Fluctuations and Responses in Stochastic Processes

Joonhyun Yeo
Konkuk University

Pyeong-Chang Summer Institute 2014, 24-30 August, 2014

Joonhyun Yeo (Konkuk) Fluctuations and Responses PSI2014 1/82



About PSI

Pyeong-Chang Summer Institute (PSI) is all about learning physics. With
ever-increasing diversity of the physics research, both young initiates and mature
researchers alike find new physics to learn and old tricks to refresh. PSI strives to
teach advanced topics, essential lores, and indispensible tools of trade, and at the
same time wish to offer a venue to intermingle, share, and boast.

Joonhyun Yeo (Konkuk) Fluctuations and Responses PSI2014 2/82



Setting the stage

@ Microscopic description of dynamics (Classical)

> [Hamitor]
. OH . OH

q;i = api’ pPi = _aq,
> p({a:}, {p:}, t)d"qd"p: Prob. of finding system at time t inside
dVqd"p in phase space

op [oH o oH o] _
ot |0q op Op Oq

__9 (da\_0 (dp
- 9q (dtp> op (dtp>

* This follows from Liouville theorem (qude is invariant; the Hamiltonian flow

is incompressible),
* And from

_dp_ 9 O o0
T dt o9t oq 8pp

* Continuity equation (e.g. O:p = —V -, probability conservation)
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Mesoscopic Description of Dynamics

° : Effective dynamic equation including stochastic elements

° ‘ Fokker — Planck ‘: Corresponding probability conservation equation

o Keywords:
» Fluctuation-Dissipation Theorem (Relation)
» Fluctuation-Response Relation
» Linear Response Theory
@ References:
» R. Kubo, Rep. Prog. Phys. 29, 255 (1966)
» H. Risken, The Fokker-Planck Equation
» R. Zwanzig, Nonequilibrium Statistical Mechanics
» G. F. Mazenko, Nonequilibrium Statistical Mechanics
» U. C. Tauber, Critical Dynamics
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@ Langevin Equations
© Generalized Langevin Equations
© Fokker-Planck Equation

@ Fluctuation-Response Relations
@ Fokker-Planck equation
@ Liouville Equation

© FDR and Time-Reversal Symmetry
@ Martin-Siggia-Rose-Janssen-De Dominicis Formalism
@ Time-Reversal Transformations
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Langevin equation

Brownian motion

dv
— = F(t
m— = F(t)

What to include in F(t)?

o frictional force —yv : v(t) = e~ 7*/™v(0) — 0 as t — co. Inconsistent with
(v?) = kg T/m at thermal equilibrium
o Need fluctuating (random) force £(t) to keep it alive
» Simplest form of random force: Gaussian white noise

(€(r)) =0, (&(n)&(t)) = 2Bo(t — ')

dv
moy = TVt &(t)

o Effect of environment ("heat bath”): systematic part (—vyv) + fluctuating
part (£)

@ There is a relationship between the two: Fluctuation-Dissipation Relation
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Let v(t) = e "/™w(t), then dw/dt = e7*/™¢(t)/m. Therefore

v(t) = e 7/ My(0) + /t dt'e_”*(t_t/)/’"f(t’)/m

0

Let us calculate (v(t1)v(t2)). The cross term is zero. We have to evaluate

/ dtl —y(tp—t )/m/ dt'’ e —(ta—t"")/m (f(tl)f(t"»/mQ
0 0
e (t+t)/m /t1 dt’ /t2 dt" "M oSt — ") /m?

_ ef“/(tﬁfz)/m)

:Ee—'y(t1+t2)/m [e27min(t1,t2)/m B 1] _ E(ewltrhl/m
ym ym
We have

(u(e)) = (v(0) — ) ertureimy B amsirm

ym
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B B B
<V2(t)> = 6_2’yt/m ( 2(0) - ’Y_IT7> + 7—m — 'y_m as t— o0

Comparing with (v2)eq = kg T/m, we have

B
¥ = _T = / dt t)§ O) FDR of 2nd kind

Balance between dissipation (driving to "dead” state) and fluctuation (driving to
"alive” state) to maintain thermal equilibrium.
Note that

o If v3(0) = B/(ym) = kg T/m, then (vV*(t)) = (V¥)eq
o If v2(0) = B/(ym) = kg T/m, then (v(t:)v(t2)) = (v(tr — t2)v(0))
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Mean Squared Displacement, ((Ax(t))?), where Ax(t) = x(t) — x(0).
(Bx(D))) = /Ot at /Ot dt” (v(E)(t")).
Consider
w - 2/0t dt” (v(£) (")) = 2/Ot dt” (v(t — £")v(0)) = 2/; ds(v(s)v(0))

We expect ((Ax(t))?) ~ 2Dt as t — oo with diffusion constant D. We have

D:/ ds{v(s)v(0))| Green-Kubo formula
0

Explicit calculation shows that (x Exercise)

(@xof) = 2 [e- 24 Zewm] 4 (- 2 (ﬂ)

v ym ~/m

2B
N—Qt as t — oo
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We can identify

D =— =——| Einstein relation

We can write for mobility u as

Lo 1 [ Gtiu(e)v(0))| FDR of 1st kind
_ = 1
Y ke T Jo

I

Suppose there is an uniform external driving force f so that

dv v
— =——+f t
m M‘i‘ +&(t)

As t — 00, the average velocity approaches
(vy — pf

Therefore we can regard p as a response of the velocity to the external driving. So
the above FDR is a relationship between the response and the correlation or

fluctuation. = | Fluctuation — Response Re/ation‘
PSI2014 10/ 82




Exercise

Consider for a set of variables a(t) = {a;(t)}, i=1,2,...,N

da

B S G+, o 2 _coatg),
J

dt dt

where

() =0, (&(t)&(t)) =2B;é(t —t')
The dissipation matrix G = {Gj;} is not necessarily a symmetric matrix whose
eigenvalues have negative real parts. In the long time limit, we expect (a;(t)aj(t))
approaches the equilibrium value (ajaj)eq = Mjj. (B and M are by definition
symmetric matrices.)

Find the relationship among the matrices G, B and M.
(Hint: Try a(t) = €% - b(t).)
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© Generalized Langevin Equations
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Generalized Langevin equations

Consider generalized friction term including memory effect: (N.B. Formal

derivation from Liouville equations using Projection Operators by Mori and
Zwanzig)

m% = —/0 dt’ v(t — t')v(t') + &(t)

Laplace transform

L{v} = V(w) = /Ooo dt e“tv(t), Im(w) >0

)

L{v} = —v(0) — iwd(w), z:{/ot dt’' v(t — t')v(t)} = A(w)o(w)

Multiply by v(0) and take the average remembering (£(t)v(0)) =0 for t > 0.

dZ(t) / dt’ y(t — t')C(t') with C(t) = (v(t)v(0)), or

é-(w) _ <V (0)> i

PN
Hw)/m —
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Suppose adding a time-dependent external driving force f(t). Taking the average and
Laplace transform,

() — V(0) =~ A(W){I(w)) + (W),

We introduce the response function p(t) as

o) = [ deule= ). i) =
We therefore have

M) = — L Fw - e
N(w) - m<v2(0)> C( )7 ,LL(t) m(v2(0)>< (t) (0)>

If (v®(0)) = kg T/m, then

Aw) = 1 / dt e (v(t)v(0)) FDR of 1st kind
ke T
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To show FDR of 2nd kind, consider
1 [ B ot [t N
ﬁ/o dt €'“°(€(0)¢(t)) 7/ dte < (o ){v(t)jL /dt 7(t—t)v(t)]>
/ dt & ((0)u(t)) + 1) / dt & (4(0)v(1))
Time-translational invariance:
d%(V(to)V(to +1)) =0, (v(to)v(to+1t)) = —(v(to)V(to +t)), (V(to)v(to)) =0

Integrating by parts the first term, we have

—/ dt et (£(0)¢(t)) = —lw/ dt e (v(0)v / dt e (v(0)v(

:<,w_ ) / dt & (v(0)i(t))

\Q>

3

_ (,-w _ %E:’)) (—(v (0)) — ,w/O dt eiwt<v(0)v(t)>)
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We therefore have

= [ at et = 4
0
> 2 _ 1 > iwt

’Y(w) - m(v2(0)> /O dt e <£(O)£(t)>

If (v2(0)) = kg T/m, then

1

o0

W) =7 ; dt e (¢(0)¢(t))

We have a colored noise: non-Markovian dynamics

For v(t) = v4(t), we recover the white noise limit.

Joonhyun Yeo (Konkuk)

Fluctuations and Responses

FDR of 2nd kind

PSI2014

16 / 82



Detour: Appearance of memory term

Treat a heat bath as a collection of harmonic oscillators: H = Hs + Hg

@ System

@ Bath + Coupling
2 2
_ bi [ Wi, oy
wo-3 (4 +F - %)
J
@ Coupling is bilinear: —~;g;x.
@ 7/x°/(2w}) can be absorbed into U(x)

Egs. of motion:

X:p/m7 : X)+Z’YJ 7"2
J

gG=p, b=-wig+yx
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Rewrite the second set as

(3) (5 1) ()
d (PJ>’ (—Wf 0)’ X

The solution to this equation is

where

t
qQ(t) = e* - q(0) —I—/ ds e"*~%) . B(s)
0
We can easily show that

ot ( cos(wjt) wijsin(wjt) > .

—wjsin(wjt)  cos(wjt)

Integrate by parts the integral in the solution for g;(t):

(6)- Zx(0) = (50)- Zox(0) coslst)+ 2D siny)- 24 [ cos(i(e-5)) 2]
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Inserting this into the first set of equations of motion,

—U'(x) — /Ot ds K(t — s)% +&(1) |,

where )
i
K(t) = it
(0= 57 L ost)
and

JOEDS [’Yj{qj(o) - %X(O)}COS(WJ )+ 7PJ(O) sin(wjt)

J J
Suppose we prepare the bath at t = 0 following the distribution ~ exp(—Hg/(ks T)),

then '
(pi(0)) = {4i(0) — [;x(0)) =0

(1) (a0 )47

We finally have
2
(E(t)E(t)) = ks T Z % cos(w(t —t')) = (ke T)K(t — t') |, FDT of 2nd kind

and
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Fokker-Planck Equation

Sometimes we face nonlinear problems like (Brownian particle in a potential)

dx p
dt  m
d ’ !’
T =12 VU +e), (W) =285t~ ¢)
m
Consider a general form for i =1,2,... N,

dX,'
S = Hx() + &),

where (£(t)) = 0 and {(&(t)&(t')) = 2Dyé(t — t').

Work with the Fokker-Planck equation for the probability density P(x, t) at time t.
Consider

P(x,t +dt) = /dxoP(x, t+ dt;xo, t) = /dxoP(x, t + dt|xo, t)P(xo,t), (%)

where P(xz, t2|x1, t1) is the conditional probability.

Joonhyun Yeo (Konkuk) Fluctuations and Responses PSI2014 21 /82



We can write
P(x, t + dt|xo, t) = (§(x — x(t + dt)))

x(t)=xo ?

where (- - )x(#)=x, is the average over the noise with the condition that x(t) = xo.

Note that

0

t+dt
Ax; = X,'(t + dt) — X,'(t) = f,'(X(t))dt + / dt’£;(t’)

and that
t+dt
/ dt'é;(t') = O(\/db)
t
We now Taylor expand up to O(dt)

P(x, t + dt|xo, t) = (§(x — x(t) — Ax))

x(t)=xo
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Keeping up to O(dt),

i5(x— Xo)

P(x,t + dt|xo, t) = §(x — x0) — Z <fi(x(t))dt n /f+dt dt/fi(t/)> o

i x(t)=xg

+Z< [ e [T araeen) 12

= 3x—x0) — (d) Y ﬁ-(xo)a—Xid(x —x0) + (@) ) D;j%axjé(x ~ %)

Inserting this into (%), we have the F-P equation:

—P(x t) Za (fi(x)P(x, t))—i-za DUP(x t)
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Detour: Langevin equation with multiplicative noise

Consider the case where X; = f;(x(t)) + &(x, t) with (summation convention)

§i(x,t) = gia(¥)na(t),  (ma(t)) =0, (ma(t)ms(t')) = 0apd(t — 1)

The additive noise case corresponds to g = const. and gj.gja = 2D;;.
Then we can write for an arbitrary « € [0,1], (with Ax = x(t + dt) — x(t))

t+dt t+dt
/ dt'&i(t") = gia(x(t) + alx) / dt'na(t'),
t t

where the function g is evaluated at some intermediate point.
e o =0: Itd (prepoint)
e « = 3: Stratonovich (midpoint)
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Unlike the ordinary calculus, a-dependent term makes the difference as

t+dt t+dt
< / o€, (x. t')> —a <<a,-g;a(x(t)»<Ax),~ / dt’na(t’)>
—a <<a,-g,-a(x(t))) / "€ (t") / dt’na(r’)>

=a(dt)gja(x)(9;gia(x))

Following the same steps as above, we obtain

aatP(x t Z Ox; [f )+ag13(x) nga( )] P(X t))

2

+ > ’z; mgia(x)&'a(x)/)(& t)

The Langevin equation with multiplicative noise must be supplemented by the
prescription parameter a which tells us how to interpret the mupltiplicative noise.
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@ The F-P equation is of the form
OrP(x,t) = —L(x)P = -V - J,

where

8
L(x) = Z ax, Z 8x,3xJ

is the F-P differential operator and

Ji=fP = 0;D;P

Jj

is the probability current.
e Stationary solution: P*(x) satisfies 9;P* =LP* =0o0or V- J* = 0.
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> Examples

@ Brownian motion

0:P(p. t) = Op(-Lp + B,)P(p.t)

Maxwell-Boltzmann dist.

Peq ~ exp(—p®/(2mkg T))

becomes the stationary solution if v = B/(kg T). [FDR of 2nd kind] In this

case J5 = 0.

Joonhyun Yeo (Konkuk)
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@ Brownian particle in a potential (Kramer's equation)

dx p
dt  m
dp

P =2 VU ), (e = 2B5(t— )

9:P(x, p, t) = —8X%P(x, p.t) — a,,(—%p — (8, U(x)) — BA,)P(x, p, )

Again equilibrium dist.

P> U(x)
2kaT kB T

Peg ~exp |—

becomes the stationary solution P® if v = B/(kgT).
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In this case, stationary currents
Jx,p) = 2P(xp). Jpxp) = (—Lp = (9 U(x)) — BO)P™(x. p)
do not vanish. But the "irreversible” part
I3 (x,p) = (~Lp = BO)P*(x,p) = 0
does vanish. The "reversible” part J3™V(x, p) = —(0xU(x))P*(x, p) satisfies

Ot + Op ™ =0

Joonhyun Yeo (Konkuk) Fluctuations and Responses PSI2014 29 /82



@ Driven colloidal particle in a periodic potential
- Overdamped limit: Friction is so large that inertia term can be negelcted. In 1d,

) =) +a(e),  ((t)n(t) = 2D5(t — t'),

where D = By™2. In equilibrium Einstein relation holds; B = (kg T) or
D= (ke )/
Stationary state satisfies

% (fflf(x) + Ddii) P(x) =0

If f(x) = —V'(x) + F where V(x) is a periodic potential and F is a uniform drive,
one can have nonzero stationary current

P =7 (x)P3(x) — DP¥(x) # 0.

- Nonequilibrium steady state (NESS): Detailed Balance is broken

Joonhyun Yeo (Konkuk) Fluctuations and Responses PSI2014 30/ 82



Detailed Balance

The Fokker-Planck equation can be written as

a ! !

EP(X, t) = [ dx’ [Wix P(X',t) — We xP(x,t)],
where W, . is the transition rate from x’ to x given by

Wx = —L(x)d(x — X') Z 0ifi(x) + > _ Doio; | 6(x — X))

The Detailed Balance condition for the stationary state distribution is defined by

\ Wy P5(X') = Wy xP3(x) \
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(Lh.s.) = — L(x)d(x — x')P*(x") = —L(x)P*(x)d(x — x")
— (L(X)P*(x)) 6(x — X' —I—Z ( H(x)P°(x) +2ZDU 8Ps(x))> 9i6(x — x')
—+ Z D,ja;ajé(x — X )

ij

5(x" = x)P*(x)

(rhs.) [ Za fi(x) +ZD 010
X) [—Zafﬁ(x’) +>_ Dydif

i i
x) [Z fi(x)0; + > _ D0id;

i i

5(x" —x)

5(x —x') = —P*(x)LT(x)d(x — x')

PSI2014 32/82



o Coefficient of d(x — x’): |L(x)P*(x) =0

o Coefficient of 9;6(x — x'):

—h(x)P(x) + 23 Dy(0,P*(x)) = Fi(x)P(x), or

J

e Coefficient of 0;0;0(x — x’): automatically satisfied
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In the presence of odd-parity variables like momentum (which changes sign under
time reversal), we introduce ¢; = +1 if x; is even (e.g. position) and ¢; = —1 if x;
is odd (e.g. momentum).

The DB condition in this case is

\ Wy P*(X') = Wex exP°(€x) \

3(x" — x)P°(ex)

i

(I“,h,S.) = |:— Z 6;8,{f;'(6X,) + Z e,-ejD,-jé‘,faj
ij

5(x" —x)

= ex)[ Ze@f(ex)—l—ZeeJDUBa

5(x —x') = —P*(ex)L! (ex)d(x — X)

= P%(ex) [Ze,f(ex)@ —l—Ze,eJDUB@

i
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o Coefficient of §(x — x’): |L(x)P*(x) =0

o Coefficient of 9;5(x — x'):

—fi(x)P*(x) + 2 Z Djj(0;P°(x)) = eifi(ex)P*(ex)

J

e Coefficient of 9;0;6(x — x'): ‘ D;iP*(x) = €je; D;j P*(ex) ‘ — ‘ P3(x) = P*(ex) ‘
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Define f = £V + i’

1 : 1
F(0) = S0 — (], £7(x) = 31 + eifi(ex)]
such that f7°V(ex) = —¢;fF°V(x) behaves like x; and fi"(ex) = ¢;f*(x) behaves
opposite to x; under time reversal.
For example,

k=p/m,  p=—(y/mp-U'(x)+¢
~~ —

rev ir rev
: R
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The second condition for DB becomes

£ (x)P3(x) — Z D;0;P*(x) = J7"(x) = 0

or
1) = = 3 Djojo(x),  where P*(x) = e ¢
J

The total stationary current J$ = J>"¥ 4 J>": The first condition becomes

SO () = 30 0 (P (x)) = 0

Joonhyun Yeo (Konkuk) Fluctuations and Responses PSI2014 37 /82



@ Fluctuation-Response Relations
@ Fokker-Planck equation
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Fluctuation-Response Relations / Fokker-Planck Equations

For the F-P eq. 0;P = —LP, consider the case where we apply a small time-dependent
perturbation such that

L(x, t) = Lo(x) 4 Li(x, t) = Lo(x) + A(t)L1(x), X small

Let P® be the stationary solution of Lo: Lo(x)P°(x) = 0.
Write P = P® + P; then the F-P eq. becomes for small A

O(P°+ P1) = —(Lo +L1)(P* + P1), or 8:P1=—LoP1—LiP°+ O(\%)
The solution with initial condition Pi(x, —o0) = 0, P(x, —o0) = P*(x) is

t ’
Pi(x,t) = — / dt’ e ML (x )P (x)

— 00

The average of an observable A(x) is given by

(A)e = /dx P(x, t)A(x).
The response to the perturbation is studied using the response function

5(A):
OA(t")

Ra(t,t') =

A=0

- / dx A(x)e 2O ()P (x), >t
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We define the correlation function C3z(t,t’) = (A(t)B(t'))o of two observables A(x) and
B(x) at two different times t > t’ in the stationary state as

ot ¢') = / dx / dx! A(x)P(x, tx’, /)P (x') B(x')

The symbolic solution to the F-P eq. is P(x, t) = exp[—Lo(x)(t — t0)]P(x, to), so the
conditional probability is P(x, t|x’, t") = exp[—Lo(x)(t — t')]d(x — x)

Cls(t, t') = /dxA(x)e7L°(x)(t7tl)B(x)Ps(x), t>t

For t' > t,
Cls(t,t') = /de(x)e7L°(X)(t/7t)A(x)PS(x), t' >t

We have the Fluctuation-Response Relation

Cos(t,t"), t>t
Ra(t.t) = { SaeltE) =t
where
_ 1 s
B(x) = _7Ps(x) Li(x)P?(x)
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O Example 1: Perturbation of the stationary state satisfying DB
Consider for some |
Xi=fi(x)+  AMt)  +&(t)
~~

perturbation

Li(x,t) = A(£),  Li(x) =&
/%) = gy 2P(6) = = 210 15" ().

where we have used the DB condition, J§"™" = f*P® — > DyjojP* =0.

Ri(t, ) Z[D UiA)F ()| >t
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A\ Special case: . Consider (summation convention)

Lo(xiP3(x)) =0k (fixi P*) — 9k0( Diyxi P®)
:f;'Ps + x,-8k(kas) — X;Dk/aka/Ps —2D/k8kPS = —f;'Ps

x;LoPs=0

Fort >t/
Ri(t.¢) == D7)y [ dxA(xpe =00 rx)P*(x)

=07 / dxA(x)e 0L, (P (x)

=[D )5 Ao

Joonhyun Yeo (Konkuk) Fluctuations and Responses PSI2014 42 /82



@ Overdamped system
=) +E(), (6L =2D0(t — ), D =ksT/y

Note that f = f'*. Therefore, we have

Ra(t,t') = =D 1y HA(t)F(t))o = —%(A(t)f(t'))o, t>t
and
Ra(t,t') = %(A(t)k(t’))o , t>t
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@ Brownian motion with momentum dependent irreversible force

p=—Lp+f(x)+g(p) +E(0), (L)) = 2B5(c—t), B=rkaT

g(p) is irreversible: g(—p) = —g(p). Total irreversible force: —yp/m+ g(p).
Therefore we have
Ra(t, t') = —B~HA(t)(—yp(t')/m + g(p(t')))o

%), - L iawe(e(e))o
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[0 Example 2: Perturbation of stationary state without DB Consider again for some i (We also
assume that f = 7))

X = fi(x) + A() +&i(t),  Li(x 1) = A(1)ay,

Without assuming DB, we have for P® = e~ %,
JS
P = x)+ZD,,a¢(x =u #0

Bi(x) = — 5~ 0iP°(x) = 0ig(x Z[D

( )

Therefore,

Ra(t, t') = (A()dig(t Z[D (A (E) = 6(E) |, t> 1

We again have
Lo(X,‘PS(X)) = 8k(kaiPS) — 8k8,(Dk,x,-Ps) = f;'PS — 2D,‘k(9kPS = (21/,’ — f;)PS

or Lo(xiP®) — viP® = (vi — ;) P°. Therefore, we can also write

Ra(t, t') Z[D fA () —y(t)) ]| >t
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Fluctuation-Response Relations / Liouville equations

The Liouville eq. (with x = ({a;,p;}))

OH & oH 8 B
Oep(x, t) = 9q op  Op 87q] p={H,plps = —Lop(x, t)

Apply a small time-dependent perturbation to Hamiltonian as H — A(t) M(x).
L(x, t) = Lo(x) + A(t)L1(x),
where L1p = {M, p}ps. Equilibrium dist. peq = (1/Z) exp(—BH) is the stationary

solution of Lo: Lo(X)peq(x) = 0.
Write p = peq + p1 then the Liouville eq. becomes for small A

Orpr = —Lop1 — L1peq + O()\z)

The solution with initial condition p1(x, —00) = 0, p(x, —00) = peq(x) is

t !
p(xt) = — / dt’ eSO\ (1) £ (x) peq (x)
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The average of an observable A(x) is given by

(A) = /dx o(x, t)A(x).

The response to the perturbation is studied using the response function

N — 5<A>t / —Lo(x)(t—t") ’
Ra(t, t) = A |, dx A(x)e L1(X)peq(x), t>1t
Now
L1(x)peq(x) = {M, peq }pe = —Bpea{M, H}pB
Note that

) 200 g My OM OH_ oM oH
a op P= 8q Op op Oq

— {H, M}pB = [:()M(X)

The formal solution to this is M(t) = exp[Lot]M(0) (“Heisenberg” picture).
Therefore

Ra(t, ¢') = B / dx A(x)e~ 500 (x)pe(x),  t> ¢
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In general, define (equilibrium) time-correlation function of two observables A and B as

AB(E) = [ dx (°A)) (¢ (X)) o)
_ / dx (€5 A(x)) €“ B(x)peq(x)
= [ dx Aye O B)pa (),
where we have used two properties of Lo (Show these!)
/ dx A(x)LoB(x) = — / dx (LoA(x)) B(x),
e o A(x) B(x) = (eEOfA(x)) (eLOfB(x))

We therefore have

’

, t>t

| Ra(t, ¥) = BA(R)M(r)
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@ Example: Electrical Conductivity (Very Rough; Classical)
- Consider a set of N particles of charge g; located at x;.
- Apply a uniform time-varying electric field E(t).
- Interaction Hamiltonian is

Hi=Y " aid(xi),

where ®(x) is the elctrostatic potential for E(t) = —V®(x). We can easily
see that ®(x) = —x - E(t). We have

H = — Z gix; - E(t) = —P - E(t),

where P = ), gix; is the total dipole moment.
- For the conductivity we have correspondences:

Asld, ANt)e El), MsP
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Without perturbing E, we expect (J,) = 0. In the presence of E, we expect

(Jo(t)) = /Oo dt’ Rap(t — t')Es(t’).

— 00

We can identify that the response function is the conductivity
Rag(t — t') = ous(t — )

Using the fact that P= > qix; = VJ in the FDR, we have

as(t) = 0(2)8(Ja(t)P5(0)) = 6(1)BV (Ja(t)J5(0)) = 8(t)BVCap(t)

The Fourier-Laplace transform

5a5(w):/ dt e"“”aag(t):/0 dt e“toap(t)

— 00
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Using the integral representation of the theta function,

%S} ’ —iw’t
O(t):i/ du e e—0°

! ic?
oo 2m W A€

we have
[eS) dw' e—iw/t do _th
Gas(w) :ﬁV/ dt e / 27w/+,e/w2ﬂ Can(®)
* do Ca@(w) _
_,3v/ R oreniw- -5)
—igv @7_ C“"(“’).
oo 2T W —w — i€
. ® do Cop(@) 1,2
- &0 ZapW) | 28V e,
/ﬂVP/_Oo 09 Casl@) | L5V Ean(w)
Joonhyun Yeo (Konkuk) Fluctuations and Responses PSI2014

52 / 82



Longitudinal DC conductivity
o :lz" (0)
L—3 a OTaa
1 . ® do Con(@) 1, =
,3; [—,ﬁvp/_oo 55 T 58V Caa(0)

:B?V Z &ﬂ&(o)v

where we have used the fact that Coa(t) = Caa(—t), and Con(w) = Coa(—w).
We finally obtain the Green-Kubo formula as

oL = %‘/ ) /Ooo dt (Ja(£)Ja(0))
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FDR and Time-Reversal Symmetry

Martin-Siggia-Rose-Janssen-De Dominicis Functional-Integral Formalism
Consider again

dx;

R GO RGO
where (£;(t)) = 0 and (&;(t)&;(t')) = 2D;o(t — t').

Let us use the distribution function P¢[£] for the Gaussian white noise, which satisfies

/ DEPIEIE() = 0, / DEPC[E]6 (15 (t') = 2Dyo(t — )
It is given by (summation convention)
Pele] =2 M exp(— [ dt 60D} ¢(0)

—z tep(—g [ ot [ (0D} a(e - )61,
where

2= [ D¢ e [ de (0 (1)
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Gaussian Integrals

Consider (summation convention)

1
Po(x) = = exp(— x,A,JxJ)

Z
where 1
Zy = /H dx; exp[—EX;A,-jxj] = (2m)"/?(det A)~Y/2,
From
1 =il
Zo(b) = [ [] e exp[—5xiAjx; + bixi] = Zo explbiA; " b]
we have
H d Po( . (b)| =A1
X/XJO— Xi XiXj 0 ZO 8b8b 0 bzo— if

(XiXj - - - Xn)o can be expressed in terms of (x;x;)o.
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Perturbation Expansion (0-dim. field theory)

Consider for example

1 1
P(x) = > exp(—Ex,-A,-jxj I )\fo),

where 1
Z = /H dx; exp[—zx,-A,-ij + )\fo)].
Expand
1
exp[/\Zx,f‘ — 1 )\fo‘ + EkzzfoXf +0(\®)
i i i J
Express

(xixj) = /de,- xix; P(x)

in terms of (xix;)o.
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The transition probability is
P(xr, 7|0, 0) = / DE PeE] S(x(r) — x2), (%)

where x(t) is the solution to (x) with the initial condition x(0) = xo.
Now we use the identity

1= [ Dxa(x(e) ~ F(x(t)) - (1)) JIx

where

I = e | 550

is the Jacobian. Using the integral representation of the delta-function,

1= [ Dx [ DR U exp [—iz | de 500 - flx(e) — 661}
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Inserting this into (x),

P(x-, 7|x0,0) = /Dfpg[f]/ 'Dx/Df( J[x] e~ XiJo dt 5@ () —filx(6))=&i(6)}

0)=xg

:/ e Dx/’DxJ[x]
X exp [—/0 dt {Zk;(t)D;j&j(t)+ iZ&;(t){x,-(t) - ﬁ(x(t))}H
Define

So[x, %] = /OT dt {Z&;(t)D;j&j(t) + iz)“q(t){ki(t) — f;(x(t))}}
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The average of an observable A[x(t)] which depends on the x(t), 0 < t < 7 is given by

(A[x(t) /de/dxo P;i(x0) /;()T_xox ’DX/DX JIXJA[x(£)]e %A
:/Dx/m JIXJA[x(£)] e Pi(xo),

where Pi(xo) is the initial distribution.
This can be understood from

P(Xkatk):/dxk—lp(xk7tk|xk717tkfl)P(xkflztkfl)

For a finite time interval [0, 7], we divide it into M infinitesimal intervals such that
=0and ty =7, xu = X, and dt = 7/M.

M
P(X-,—,T|X070) :/dxl---dxM,l HP(Xk,tk|Xk717tk71)
k=1
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Onsager-Machlup

Integrating away X, we have
(A) ~ [ DxJIxIAI expl-Sou 1P ().
where

Sould = 7 [ ot S 0i(e) — AX(O)}0; (1) — Gx(0)}

i
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O Evaluation of Jacobian

Jjx] = det [c%-(t) ] = det Mj(t, ¢') = det [5,ji

of;
Yy s — ¢
5 (?) dt&(t t") axjé(t t')

We can write
Mi(t, ') = Z/dt”MEE)(t, M (", 1),
k

where d

MO (¢, ) = 6 —6(t — t”

ik ( ) ) kdt ( )

and
O
Ix;
Note that det M = det M(® det M1 and that det M(® is a constant which can be
absorbed into the functional integral measure.

ML (1", 1) = 8gd(¢" — ') — (" — ¥)
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We therefore have
Jx] =N det M®) = A exp[tr In M)
_Nexp 0)/dt2 Of( x(t))

ofi(x(t1)) 9f(x(t2))
_ E/dtl/dm 0(t1 — t2)0(t2 — tl)%: o o _]

All but the first term vanish due to the properties of the theta function.
We have

OXi

J[x] = Nexp {—0(0)/dtz 81‘,()((2?))] = N exp[—S,[x]]

The appearance of 6(0) is intimately related to the discretization scheme for the
stochastic differential equation. (e.g. 6(0) = 0 < Itd, #(0) = 1/2 < Stratonovich)
0 More general average

(O[x,%]) = / Dx / D& O[x, k|e ™ 2FH=K p;(x(0))
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Alternative Derivation

Recall that
P(x',t + dt) = /dx P(x', t + dt|x, t)P(x, t)

From the Fokker-Planck equation, ;P = —LP, we have
P(x',t + dt) = e (@) p(x ¢),
where

9] 0?
L(X) = Z aix’ﬁ(x) - Z 8X,'6Xj DU
i ij

We can therefore write the short-time transition probability as (summation
convention)

P(X, t + dt|x, t) =~ (I §(x' — x) = (1 — (dt)L(X)) 5(x’ — x)
=0(x" = x) = (dt)J;[fi(x")o(x" — x)] + (dt) D;0;0;6(x" — x)
=0(x" — x) — (dt)fi(x)9;0(x" — x) + (dt) D;;0;0;6(x" — x)
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Introduce new variables for some constant a
! _ ’ ’ _ !/
u=u(x,x)=x —x, v=v(x,x)=ax +(1—a)x

Inverse:
X =x(u,v)=(1-au+v, x=x(uv)=—-au+tv

Now note that

TR — %) = = i(x(uv)) 5 -5(0)

= 2 (o sty + PO
; U u=0
o ﬁ(x(""'))ai,‘s(”” %:i,v))% -~ 3(u)

Let us call
% =x(0,v) = ax’ + (1 — a)x

We therefore have

—f(x)0/6(X — x) = —£(X)0;d(x" — x) — a%g()é(x' —x)

We have an intrinsic ambiguity in this kind of expression.
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This looks weird!
But in QM, we have p < —i(9/0x) and

O pl) =~ 0 =), K BF(R) = —iF ()55~ )

We know that
(B, f(%)] = —if"(x),

PF(R) = (1— )b (%) +a (F()p — if ()
Using
/ A\ A . ’ 8 ’
(X'|F(X)p|x) = —if(x )8X’6(X - x),
we have

0
ox’

_if(x)%é(x' —x)=—i{(1—a)f(x)+af(x)} §(x" — x) — if (x)§(x" — x),

This is exactly the same as above if we identify
(1= a)f(x) + af (x) ~ f(X)

for the two points x and x’ separated by dt.
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Using the integral representation of the delta function

5 —x) = / % expliy - (x' —x)],

we have
PIX €+ dtix, 1) = (zd’)N D 1 (@i (3) ~ (d)aZf — () Dy,
- [ 2 o exp |1y (¢ =)+ (@)ini(R) ~ (d)a” ) ~ (a) Dy
o e {—(dt) [ny,-,-yj iy (% - f,-(x)) + aag)(_:)_ }
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For a finite time interval [0, 7], we divide it into M infinitesimal intervals such that
to =0 and ty = 7 and dt = 7/M. Then we can easily see that

M

P(X, 7') = /dXo ceedXp_t H P(Xk, tk|Xk_1, tk_l)P(Xo, O)
k=1
We need integration variables yg, - -+ ,y,,_; to express the conditional

probabilities.

In the limit dt — 0, this gives exactly the same path-integral representation as
before if we identify y = X.

We identify 0(0) obtained earlier can be identified with the discretization scheme
parameter a.
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Detour: Fokker-Planck equation for multiplicative noises

The most general form for the Fokker-Planck operator (including the possiblilty of
multiplicative noise) is

0 ?
1) = 32 g A = X g5 Dl
We have to evaluate

82

Djj(x)9;9;5(x" — x) =Dj(x(u, “))au,auj5(u)
0 o OD;(x(u,v)) 0
i <D,-j(x(U,V))ale5(“)) - TTUJ&(U)

= i)~ 2 (2 Dyfa0.v) ) o))

. a%- ((%DU(X(O,V))) 5(u)> + (%Dﬂx(&v))) 5(u)

Joonhyun Yeo (Konkuk) Fluctuations and Responses PSI2014 69 / 82



D,-j(x)f?,-'ajé(x/ —x) :D;j(f()%(;(u) + 2a <88_ D,J(x)>

+2 (525 DR ) w)

0

I

5(u)

=D;(x)9.0]5(x' — x) + 2a <% D,-,-(i)) Bl5(x - x)
o

e
+a <a % D,J(x)> 5(x' —x)
We then have

dy

/ _ —iy-(x’—x) CA(T) 8A,()_(
P, e+ dt ) = | o0 e [1+(dt),y,A,(x) (de)a™5

.0 _
— (d6)D;(X)yiy; — 2a(dt)iyi o Dy(X) + &
J

— [ o oo { - @ [pom + i (X

AIX) o 0*
oz ? ax,-a;gD”(x)”
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Response Functions

Consider again for some |
xi=fi(x)+ Xi(t) +&(t)
——

perturbation

Response of an average of a local observable (A[x(t)]) at t due to a perturbation
Ai(t') at t'.

@ Linear response
iy OCAX(E)])
R.A(t7 t ) - 5)\i(t,) "o
@ Nonlinear responses
- S (Alx(t)])
P (gl Y
Ra(t:t, 1) = SN ()N (") | o’ ete.

@ Causality: Riy(t,t')=0ift <t'. Riy(t;t',t")=0ift <t ort <t”.
(A = [ de Rt ) + 5 [ o [ o Ra(eie e () + -
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Response Field Formalism

o In the action Sy, we have an additional term —/ [ dt&;(t)\i(t).

o Taking a derivative w.r.t. \;(t") brings down a factor of i%;(t') in front of the
exponential.

@ X(t): Response Field

@ No need to introduce A; All averages are w.r.t. the unperturbed action.

Response Field Formalism
Riu(t,t') = (Ax(£)]i%(t)).
Rif(t; t', t") = (Ax(t)]i%(t)i%i(t")), etc.
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R-transformation

x(t)

& (1)

@ Integration measure:
@ Jacobian

Sylx] = S[xF]

DxDx = DxEDsE

6(0) /0 " dr > %E(XR)
o)/OT at Y %f(xh _ )

Sy[x]

after changing the integration variable from t — t' =7 — t.
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Sl 8] = /0 de[{(r — 1) ~ 0" %X(T — 1D
Ax(r —t)—iD7t. %x(r —t)}
. L d d
Fi{&(r = 1) =D 71 Zx(r = )} {ox(r — £) = f(x(7 — 0)}]
= /OT dt[{x(t) +iD~*- %x(t)} D-{x(t)+ D7t %x(t)}
FHR() 4D () (= x(e) — F(x(0)]

= Solx,%] + /OT dt x(t) - DL - f(x(t))

=AS[x]
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Suppose that f = f'* and that the DB condition holds
f(x) = —D-Vo(x), P(x)=e *™

Then
ast == [ dex(e)- Vo) = = [ dr S olx(e) = ~[o(x(r)) ~ 6O
Now suppose that P;(x(0)) = exp(—¢(x(0))). Then
(Ox,8]) = / Dx / Dx O[x, &]e~FA=%K p;(x(0))
/ Dx® / D™ O™, &8~ # =S p (B (0
_ / Dx / D% O, £ e~ S0bA-ASH=S,K p, (1)

/’Dx/Df( O[XR7)/ER]efso[x,)?]7SJ[X]+{¢(X(T))*¢(X(0))}PI.(X(T))

/Dx/Df( (’)[xR,f(R]e_SO[X’i]_SJ[X]Pi(x(o))
(O™, %))
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In particular

(AX(E)]%(¢)]) = <A[x<7 ~1)] {&,-(T —t) - fZlD‘lla%xj(T - r')}>

Riy(t,t)) = Riy(t — t,7 — t') + Z[D‘l];j% (Alx(T — t)]x;(T — t'))

By changing 7 —t — tand 7 — t' — t/,
FDR 1 (DB)

Ra(t,t)) = Ry(r —t,7 —t') = Z[D‘ll,-j (Ax(D)]1%(t")

PSI2014 77/ 82



U-transformation

x( —t)

— X
(t) — V()= —%(r—t)+ DL f(x(T —t))

@ One can show again with the same AS that (see next page)

So[xY,%Y] = So[x, %] + AS[x]

@ The Jacobians and the measure are invariant as well.

@ If the DB holds and the initial state is given by the stationary state, then

(Ox. %)) = (O[x",&"])

(Alx(t ]X:(t)]>=<A[X(T—t)]{—XIT—t)+lZ[D Jifi(x( T—t))}>

FDR 2 (DB)

Ria(t, ) + Ra(r —t,7 — t') = = > _[D~']; (AX()If(x(t')))

J
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So[xY,%Y]

- /OT dt[{ff((T — )+ D f(x(r — t))} D

A=%(r —t)+ D f(x(r — 1))}
F{R(r — ) 4D F(x(r — )} (Sx(r— £) — F(x(r — )]
[ deiz(e) = o7 F(x(e)} D {3(6) — 07 - F(x(9)}
() + D7 A1) - (e x() — Fx())]

= So[x,%] +/0T dt x(t) -D " - f(x(t))

=AS[x]
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E-transformation

L x(t) — xB(t)=x
5'{ %(t) — &°(t) = —x(t) — D~ (x(t) — f(x(t)))

@ Unlike R and U, they don't involve time reversal.

@ One can show that it is an exact symmetry: (see next page)
So[xE, %] = So[x, %]
Without assuming DB or stationary initial distribution, we have
(O[x. 1) = (0", %))
It follows that

(A% (t)]) = = (Alx(D)]%(t))
—IZ[D i (Ax(0)]%(t >+IZ[D i (AX(DIf(x())
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So[x®, %7 = /O dt [{—)“((t) — iDL (x(t) — f(x(t))} - D
{=%(t) = D7t (x(t) — f(x(¢))}

+i{=%(t) = D7 - (x(t) — F(x())} - {%X(t) - f(X(t))}}
= So[x,X]
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Identity (DB or non-DB)
23 DiRL(t ) = (AX(E)] 5(¢) — (AIX(E)] fi(x(t)))

J

@ This nonperturbative relation can also be obtained from the identity

0 = / Dx(t) / D(t) 6&,-(2#) [AbdeSE4-54p,(x(0))]
= —QZ Dy (Alx(£)1%;(t")) — i (Ax(8)]%i(t")) + i (Alx()]fi(x(t')))

@ This relation can be used to study the violation of the FDR in nonequilibrium
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