? ~ . Slow-roll parameters 7}
»<Ho 3Mpr* O(1) Bt} AAX A A B,

Slow-roll parameters

M3 V?

_ pl'¢
v = 5 << 1
2

77V=V-
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E-folding = N > 50

ty H 3H? 1 V
i
N =log =+ = Hdt = —de >~ — ——dp >~ ——= —d
Ogai _/t /¢ ? /qu ¢ MJ%/V¢ ’

o] 7| A Y F] | YA = g0 2 7HA ST}

22 k2] slow-roll parameters 2F W i-ol] &3 W 2 A2 4 T

21
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{Fe3l o : large field inflation

m*p? AZ# oAl

slow-roll & e () =

slow-roll 27 ey, |nv] < 1, = W37 |5t ¢ > V2M,) = dena

_— ¢2 1
AZd o] FoZHFE efolds: N(¢) = _Z
AMZ 2

-

CMB #=o] SR = A demp = 24/ Nemb Mp1 ~ 15M,

Ncms ~ 60
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P35k o : small field inflation  V(#)A

V(o) = Vo (1 - (;})2)

¢begin Bobs. Preheat
Mg, ¢ M3
slow-roll ¥ & € ~ P& n ~ —];
MH M
M?
A o] 2 ond 2 ——
ﬂ ] 4 1= gb d MP

A= ol d ECZ2HE efolds: N = M In i
1. = 1 QM% ¢e

Ncwmp ~ 60
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€32 579 A 7F<E (Reheating)

- =o| &2 o]t} 7} slow-roll =7 0] <5 X] EolH
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= Ao 2 25 A H .
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A 7+E 2% (Reheating temperature)

AEeEC] T2 A ST T Go] 9lo] B E & AT,

4P - (3H + F¢)ﬁ¢ = () e— Ps(t) = po(ti) gé?)) e Lot

AFGE 23] F AL BA AR AL, T 0o LS

1/4
> v Ty Mp

90
472,

reheating temperature 1., (
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AEeHE B30 ofsho] Y71 B} HA}

1

pm + 3H(pyp +pm) = Tpy

Thursday, August 28, 14



4
M p
_—
| & 5
Tfm”i Ll
maximum temperature | b '
T, H - ﬂeﬁ
reheating temperature ; b
. t=1"" -
SLOw- ) COHERENT RADY
ROLL OSCILL ATIONS DOMINATED
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New 1nflation and eternal inflation

The classical movement of inflaton field on 1/H time scale,

v
Achl — SIQ;H ! =~ MP\/7

The quantum movement of inflaton field on 1/H time scale,

For new inflation,
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Chaotic inflation [Linde, 1983]
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Chaotic Inflation [Linde 1983, 1405.0270]

=/ monomial potential

The name of this broad class of inflationary theories is
related to the observation that inflation can be realized
even in the theories where the inflaton potential does
not have any special features such as local minima or
maxima with extraordinary small curvature, and even if
the universe was not born in the hot Big Bang. To put
it to a proper context, one should compare it to other
approaches to inflation.
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o Y 71A] I Ed ol Y=
Power law potential ~ V(¢) = /1M4( ¢ )
M,

Exponential potential and power law inflation ~ V(¢) = A*exp (_/lMil)
p

a(t) o t?/ v

—p
Inverse power law potential ~ V(¢) = A* (Mi)
1

Hilltop models  v(g) ~ A (1 & ) U9 M.
up

ol

2\2 2
Hybrid inflation  V(¢, y) = A* (1 —~ %) + U(¢) + %¢2X2

Natural inflation ~ V(¢) = A*
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oA 7HA] 1&d oA RY =
Non-minimal coupling to gravity
Modified gravity f(R) theories

Non-canonical kinetic terms Lo=X-V(p), X

DN | —

gpwau¢au¢

Multi-inflaton fields

32
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1. Small-field inflaiton

- Field moves over a small distance: A¢p < M,
- predict very small gravitational waves produced during inflation

- related to the spontaneous symmetry breaking

V(o)
!

- ¢

PCMB Pend reheating
|

Ag

33
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2. Large-field inflation AG > M,

- Field moves over a large distance and moves to the minimum: ¢ = (

- predict observable gravitational waves produced during inflation

- ¢.g., monimial inflation, natural inflation etc

V(o)
)
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Up to now

p(t,x) = p(t), T(t,x) = T(t), - --

Cosmological principle:
Homogeneous and Isotropic
Universe




e [Large Scale Structure formation

e CMB temperature anisotropy
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We need

p(t,x) = po(t) + dp(t,x), T(t,x) = To(t) + 0T (t,%), - --

Initial Small fluctuations to the
background values

op(t,x)  oT(t,x)

po(?) N To(t) ~ 1
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Metric perturbation and gauge

Thursday, August 28, 14



We can solve Einstein equation

S7lG
Gy = 7 T

Einstein equation

with linear perturbation with scalar and tensor
ds® = (1 +2¢)dt* — a®[(1 — 2)8;; — hy;|dx' da?

op(t,x) and 5p(tyx)
we can solve the perturbed equations

GH = Gy" (t) + 0GH (t, x)

THY =TI (&) + ST (t, %)
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In the 0-th order, background equation,

5 Y (C
Cu (1) = "o T (1

In the |Ist order (linear), perturbation equation,

0GHY (t,x) = 8Z4G5T“”(t,x)

Looks complicated!
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Metric perturbations

ds’ = [(O)gaﬂ + 8ga/g(xy)] dx“dxﬂ,

O-th order|  with conformal time dt = a(t)dn

(0)goqga’xo‘a’x’8 = az(n)(a’n2 — Sijdxidxj) :

|-st order metric tensor is symmetric 4x4 matrix : |0 components

classify them based on the symmetry of rotation

| Sgoo = 2a°¢,
I 2 820i = az(B,- + ). with constraint S =0

) 8gij =a*(2¥8;j +2E;; + Fij + Fj; + hyj) .

4 + 4+ ) =]|0 traceless, transverse hﬁ = 0, h’], = 0,

zero divergence F. =0

4]
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Scalar perturbations o, B, Y, E

They are induced by the energy density inhomogeneities.
Related to the gravitational instability.

Vector perturbations S; and F;

They are related to the rotational motion of the fluid. They decay very
quickly and are not interesting in the linear perturbation.

Tensor perturbations hij

They describe gravitational waves.

They are decoupled in the Einstein equations and thus can be studied separately.

42
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General coordinate transformation

x% — X% = x% 4+ &,

Scalar  $(2) = ¢(x)

ox”
T g0y = DOy
g (XF) = X
ensor  8op za 5zp 8y

Vector V. ()

~Dep(x?) + 88ap — ' gasE s —V gyEL,

Using gaﬂ(jé'o) _ (0

§* =¢£%(x,1)

infinitely small functions of
space and time

@ - &)

0T “

gaﬁ(;cp) =+ 8§a,8, and (O)gaﬂ(xp) ~ (O)gaﬂ(-%p) _(O)gaﬁ,ygya

we infer the gauge transformation law for tensor perturbation

08ap —> 08ap = 08up _(O)gaﬁ,)/sy _(O)gyﬁg,)& —(O)ga(sé,‘ig.

43
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Gauge invariant variables ds* = (1+2¢)dt* — a®[(1 — 2¢)6;; — hij]da’ da?

Curvature perturbation on uniform-density hypersurface

(=—v—HPL
Lo

It remains constant outside horizon for adiabatic matter perturbations, k£ << aH

OPen = 0D — @510:()

L0
In the spatially flat hypersurface, ¢ — op
3(po + po)
ov .
During slow-roll inflation, »=V(¢), 6p= g—véqb p="350
¢ ¢
0¢
(~—¢p— H=
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Coordinate transformation ¢ — ¢4

r = x'+0703;
Linear order:

v — Y+ Hao and 0p — 0p — o

The curvature perturbation

)
(=—-vyv—-—H P_IZ 1S Invariant
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Gauge invariant variables

Comoving curvature perturbation

H
Po + Po

R =1 0q

dq is the scalar part of the 3-momentum density T, = 0;dq.

L . 0
During inflation, R~y +H _gb ~ —(

¢

In general 1n the linearized Einstein equation,

k2 2,00
(aH)? 3(po + po)

with Up =4+ a’H(E — B/a),

=R+

\IjBa

Conservation outside horizon,

. 2
R:—p%épenjL (a];I)Q ()
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Gauge invariant variables

Inflaton perturbation on spatially flat slices

bo

Q=dp+ 20
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Generation of perturbations

from inflation
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Quantum fluctuation of scalar field generates

scalar perturbation >  density perturbation
—> CMB

tensor perturbation > gravity wave

During inflation, the background 1s uniform. The quantum fluctuation occurs in
this uniform background. The average fluctuation 1s zero, since somewhere the
fluctuation 1s larger than background and somewhere smaller. However the

average of the square of the fluctuation 1s not zero, and it 1s called the variance.
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The variance in the harmonic oscillator [Dodelson]

d?x

2
Fw r =0
dt?
Consider x as operator and expand as creation and annihilation operator,
R . - At . ] B—iwt
T =vw,t)a+ v (w,t)a with solution  y(y, 4) =
V2w

aa' —a'a =1 with vacuum al0) =0

it

Quantization [&, @]

The variance of x 1s then

(12[%)

l

v(w, t)|*(0]aat|o)

= |v(w, t)*(0|[a,a') + a'a

0)

= |v(w,t)|?

Thursday, August 28, 14




* da 1

Tensor perturbation h = A1, b dt = adn = | F@~ugm
- i+ 2%+ k2R =0
Equation a =
. . Y h 2 a\ ~
With new variable, } = ¢ ' 2 _ 2 _
J16nC 1t becomes [h + (k: a) h] 0

As a quantum operator for each mode, conformal time derivative

e

h(k,n) = v(k,nag +v" (k. n)a;{;
the variance 1s

(k' m)) = vk, n)|*(2m)36%(k — k')

o o
S
-3
S

i ok 3

and therefore

Sy . 167G

(BT (k,m)h(K', 1)) vk, n))* (2m)38% (k — k')

a?

(27)3P,(k)6%(k — k') tensor power spectrum
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—

a

To solve v(k,7) i‘,+(k2 a)vz ng_i

—ikn :
. . . . 2 . ..___2_ L o 1V = ¢ {1 —_ _?’_]
During inflation ¢ + (k: 772) v=20 with 2k kn
: —HRT g v e NH
Superhorizon lim v(k,n) = © | ~ o~
p —kn—*ov( ) 5% kn or h - 1372

1t becomes constant and the power spectrum 1s

160G 1 2
P h(k) = 22 D k3772 = SWfBH . at around horizon exit.
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h=ht, h>
Tensor spectrum : the power spectrum for the two polarization modes
kS

<hkhk/> — (27T)3 5(1{ -+ k’) Ph(k) : P = 2—7_‘_2Ph(]€)

We define the tensor power spectrum as the sum of the power spectra
for the two polarizations

H2
Pe=2Pn A vers
Tensor spectral index
. dlIn Pt
T Ak

The tensor power spectrum can be written as

P, (k) = At(k*)<kﬁ*>m(k*)
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Scalar perturbation
From action, S = /(%gyagp,),(p,g — V) J/—gd*x

Klein-Gordon eq. in the curved spacetime,

1
/[—g x

For the perturbed scalar field, ¥ = ®o(n) + o@(X, n)

(Fg )+8—V=0,

Background eq. ol + 2He, + a2V, =0

Linear order eq. in the gauge invariant form,

—//

op —+ 2H8g0 — AS¢ +a Vw&a 0,3V + @) + 2a° V,®=0.
U+ HO = 4drpde,

V=0
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Equation during slow-roll
0 + 2aHSp + k25¢ = 0

same as the equation for the tensor perturbation.

The power spectrum 1s

H? . .
Psp = — at around horizon exit.
2k3
L 5S¢ 1V
The curvature perturbation is then (=—H-—~—5—0¢
oo MpVey

Therefore the power spectrum of the curvature perturbation 1s

V\? H? 1 H? . .
PC | — | — = 5 at around horizon exit.
Vo ) 2k° 2e M £ 2k3
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Curvature perturbation: ({(x / (ee™* ) /2 ()

: ensemble average

: : ffl '
Power spectrum : size of perturbation of fluctuations
(C(k1)¢(ke)) = (2m)° P(k1)0° (k1 + k2) /(gil;gpc(k) — /Pg(k)dlogk
2 2 kS
= (2m)° ]:3 P(k1)0” (k1 + ko) P(k) = 5 5P (k)
. 2
Scalar spectral index J1n P N
nS_l:dlk SmeMz
nn
Running of spectral index
_ dng
Qg =
dlnk

Approximation by a power law around pivot scale k,

I ns(k«)—1+2as(ks) In(k/ky)
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Power spectrum

Pr(k) = Ag (k_>x<

As : amplitude A; =2x 107"
k, : pivotscale k. = 0.002Mpc ™"
ng : spectral index ng = 0.96

‘dns/ dink : running of spectral index

P(k)

~dn,/dink=0:

22%x10°

2.1x10°

2.x10°
1.9x10°
1.8x10°

17x10° ¢

dng/dInk = —0.01

r )ns1+; dng/d1n kIn(k/k,)+ & d®ng/dIn K2 (In(k/k,))>+...

5x10740.001

k.

57

0.005 0.010

0.050
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Tensor-to-scalar ratio (r9.002)
0.10 0.15 0.20 0.25

0.05

0.00

0.94 0.96
Primordial tilt (ny)

Planck+WP+BAO
Planck+WP+highL
Planck+WP
Natural Inflation

- Hilltop quartic model

Power law inflation
Low scale SSB SUSY
R? Inflation
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e Origin of the primordial curvature perturbation : Inflation

Radiation dominated era

Inflation CMB
0 AL -3
1
quantum fluctuation anisotropy in CMB
of a light scalar field AT ,
5p T =76 (SW limit)
(=—%—H— curvature perturbation
% : .
: conserved outside horizon
-V if  p=p(p)
0p =~ o o,

[Lyth, Malik, Sasaki, 2003]

If not, it can be changed
eg, multi-field
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e The properties of the primordial curvature perturbation [Planck, 2013]

* Power spectrum Pr = (2.198 £0.056) x 10 :small perturbation

® Spectral index

¢ Running spectral index

® Tensor-to-scalar ratio

¢ Non-Gaussianity

n, = 0.9603 &= 0.0073 :almost scale-invariant

dns/dInk =—0.013 + 0.009 (68%; Planck+WP);

o.oo2 < 0.11 (95%, no I'LlIlIliIlg),

ro002 < 0.26 (95%:; including running).

: unobserved yet

N
Local Equilateral Orthogonal
2.7+£5.8 —42 +75 —25 + 39

: No evidence of non-G yet
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Tensor to scalar ratio

2
r = E ~ 8¢ P, = H
P M ]2371'2
The determination of r gives the energy scale of inflation
/4 (" 14 16
Vv (0.01) 10'6 GeV |
Lyth bound
8 d 2 Ncmb
pl My Nend 3

]\Af—z = O(1) x (ﬁ)l/z :

The large value of tensor-to-scalar ratio 1s related to the large field
inflation.
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Physical scale

H

0¢p ~ — becomes classical
27
3 C is constant / Physical length

horizon re-entry

C determines the
perturbations of fluids

Hubble length

horizon exit

reheating
> Time

- < -
Inflation Rad. dominated
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