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Overview



Target of this lecture: low dimension

Stronger quantum fluctuations ——— Mean field
Topological
0 1 2 3 4 D
+ Time axis
\ ) (dynamical)

Exactly solvable models
Most realistic

Target of this lecture ]
& Many-Body Interactions



Condensed matter

Many-body interactions
generate difficulty in most cases...

A= single-ptl kinetic + exchange statistics - Solvable. Berry phase

A + disorders - Solvable. Anderson localization. Diffusive...
A + interactions > Solvable only in certain cases, e.g., in low dim.
A + interactions + disorders > !llI

BUT, give rise to surprising effects.



Why we study low-dimensional many-body systems:

- Exactly solvable models
Luttinger liquids / Kondo physics / spin chains /
Kitaev models...

- Experimentally feasible
Quantum Hall systems / quantum wires /
quantum dots / optical lattices...

- Beyond Landau framework (Fermi liquid theory/Phase transition)

Non-Fermi liquids

Topological order
— no local (single-ptl) order parameter

Quantum criticality without symmetry breaking
— quantum impurities

Exotic quasiparticles
— anyons, fractionalization



Bosonization (+ refermionization): Usefulness

Bosonization offers:

- Exact solutions for 1D interacting electrons (under certain conditions)
Luttinger liquids

- Exact solutions for quantum impurity problems:
(non-Fermi, quantum critical, topological effects)
Impurity scattering + electron interaction,
multi-channel Kondo,

Y-junctions, etc

- Tool for describing chiral edge channel along quantum Hall edges:
Electron interferometry
Anyons
Topological quantum computation

Bosonization is compatible with
Numerical tools (NRG, DMRG, ED,...)
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Luttinger liquids :
Low-energy properties of 1D interacting electrons

Bosonization (plasmons) Spin-charge separation
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Spinon (s =1/2) Holon (+ée)

Orthogonality catastrophe Charge fractionalization
(tunneling exponent)




I. Backgrounds

Second quantization
Fermi liquid

1D electrons



Second quantization - 1

Identical particles --- how to construct their wave functions?

Y(ri e Ty T TN)

(1) Indistinguishability: N-particle probability

(11 I I'j rN) = /\L-’L(rl I'j I fN)
A= bosons
A=-1, fermions (anti)symmetrization

It is inconvenient to handle Schrodinger equations for 1023 identical particles (with
correct exchange statistics) in the first quantization formulation.



Second quantization - 2

Steps for constructing N-particle states: Occupation number representation

1. Choose a complete orthonormal basis set {r} of single-particle states

2. Consider the N-particle basis set of [|ny,ng, -+ ,n,,---)}

Each basis state satisfies the permutation symmetry

3. Construct any arbitrary N-particle wave function from the superposition of

the N-particle basis states.

Examples: two noninteracting identical particles in a box

1
Vp(r,me) = ﬁ(ﬂ?‘a('ﬁ)ﬁfa(fz) — Ya(r2)t(r1))
Tﬁ’Bl{Tlu 'T‘Q) = ﬂlz‘a ('Tl)ﬁ’a ('rﬂ)u
Vp2(r1,12) = Up(r1)vs(r2),
Yps(ri,re) = i(iﬁl‘a (r1)tp(r2) + Ya(r2)vs(ri))

5



Second quantization - 3

Number operators
Ny|ni.no, -+ Ny, ) = nylng,no, -+ ngy, )

n, >0 ——— it is natural to write n,, = did
Y= v v by|n,) = /ny|n, — 1),

~ — f ] N I, I — ;T o P e
n, = bVb, for bosons, and n, = ¢! ¢, for fermions bEiny) = i Elny +1).

Creation / Annihilation operators

[ ™ "'T T — p— y —
BD&UIIB b%. b-l-]_|_ — b‘.zb.i- — b-l-h.z — (ji'._'?‘ ('y Ty “} ‘n'b" 1)
: fr ’ ;. ’ Lo 1 clln,=1) = 0.
Fermions |[¢;, !.’Z"j]_ = {c;, c; } = cic; + C;¢; = 045
both [d;. dj]:l: — (). cyln, =1) = |”.’.-‘;r.u = 0)
' cyln, =0) = 0.

E};; E)!I)' 1 Crr Cr
AN AN A 2 YN
0) 1) 2} 00 0) 1)
- S N N - S
E)u E)u E)U E)y C, c,



Second quantization - 4

BOSO“S : N = 0,1,2,3,--- baSiS ‘n-pl . JI.E‘VQ‘ JI.I’I)'g‘ . >
1 T
ny) = —==(b])"™10), 0 | 10,0.0,0,.)
s 1 |1,0,0,0,..), 10,1,0,0,..), [0,0,1,0,..), ..
Ni,Ngy...) = HMK}.O,---) 2 12.0.0.0...). 10.2,0.0...). [1.1.0.0...).]0,0,2.0,..),

Fermions:n=0, 1

ni,ng,...) = (c)™(ch)™(ch)™---10,0,0, )

0 10.0,0.0...)
1] [1,0,0.0,.). 0,1,0,0...), 10,0,1.0,..), ..

2 [11L1.0,0., 10,110, [1,0,1,0,.).10,0,1.1,..),

Now the exchange statistics symmetry is satisfied in [n21,n2,...) .

(I}T?rlrﬂ?-"'{-‘rl':;cg!”' ,IN) = (T1,T2, -+ ,IN|n1, N2, -)

d;.dj]l+ =0



Second quantization - 5

H=T+V =Y (i|Tj)dd; + 5 > (if|V|tk)dld  drd,

ij ijkl

= "Tpdldy =Y Tiin.  Tipr = (k|T|k)Sp
k k

the sum of (kinetic energy T} of state k) x (occupation number ny)

diagonalizes ({'%HHH??-uf }>

K. 79)




Second quantization - 6

Homework 1. d{dgdldgn], ng9) = clny,ng). What is the c-number c?

Homework 2.

Consider noninteracting electrons in a periodic 1D lattice (the lattice spacing is a) with

H = EZCECI' _tZ(CIHCi + h.c.)

1

Here, 7 is the index of lattice sites, € is the onsite energy (real),

and ¢ 1s the hopping energy (real). Diagonalize it and find the energy dispersion relation.



Fermi liquid theory - 1

Electrons are interacting with each other. Their interaction energy
iIs comparable with the kinetic energy in usual metals.

Why does Drude conductivity (which is derived, based on
noninteracting electrons) work well in usual metals?



Fermi liquid theory — 2: Quasiparticles

Low-lying excitations of long-lived quasiparticles

* Adiabatic connection (via one-to-one correspondence) between

* Pauli exclusion plays an important role in their stability.

* They are robust against perturbation.

Electron gas

the quasiparticles and bare non-interacting electrons

{al)

Ak, w)

(b1} J

e

Fermi liquid

(a)

.-;ll-l{,u::i

(b2)




Fermi liquid theory — 3: quasiparticle weight Z

1
Gﬂ(kcr:w) = : =

w—E& —YR(kw) w-—[&%+REE(kw)] —iSEE(k,w)

effective mass

incoherent background

(a3)

”hk w :l




Fermi liquid theory — 4:
Quasiparticle life time

Fermi golden rule (2" order perturbation theory)
1

Tk

2
12 Z Fk+qg.k—qcr’;k’ﬂ’.kcr [ﬂ-kﬂ-k' (1 - ”k-l—q}(l — ﬂ-k'—q} - (1 - ﬂk)(l — ﬂ'k“}”k+q”k’—q]
k'a

2?':- ) r T ] r_rI
Lkigok—qoikior ko = EW»‘ +qo, k' — g’ \(WEPA(q)|K o' ko) |20(&k + &k — Ekvg — Ekr—q)

scattering rate from |ko, k'c’) to |k + go, k' — qo’)

1 0 oo 1] -
. / d&'/ &g~ (& + & — E—q) =/ dérs (€ + &)O(Ek + &) ~ G o T
—00 ( .

— rL

(a3)
&k > 0 51:’ <0 B o= |£L'_I.1

€k+q_~ gk"—q = O

WHEPA(q) ~ 1/(¢* + K2) ~ k2

for small ¢

Alk, w)
l 5 Ln\
E



Supplement: RPA

Random phase approximation (RPA):
- good in the high density limit.
- particle-hole pair bubbles.

- screened Coulomb interaction, plasmon (charge density) excitations

G G
(a) & — e - /.\ N 14/.\
\RPA(] [ \ o
Do) =k Yqa kg kY Vk'tq k—q | e
l' /'I' 4
1 \/ A k'Y } k’+q
L J " o P
q q
) ARG @ maeay @ --rmmeereees &
! .' /.\.. 'A" Y:'l \\\\‘
by () A
NV /
o g P9 S SR P
RP: e’
4! A (q D) —g—0

o AR ﬁ
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| e
k"‘fal k'+q
Iy
o l\:’_" k'+q 3



Fermi liquid theory — 5: Excitations in 3D

. Wmin Wmax
W ] -
-~
ARG
Landau damped
propagating plasmons
plasmons
Wp

dissipative

e-h continuum
25 \gf =40
Particle-hole pair excitations

0 Zkp " al

low-energy excitations: particle-hole pairs



1D electrons — 1.:
1D differs from higher dimensions

L
E(k)

q/ |

f* A —
E
I"-
M

~q 1
L 3 \x
(q) f |
,-"' | , ’ -
\ / -

""1 . &
— - j_ N, frf//
-}{ T' k [ // s
F T, F o - 74 iy
T q
\| S /
_sz -

ﬂ.rr‘ﬂ
|

f'—'\l a Plasmon

Single-particle energy band. Particle-hole excitation spectrum

__'i' -\ !
Ch1qCk 0)

Fermi “surface” consists of

two isolated points. Particle-like excitations are not well

separated from RPA plasmons.
Less phase space to two-

particle interaction processes



1D electrons — 2:
Breakdown of Fermi liquid theory

/
I3 ,
: L. /
=7 7
i '. i
= -
F ~
| e '
| \:/— # I'J
q ¥ "!,_ _","
-k = - v k- =
1{ 4 ?7°F"'F ,_i, 01
'l ¥ II'
&= Chtq k1Y)

—1
Quasiparticle life time: 7, X g E X 1

ct.3p: T o [ 2
- Break down of the “"noninteracting” quasiparticle picture

Homework: Prove f,—k—l x &, o< T in 1D, using Fermi golden rule + 2" order perturbation.



1D electrons — 3:
Strong interaction limit: Wigner solids
Let’s consider the opposite limit of strong e-e interactions: 1D Wigner solids

CENAN. B2222AN BA2AAAN RAARRARAN BAARMAM J ]
no :average electron density

-« —> .- JII.'F — 7o
a = 1/ng ”gjfﬂ
_ ja — T 0; — 0(x)
lattice 0 0./ _
spacing rj =7 T a F/ /! 1 06

Lagrangian for phonons in 1D Wigner solid

_ A 5 N2 Yoo oo
L = /d;l.g?rg@{mj —‘/vd;l-?{:‘)?l{ij

kinetic interaction (short range)

v ) v
I 1 _ 7V ma '
| " /a’w [ (0:6)? p,,.,(an@)?] !

2mg

V) vp = hkp/m = whng/m




1D electrons — 4: Stability of Wigner solids

@ i@ i@ T @ T @ T @

7 1. -
L = - E /{'Lr [ (E)ti-i’)Z - '1-'9(*{')1‘-9)2
27g | vp

e How quantum/thermal fluctuations destroy the broken symmetry phase?
- Mermin Wagner: no true long-range order below lower critical dimension

- Quasi-long range solid order (ng=2r/a) ~ (a/L)? = 0 as L — oo

- “Wigner solid” only at strong interaction (very small g).

* Particle exchange statistics
- In the solid limit, electrons never exchange. The statistics is irrelevant.
- Low-energy excitations are phonons (bosons), although the system is
composed of electrons.



Summary I

- Fermi liquid theory breaks down for 1D electrons.

- Low-energy excitations of 1D electrons are described by bosons.

Low-energy excitations of
1D noninteracting electrons

Phonons of 1D Wigner crystal

Plasmons
(bosonic excitation)



Bosonization

D
L

. O (N LS Ve ik (.
Up(x) = F a1/ 24T (Nn—30)T—idn(z)

*Rigorous construction of bosonization:
Ref.: von Delft and Schoeller, condmat/9805275



Bosonization -1: Prerequisite

Fermion fields (M species; spin up,down/left-moving, right)

{Ckng CI’J’?’};} — 57?7}-?5;;‘!3! y k ~ [_C)C. DC].. 1 = 1, . w .:'l[
k — %ﬂ(nk — %55) 5 with np €Z and & € |0,2)

parameter for BC
i+ LJ2) = e o (2 — L)2)

.9

1/2 —ikx

k=—oc

Il
—_—
~Y

U ()

Prerequisite for bosonization :

k’'s are discrete and unbounded.

Number operator (normal ordering: relative to vacuum — important for unbounded k’s)

>0 >0

A'T\‘rn — Z :ngnckﬂi — Z [CLWC}QT}' — U<G|CLWCF{:7}'|G>D

k=—oc k=—oc




Bosonization -2: Structure

Fermion Fock space

Total number

0 10,0,0,0,..)
1|]11,0,0,0,.).10.1.0,0,..). ]0,0,1,0,..), ..

20 | [1,1,0.0,..). 10.1.1.0..), [1.0,1,0...).10.0,1.1...).

Bosonic excitations
Klein factor

Zero-mode excitations Redistribution of charge by particle-hole

] excitations, with keeping the total charge




Bosonization -3: Bosonic excitations

Particle-hole excitations (bosonic)

x\
~/

1]
=
o =
i

It
-
<)

0
T -
S
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~
gl
|

el

be;; = + —“’) A

L
.~‘|' 3

[

12 14|
%4 |+
! S
\_7

[y}
il
sl
=
th'-l
b
\/ |||
= “
—_
]
Ty
=)
_|_

i | B T [bqnv bq’ﬁ ] = [b;r'.r}? b;rrr,- ] =0
1 : 4 o [bQ?}? b;’:r]’: = gnﬁréqqr
bj FaV; W - -1 A f\ /\Tfl‘)\i\ + f%\ A
—- [Nan, bgrar] = [N b, n*] =0
% — ¥>_ bqn ﬁ}D:U
*x |N) = f(b')|N)o span the complete N-particle Hilbert space ,

1 |
4\ I?[] =0
-
N-particle ground state %



Bosonization -4: Anomalous commutator

Homework : Prove [b,,, b; n] = Opy Ogq’ Correct only for unbound k’s in 1D
To— i T
ban = Ty D ChignChn
k=—0oo fr=—mc

AB.C) = ABC — CAB = ABC + ACB — ACB — CAB = A{B,C} - {A.C}B

— L (A , I
bgns bgrae] = Oy Z e (EHq—q*uEkn - “—"-k+qn‘3k+qrn) = 0 ?? (wrong for ¢=1')

——ox

—— k—k—q

For g # q the two terms are both normal-ordered

*ABC...* = ABC ... — ((0|ABC ...|0)

_ 5 % 1 ¢ 1 4 ] , (] A
= Opylyq Z e { [*fknﬂkﬂ + 7 4Oy Cheta *] ( U‘ﬁk CiylO)o <U|Ek+qnﬂk+qnmﬂﬂ)}
k

— ‘jmr”}qq’

1 0 — 1
_ _ — — — 27
9 \np=—0oc np=—noc q



Bosonization -2: Structure

Fermion Fock space

0 10,0,0,0,..)
1|]11,0,0,0,.).10.1.0,0,..). ]0,0,1,0,..), ..

[1.1.0.0..). 0.1.1.0...), [1.0.1.0,..),]0,0,1. 1, ..).

o

Bosonic excitations
Klein factor

Zero-mode excitations Redistribution of charge by particle-hole

) excitations, with keeping the total charge




Bosonization -5: Klein factor

Klein factors [| (zero-mode excitations; fermionic)

- Treat Klein factors carefully.
- Many papers, which ignored them, turned out to be wrong.
- Their commutators can capture topological effects.

Fl-2

Ly
—'—

(S
[rr]

4

F_q_l — F_i; = g'ﬂﬂ
(FI,Fy} = 206, F,Fl =FF, =1
{(FI,Fl,} = {F,,Fy}=0
[bqn:FT;rf] - [b;ﬂ._FJ,] — [bqn-Fn’] — [bzn- Fn’] =0
[Ny, Fop] = —6pe F,y [No.F}] = Py
T, = ()5

= [T, Ny, Ny 41, Naro
= f(B"T,| Ny, Ny = 1,... Nag)o



Derivation of the bosonization identity



Bosonization -6: Bosonization identity

Relation between the boson field and the electron field?

ban's Yn(2)] = Opyag(z)thy(z) S
+ / # f ﬂ'*?(m) — va’ﬁ € ¢
[bqn’ » Wn ('1)] — 51’]‘7?’&{1 [::E)n:?? (I) N
——> ¢, (z)|N)o is an eigenstate of by, ban ¥ () N)o = Oy tq ()1 (2) N)o
— 5 Coherent-state representation
, —i. ) T —ipf(x \ Ya!
Up(x)|N)o = exp {Z ag(x)bl | FyAy(z)|N)o = e Pn T E N ()N o
g=>0
Find jiﬂ{;ﬂj . since Ufﬁ E—:_wt:{ﬂ _ U{:
Dl.j\* F Lﬂ( )A?I;D = A [: ) 'i.;"n(T) = (.QT.:T)IEQ Z E—i’kxcki]
_ (amy1/2 —i%iLN,?—%éb}x k=—0c0
(L) np = Ny [Le. L—h( —lob}]
Dynamical phase (zero mode)
. yis 1
In general, 'I;',*n (;,t:) — F a—l/? — T(Nn_i b)T _Mbﬂ (z)

Boson representation

ii = () : Infinitesimal regularization parameter (~ lattice spacing) of a localized hole



Bosonization -7: Bosonization identity (2)

In general, ';;'l*n(;,z:) = F, g_lfge_i%(Nn—% b)T 10y (T) (*)

@ = () : Infinitesimal regularization parameter (~ lattice spacing) Boson representation
of a localized hole

On(@) = o) + e (g + 97 ) 0/
g>0
o ()
Particle density
. _ N R 27  —1g: A . : a , 2T AT
pn(;{-) — i-L{,!J} (gi.)'i'f.:.!.n (;L) t — TT Z [ qxr Z 1Ck—q,7j‘["’kn 1 — ()I(.D'.f}'(i-) -+ Tﬂ:\.n
q k

Commutator [¢y(), Oy (2')] Lz 5 oo am 1| =0 [ — 7

(**) A T 2T (;Lf—.zf’)2+(;.2_f — | 2 [(”L_J) f]

Homework: Derive (*), by proving and using the following identities.

b ) = F({bly — pag()}) dy ()

:\_:>U — T 1 T
F{b!,, wa()}) = e F({p] 1) e,

Ny = f({bl 1)

Homework: Derive (**), by proving and using EWL(JJ)E:W’H@) _ E..i(%r”jﬁ%ﬁ’n)(I)E[Wﬂ(i)si%(-’f)]ﬁ"



Bosonization -8: Kinetic Hamiltonian

Linear dispersion c(k) = vphk

o0 L/2

— — | * dr =_/ Fogs *

Ho= Z Hon Hop = Z K ChnChn & = / or + Uy (2)i0z 1y ()
n kE=—no of —L /2

Bosonization form

T 1
[Hoy, bay] = by Sy ——> Hb},|E) = (E + q)b],,|E)

IN) = f(b")|N), span the N-particle Hilbert space

EY = o(N|Hoy|N)o = ZZIN,(Ny+1—6)

— | Hoy = > qblybem + ZINy(Ny+1—5)
g=0

L/2 L ‘
-/ | BN + (AN E,+1-4)




Bosonization -9: Spinless 1D electrons

1D wire of one left-moving and another right-moving spinless channels

N/

L T —1 T ikmo T
\\__// : Uphys(z) =" e () + e YR (o)
k I — . _ x\1/2 = ikx
¢ > Uy () = T:JL;R(SG) = (QT) eFh Ck,L/R -
:!CF k=—o0

—LKZ
L/2 ) L/2
2“1'1 dr =1 * dr %1
v=L.R -
1EL{R( ) ﬂf_UEFL{RE:Ft?}_T{ un—gf’a}ﬂ? —i¢p r(x)



Bosonization -10: Interaction Hamiltonian

Short-range inter- (g2) and intra-channel (g4) interactions

L/2
Hon = [ g2 [ul@iten ) + oh@)( 0)0n(@) :
J—L/2
L/2 , L/2
271 472 dr %1 | * dr =1 *
= Y |ER Eu@ee?] = [ iR Al e
T J-r/2 J-L/2
L/2
Ho [ dz +[00 51 (2)Pr(@) + La (5(2) + (@) :
—L/2
1 , |
Hfﬂt - E Z v (Q)CL-I-Q'._Sc}c’—q-.sfcflff-.sfgfl‘:ﬂ
k.k' qg,s,s

2(q)Pa(q) p—a(—q) + 94(q) palq) pa(—q)

Other interaction g,, g;terms (problematic for integrability) appear with spins and/or specific filling. For example,

EQkalTLJR,OU ei4kaLJEL1ELfRT&TR



Bosonization -11: Diagonalization

Short-range inter- (g2) and intra-channel (g4) interactions

L/2 L/2

P — dir *1 ""2 "‘-"2 * T #* - N N N .

Hy _/Lﬁ 5P+ PR (@) + / 4z *Tgs pr.(z)pr(x) + 294 (P (2) + ph(2))]
B J—L/2

L/2
= 7 de |\ L1(p or)’ 0 o 2} ) interaction 14 gs—ag /2
=7 5 x| o =+ + — x), — |1tga—g2
1 /—L,fz 27 [Q(PL pR) Q(PL pR) () parameter 9= [1+§4+§2}

v=[(1+0)-g]"

— %% {(;—Fg) Z [%ﬁf —|—Z nqb;ybqy] + (é—g) [‘?L‘?R —Z ng(bgrbyr, + szbLL)]}
q q

v=L. R

_ 2m o2 i N N N N N ~

= v [g N —|—Z anquqy] N, = I(NL—Ng), N_=2L(N,+Np)

=1 iq

~ L/2 ) qg=n,

— 276" N +f 4z~ 1(0,®,(z))°I| = Hoy + Ho-

=+ bo(z) = — Z U/;n_qe—aqﬂ [E—z'q:ch: 4 E-quBgi}
g0
Bogoliubov transformation ~ B,. = — {(U%-i- ,/E) (bor, T byr) + (T%E— ,/5) (bLL T b;R)}

t
[BQFE Bq"y"] = {L;!‘I".I".F(Sqq-'



Supplement: Another derivation (field theoretical/less rigorous) -1

1. Kac-Moody algebra (anomalous commutators)

prlg) = Z -‘.‘.LC;,_'_Q or(q) = Z CI;CF;—I—Q
k=0 k<0
L / 2r , 0
qr g, = | —pPR\C (g =
(*) [Jﬂﬂ(q)"p.ﬁl:_qj)] - Jqq’é_ﬂ_ — > [ﬂq,ﬁ-;f] = ':sqg" f \f {}LJ"RI] I :I
2%
ek d = 2 pr(—q)
L q 1\.’ quR _Er

lp(q) pr(—4q')] = a9’ 5

ler(q), pr(—¢)] =0

2. Kinetic Hamiltonian (spinless electrons) Dlacrmon
[Ho, pr(9)] = —qurpr(q)
E;Tt';_' .
> Ho="7-> lpr(~9)pr(a) + pr)pL(~q)] + zero-mode parts

rjl__-ll

Homework: prove (*).



Supplement: Another derivation (field theoretical/less rigorous) -2

) ) C. L. Kane, M. P. A. Fisher, Phys. Rev. Lett. 68 (1992) 1220
Kane-Fisher notation

[D1s (2), 0k (2')] = —gie(z — 2')

Ous(z) = 5o= |bL(z) — dr(w) o

. 1 l"ﬁ - } ﬁl‘@kf - 6t9kf

ors(2) = gz |4L(@)+ r(@) b for 220
E(T)E{ 0 for z=0

0:0if(x) == 5= [pL(z) + pr(z)]  Total charge density

Datrs () = 35 [pL(x) = Pr(®)]  current density ¢ S

v [H2 1, . 2 2 P A\
Ho= 2 [ art| 20,00 + 90,60
L/2 g

Quantum string

H = [ Ao - (V. (2))? + 5-m()’ ¢(x), 7(y)] = ihd(x — y)



Summary I1

Bosonization identity

() = Fy a2 (Nn—=305)z —idy(2)

Hamiltonian (spinless electrons)

L/2 L2

— dr =1 [~2 ~2 * T % ~ - o ,_:t

Hy = /LKEQ—W @[PL ‘|‘PR] ()% + [ f g,r *[92 pr.(x)pr(z) + %gd‘ (p%(:}:)—l—pzﬁ(;r))] *
B J—1/2

Lj2
T VAT J T * 2 =
= vy [—QLQ N? +f_mf 10,9, (x)) ] = Ho, + Ho_

=

- 1/2
g = iimﬂ—_gz}
g41T4g2
) _ 1 _—aq/2 | .—igz +igr ot
o 1 llxz (I):I:(T) = —Zﬁf 1 lE £ Bq:‘|—5 9 qu]
V= _( —I—g_l) _gz] g=0

B = & {(&+va) bu 7o) + (5-v3) (bl 7 0}n) }



II1I. Quantum Impurities

Impurity scattering in Luttinger liquids
Kondo impurity

Anyon tunneling



Semiconductor quantum wires

Tobe 1lD: F < iF

IﬁE Tw

2D electrons

T ul electrons
Electron
Energy
= / Conduction band

Donor atoms

Valence band

GaAs AlGaAs | GaAs

m Distance

Cleaved edge overgrowth technique:
1D electrons

(100) T

Vom
r-

=
2DEG

n+ GaAs

Al .Ga,  As
Tunnel Barrier

OF ~ 20 meVv

- Width of triangular well (~ 10nm) < Fermi wave length

- High mobility

Ref.: Yacoby et al., 1996



Ballistic conductance

Noninteracting case: Landauer formalism G = f_:

eV 0

." 9
; dk dFE e-
_ IE _fy
/. “CordE ndk T h
v v

DOS  velocity

LL between FL reservoirs : DC conductance is not renormalized by interactions!

Ref.: D. Maslov and AD Stone, 1994

(a) LL
FL FL §
G=X
(b) Lk
| w |
KL N ; .
0] L X

Electron transfer from LL to FL (instead of quasiparticle)
(cf.) Chiral LL along FQHE edges



Tunneling exponent

Interaction parameter g is obtained from the bias dependence of tunneling current.
- Simplest way of identifying Luttinger liquids in experiments

N
1 e [N IV
Metal
l Luttinger Liquid
dl
= X Apn(V)App(V)
=10
1 1
_ 0 A e L—2)
%|FL_;LL X Lf%i_g-l-%—i}ll (T < V) Alr =0,w) x |“-’| 2T
dV B

g=1 — non-interacting limit. dI/dVis finiteat V=0

g#1 —> dI/dV vanishes at V = 0 /.
—0——0—0—0—0—
Orthogonality catastrophe @
(N + 13T (z)|N) — 0 N — oc —8—8—0—0—0—9

Rearrangement of all electrons



Tunneling exponent - derivation

Homework: Tunneling density of states at x=0

Pdas({-‘-") = / ﬂ‘rr 1wjt!G| phys(t) phys(D) phys([]) ﬁ‘hyﬂ(t”c}

— 00

@phys (fj) — Eth‘I’phys(fE = U)E_th

Dphys(t} = (,G ]‘I[phys( ) phys(on F(ﬁ)DB(t) ~~ ('it}_y fort — oo

Pdos(w) ~ W't for w — 0OF V= %(Q + %]‘

i T -
Uphys(z =0) = ale ‘*’“g@_(FLE_W%‘I‘++FREW%‘I’+)
/ Ground state of H_

Dp(t) = pr|eiH—f(E_xf%@‘(ﬂj)e_m—*(ew_@‘m]) Gr)
(Gr|®— (02— (0) =2 (0)2-O)Cr) — (1 4 jut/a) 2%

0

e?q

i1 L— x

— . _a
11 +ivt/a)"2 +c.c. N
E(r) = el Fe Hom = =T =0/

|2

DB(t)



Quantum impurity problem:
Impurity scattering in Luttinger liquids

eKinetic (ballistic) + Interaction - exactly solvable
eKinetic (ballistic) + Impurity - exactly solvable

eKinetic + Interaction + Impurity >
not analytically solvable in general



Impurity scattering in Luttinger liquids - 1
Current through an impurity potential in a LL: Vod(z)
1 [

r "

Noninteracting case: o I € 1 e2
(Landauer formalism) T Vv h Vo \2
L+ (e

TI‘L-‘F

Interacting case:
(not exactly solvable
at finite temperature)

2_2
GocTes = (T —0)

g<1 (repulsive) : perfect reflection at T=0, LL-end to LL-end tunneling at finite T

| i i

Trans.
Prob.

0 " g

Ref.: CL Kane and MPA Fisher, 1992 RG flow



Impurity scattering in Luttinger liquids - 2

Tunneling through a barrier in a single carbon nanotube

Ref.: Yao et al. Nature 1999

G(T)=T*"
101k A .. . .,_4..._.&* s
: & - _ ¥ ¥ 3
: v
. ¥
-1 7 1002_-
Oy = (g7 +8—2)8 > |
1U“§ & Segment |
=1 L . L= ti
Kend—end — (g o 1)‘!2 [ . F;ﬂ::hekinh
-“]—.2 . . A " o . .
50 100 200 300

g =022 T



Carbon nanotube

Ref.: Egger and Gogolin PRL 1997

L R
i )
Armchair CNT (metallic) AFE ~1eV
4 channels at Fermi energy: (2 Valleys) * (Spin up, down)
- 1 charge mode (c), 3 neutral modes (n)
ﬁ' ' 9 1 . ‘ 40
H. = =* [ dz[g.P?(z) + —(9:0(x))?] Vo9
2 Ge
ht n 2 1 ‘ J a
H, = 5 de|gn, Pi(x) + —(0:0n(2))7] VEQ
- 9n
» (

In = 1 Ge = 0.2 Uy = UR Ve = — . -
g Spin-charge separation



Impurity scattering in Luttinger liquids — 3 : Refermionization

Spinless Luttinger liquids + Impurity scattering at x=0

1. Forward scattering

Hp = 3 £ 0l00% 001 = 35 ((0) + 7r(0) = 2529 p-
v=L.R

L/2

—> H_ —Hy +Hp=u [/ 21,8 (2))7 + (2Z)IN? +e (c:xq)_ + 25 gw_)
—L/2

Exactly solvable for arbitrary g



Impurity scattering in Luttinger liquids — 4 : Refermionization

Spinless Luttinger liquids + Impurity scattering at x=0

2. Backward scattering

Hp = 22 (e (0)g(0) +e % T{U]L'L(U]]

_ s FE Fpei(@L(0)~6r(0)+05) | F; FLEa{g%Hm;l—.;T:;f_:j{:l]—e;;;u]

dra

_ ug _FEFREE{J:?EIUF-I—E';;) _|_F£FLE—1'{J2§*I*_+E';:)]

2ra

L/2 .
Hi(®4) = v [f 55 1(0:24 (2))°1 + ti—“)gﬁf]

4 vAp FEFRETI‘%@*'-FE”)—I—F;FLE_&VT?IJ‘—I'E”)

Difficult to solve this, except forg = 1/2 U, (z) = Fp2 —i(Np—5) 3% —idy (2)



Impurity scattering in Luttinger liquids — 5 : Refermionization

Backward scattering: exactly solvable only at g = /2, via refermionization

L/2 R
He(®4) = v [/ 573 4024 (z))*1 + ti—"")gﬁf]
—L/2

vAn | pi ppeivIsb+0n) 4 FEFLE—MEEJ_H”)}

2ma

Atg = 1,

| (Fy,F1} =2
1. “Gluing” two Klein factors intoone  F, = FLF} N+ = L(N, — Ng)
4 — 2 4 4
- F, satisfies the conditions for a Klein factor. . 3
+ [j\'-'-._, F_-'I-_] - F_|_

IN_.Fl] = [®+(z), F1] =0

2. Introducing an auxiliary fermion o Uy Gwm -
(it differs from the original fermions c;.+) (U (z) = F +~.+_E Ny —35) T o124 (2)
a
Ny € Z+ P/2 P =0or1l
‘: _ Z :Ct. et = j\’?ﬂ— — P/2 N ez P=0, 1: two decoupled subspaces
k

- b dx ik _ L2 dx ikr o 1 —i(N:—1)2Iz —id, (x)
Cr = (2rL)1/2 © +(z) = 2xL)i/2 © +/a€ © €
—L/2 —L/2



Impurity scattering in Luttinger liquids — 6 : Refermionization

3. Writing H, in terms of the auxiliary fermion

k R

4. Making H+ quadraticin ¢ .
I'= —&=

caf 4w}

U+_E_1( "ME—EH"M}

H! = UJFHJFU; = Ay, E + Z [ -':'J:iM + VAL (E‘E + c;-f) (ix@&d)]

&'i[:ﬂff {&d:&'d} =1

{Fy,aq} = {F],aa} = {cz,aa} = {c}, aa} =0

. 'ﬁ:ﬂ
Majorana fermion v etm™N

=
Il
o
b2

ER el :
Us (F;e“‘?ﬂ) Ut = Fl eV +2) = Bt (iV3 ay) U. ( a) UL = cl(iv2 aa)



Impurity scattering in Luttinger liquids — 7 : Refermionization

5. Diagonalization

H, =U:HU'=A;

O

Br

() 5(-

e 8+ Yo s+ 1) +12VEIFY (o + ) o

k>0

%

Ground state
(G'5|B:BL,1Gs) = 03 0(er)

(G5|6-61,|G) = 6--16(c)

P A i - .
T+ E {Ek*":gck* + AT (CI} 4+ r:k) (E\/E-‘_’Ed)]
ke
LY (% {om,aw} =dnw, {6, B_p} =0k, {on.Bp}t=0
i CT—IE
&L = Q_n, -'3;% = 3—.3:
a: = » Al a,
n=d.k
o . i2VATA,
ex BBy + Eg Ape = (AL =——
—isgn(z) 8.1 .
S IA T 22+ (4nT)2
sgn(e =0) =1

ag as I’ —~0



Quantum impurity problem:
Kondo physics

‘@) H = Y Vpat ISy Sl =0)
LT ko

~ = - - 5:(1.3 -~
E Se1(7) = T —=p(F)

Kondo screening cloud
Ty ~ 1K

v~ 10°-108° .
_EK — th/(kBTK) F~ 10°-10% m/s

1
—= (HFHQ.-%’F—UE} + \UHQN_,,:UE})

Entanglement in Kondo: Lee, Park, Sim, preprint (2014)
How to detect Kondo cloud: Park, Lee, Oreg, Sim, PRL (2013)

—> (p~ 1 um

G) =



Kondo effect in a quantum dot

a o[

Kouwenhoven & Glazman
(2001)

conductance (e2/h)

Goldhaber-Gordon et al. (1998)
Cronenwett et al. (1998))
Van der Wiel et al. (2000)

gate voltage
a initial state virtual state final state b density of states Scaling CGHHPSE
— — — (single energy scale)
||||||||| jll i re
) Kondo temperature




Two-channel Kondo effect

P
. E-*,..*‘I
) W )~
Impurity RBath A

Two channel Kondo
HEE?H - .-II 5] S+ .-IESE S+ Hre.ﬁen-'nirﬁ

- AtT=0:

The emergence of Majorana fermions (non-Fermi liquid behavior), by
the competition of spin screening between the two channels

Majorana fermions 7,=¥+¥ VY =y +iy, }f,.: =1

rﬂzrg 72 =¥ =) \Pf:}/l_’.yz {}q.}'j.}zk‘i',}.

antiparticle = particle Two Majoranas = one electron



Kondo effect: Bosonization - 1

) (1) —
Impurity Bath A

Impurity spin + non-interacting reservoir electrons + interaction
between the impurity spin and the reservoir electrons

- A nontrivial problem not exactly solvable.

Steps:

(i) Bosonize the baths

(ii) Identify symmetries and conserved quantities

(iii) Convert the impurity spin into a pseudo-fermion (similar to
Wigner-Jordan), with certain (Emery-Kivelson) transformation.

(iv) Refermionize the total Hamiltonian



Kondo effect: Bosonization — 2 (Single-channel case)

(i) Bosonize the baths Hi = 2J25:8: + Ju(Sps— 4+ He) + Z ko filo fro
ko
Ar - .
Hy = Z k :ijjckaj: = TLhrﬂj(Naj +1—Fy)+ Z q b;ﬂich“j
kg o g
g=0 a=(11)=(+-)

i=(1,2)=(+.—
(ii) Identify conserved quantities j=(12)=(+-)

- 1 T . L s
Ne St = N. + 5. 0l () () = 5 Bathas () + N /L

Total charge Total spin (incl. impurity)
Sphy&;[iST: Jﬂ\f;) = {|JI|"-";_1 St — % TT) S |-"""'-"rc_~ St + % U)}
_

H[:. = .l‘\_[_ [.«'{'rc{l — P[)) + .e'\-n? + .e'ﬁ?} + Z 4q (bé‘cbqf + bgsbqu
q==0

Hz — /}‘z {ﬂmﬁs{ﬂh’f‘-@ + i_[,.a'l"l:'r_g] ;Srz HJ_ i E_iﬁ?a{D)S_FFJFT 4+ h.e.




Kondo effect: Bosonization — 3 (Single-channel case)

(iii) Emery-Kivelson transformation
Hz = ;'lz [aryﬁs{{:}}f{\@ + .ﬂ_[..-'l":'rs] Sz

Hy= A, [J-x:-:_,u _ P+ N2 w] +3 " q (b by + bl bye)

0 H, = i_; p—iV20:0) g, iR Lt h.c.]
EK H - H =UHU? S, — US U = exires(0g,

U = i15:%:(0)

U(Ho+ H)U ' = Hy+ (M2 — 7)0.:05(0)S,
v =A/V2

+A AN, S, + const

H(\ =0)=A, [ﬁr; (N, +1-Py) + N2+ MS] 00 (Bhebye +Wbae) 4 congt

g0

A [ e .
H, = _i[e VERAIVRe O g TRy +h.c.]

2a



Kondo effect: Bosonization — 4 (Single-channel case)

H'(A\ =0)=Ap [(‘ (Noe+1—P))+ N2+ A\s} + D a(blebge +81ubgs) 1 const
g=0
H = }‘}_; { e VAR O g plpy 4 h.r:.]
Toulouse point A:=2-V2, 7 '=v2-1
AL - ..
—  H| = (S+F Fle =9 1 h.c.) Refermionizable

Another transformation | s
for correct statistics LH'U;! Uy = ei™Na Sz
between pseudofermions

, FiF, {Cher = O
T — im(N—5z) oy ) — _—zf,-":'}—:sgn[S- J[1+P)/2)2mx /L —ips(x) z
Cd—S-l-E ?'.”S(:’t'}_ G,J' I : i {Cdsﬂd}:]--.
. . ik T — _
chea=S5.+1/2 = 2r1/L) cpe, {ea, ep } = {ea, s} =0
E [Ed._,-"‘;.-'fs: =04 .

(iv) Refermionize

NTF ot e it L AT i i
[rl E qbcbc E Fc.c-‘rf.s.+sd.ccd.+_ﬁLFE er Cd + Chef, . .
974 - ks K d v - ks %) Diagonalizable

(v) Study the resulting energy spectrum, with changing r = )2 /1, toward the low-
energy fixed point



Kondo effect: Bosonization — 5 (Two-channel case)

(i) Bosonize the baths Hk =2J:5:5; + J1(S4s- +He)+ Z éka fio fro

ko
Ho=Y k:c} . ALy (N 41 P) bl
0= ' 'Ckajckﬁj‘ = 2 r::tj[: o + 1 — ﬂ + Z q qovj qrr:::j
ko o o f
g
. _ .. Ne 1 1 1 1 Nt
(ii) Identify conserved quantities Nof_1f1 -1 14 Ny,
. - - Ne 7211 1 -1-1 Ni2
..II&\" o '.hl.ll ‘iF .I'SMT e __l'nhl.' B _|_ S_?__ J{rx 1 _1 _]_ 1 4']{\‘:-12

Total charge Total flavor Total spin (incl. impurity)

Sphys (ST, N, Ny) = L 1 INC, ST — 12 Np Noift) @ING, St + 1/2, N5, N +1; u)}
&' Nz

Cf. 1CK Sphy&;[:ST: -"ll*::} = {|JH\::1 St — % ﬂ) D |Jl“-"r.:, St + % U)}



Kondo effect: Bosonization — 6 (Two-channel case)

(iii) After appropriate EK transformation,

H'(AL=0)=X\ALN.S, + Y ALNZ/2 + Y qblybey + Hi + const
¥

y,q=0
;AL 4o —ipe(0) | ot . iwa(0)
H_ = E S_,_{F“FHE FEVS 4 FIQFEE e ]' + h.c.
Cq = FSJFS_
T =, L
(iv) After refermionization, atd =5 +1/2
H' = Z Z q b;[,ybqy —|—ch :CLEC.E‘EZ +v/ .&LFZ{CE&—F Cre ) (Cd — C’,;]'
o8, f g0 E E

1

Majorana fermion from the impurity

Another Majorana fermion ci+c;, is decoupled from the baths!

- Non-Fermi liquid

Cf. 1CK U.H'U; ' = Zq b$cch 4 Z k :CES’-”ES: + &4 :ﬂ;'gd: +v ﬁLFZ{eLed +e:@eh}
q k 2

Fermi liquid complex fermion



Quantum impurity problem:
Tunneling between fractional quantum Hall edge states

AL ST

=

1/3

L

10 20
MAGNETIC FIELD (Yesla)}

L
&
/N
v=1/m ®
R

A bizarre fluid state of many electrons having
fractionally charged excitations.




Integer Quantum Hall edge states

\ Landau level
1 ]
RN I A permit B = hso(n+3)

< —>
y

Fermi liquid behavior: ¢ = 1
even with interactions
(short-range interactions renormalize only Fermi velocity.)



Fractional Quantum Hall edge: Chiral LL

Fractional quantum Hall edge : Chiral Luttinger liquid (Laughlin quasiptls)

Ref.: X.-G. Wen, PRL 1990

Edge Plasmon

: 1 ) -
at k=2n/L Hszffiif?(!)fi(I)E - -;-_i"}!_ /E-;qf‘[f}(-{')]j

(x)
2DEG { . v nixy= —
¢ | Undisturbed Ot y
¢ | Boundary - 2”?}'” Zf’fﬂ]_fi n
: g >0
= v=(E/B)
1 canonical quantization
‘4 49~ Pq
_ th
: dH dH Pg="P—gq
hr). Gq=7—+ DPg="7 rq
n’pq r!{fq
[q4.pq']=it
[Pgs Pa] = 5—00q —g i
q: Vg 9 —q g=Vv= .




Fractional Quantum Hall edge: Chiral LL -2

. [ .
g P = 5-1%,—¢ [p(x),p(x")]=ioyd (x—x")
Edge Plasmon <
at k=2n/L ﬂt_(ﬁ; _ 2 ﬂ-ﬁ p
Abse A Undisturbed - [(ﬁ’{k)-d’{l’}]: —lmTY Sgl"l(.lf—.t‘f)
t | Boundary
[p(x),(x")]=—6(x—x")i(x) electron operator
S f,Zf{I)c{{T’””v) b
S(x)p(x")=(—1)""(x")h(X) —> 1/v to be an odd integer
electron operator Yo~ emwﬁ
(bunching of quasiparticles) e
© ;o
Laughlin quasiparticle operator Y OoP
- 1) *
619 Fractional statistics

0* = 2nwr



split-gate elecirod es

Tunneling between D eton
fractional edges via QPC o

(1) Weak electron tunneling

T img
electron operator Y/, ~ € L
H, =tyy, ~te"*% " \ e
G 2 2m-2 v=1/m /:‘
()~ £°T

~£°T* for v=1/3 G R

* Any finite system should have an integer # of electrons.

(2) Weak quasiparticle backscattering

quasiparticle operator ¥/ op e

quasiparticle
e*=e/m

G(T)~ VT /\
B

~ v T for v=1/3

vt  4i(#=6r) v=1/m
H.=v YorsWopr ~ 1€



Tunneling exponent: Experiments

Weak electron tunneling G~T4 Ref.: Miliken et al., PRL 1994

~—

v=ﬁ/3

00 02 04 06 08 10

Oy e o
(b)
o 5 T 7 T '
Filling-factor dependence: e 52 | ;
& 2 i [ rr !
nos %ié | BT
Experimental data disagree __(_-J__%g,_l;gy | S |
with theoretical prediction. 3 [, .%g,{ ]
Edge reconstruction? e
Not low-energy regime? P42 -
0 : 3
0 i 2 W

Ref.: Grayson et al. PRL 1998



IV. Fractionalization

Spin-charge separation
Charge fractionalization

Fractional statistics



Spin-charge separation - 1

ot
.........
Holon S;;i'x']on
4O
V4
VEQ
» (

e double-peak structure: spin, charge modes

Momentum- and energy-resolved spectroscopy is necessary!
(ex) ARPES
(cf) ARPES studies on Au-Si: P. Segovia et al. Nature 1999; Losio et al. PRL 2001.



Spin-charge separation - 2

1D LL to 1D LL tunneling Ref.: Auslaender, Yacoby et al., Science 2002; Science 2005
dl
—x A(k,e) x A(k, €)
dv
Y <—f—<
g9, \2 9, Vsd Nlsd
.
NS N e
\\ N =
NB - ® = v
2nd mode i~ F
V. xR ——
i
BdM ~
¢ Vo' VF

Va [mVolt]

2D FL to 1D LL tunneling Ref.: Jompol, Chris Ford et al., Science 2009



Charge fractionalization - 1

Fractionalization €

2tnT<<1 2tnT>>1
. X=ut |
x¥-ut |
J?U‘JF‘I-QL)T:
f t HL it s ] (al T —m (O] — P —M
'f,f-’-|-('i5,~ﬂ _ () EJ?(J{](.l.f.)e?.[c_#y{.l vt)+c_p(—z—vt)]
LT

Fractionalized charges (plasmonic) are good quasiparticles!

Ref.: KV Pham et al. PRB 2000



Charge fractionalization - 2

Experimental detection of charge fractionalization
Ref.: H Steinberg, A Yacoby et al. Nat. Phys. 2008

AU [w]

LW~ NS [|| WAy
Junction 1 —— | S g — Junction 3 - - - E
010k | — Right dr.am el L
Left drain |
g 0.08f ‘ |
- ]5 E 0.06F P
| = 0.04f
0.02r
'_- i)
0

IS- & ' 2
—

Ne=(-f)=(1-8)/2
No=f=(1+g)/2




Charge fractionalization - 3

Influence of charge fractionalization on electron coherence: exponential decay

Ref.: K Le Hur PRL 2005

T=1-(T,+1,)+2/T,T, cos(Zfrgo)exp(— ZLH‘,)

+ ot
P (%—1} with L, = hv/kT



Charge fractionalization - 4

charge fractionalization and recombination Ref.: Kim, Lee, Lee, Sim PRL 2009

recombination

Coherence revival

left A right

electrode t’_i D electrode




Fractional charge in the quantum Hall regime

Direct measurement of fractional charge using shot noise

g [TV

Strong pinch-off
¢ o+ % electron tunneling S = 28 |t
s — —
P
S— N——
\/—l—l—l_
- _e* i t
% l 0 Weak pinch-off
Ls's 8/ N quasiptl tunneling S == 2e* I
A b

Current Noise, S (1 0% .4‘)///2)

0 200 400 Ref.: De Picciotto et al. Nature 1997
Backscattered Current, [ (pA) Samlnadayer et al. PRL 1997



Fractional charge in the quantum Hall regime - 2

fractional charge of 5/2 FQHE Ref.: M. Dolev et al. Nature 2008
e* = e/4 (= V- filling per h/e * 12 from SC h/2e vortex) M. Dolev et al. PRB 2010
b However,... open issues (also in
i other simple fractions):
| e —al?
3 | i 1.2 ; : : .
< o8} ' . ()
& e =a/4 E.,‘*
2 B ]
X 06 @
5 o
= i
5 0458 ° . 5 3 08
%] i ’ : I ﬁ F
02’ -l o % } 2
E 0.6 .
° : a
oW - @
-10 -5 0 5 10 5 047 .}
Impinging current, /i, (nA)
Figure 3 | Conductance and shot noise measurements of partitioned 0.2 . . \ i \ i
particles at the 5/2 state. a, b, For a filling factor in the bulk vy = 3 and 0 20 40 &0 20 100

electron temperature, T (mK)



Quantum statistics

Bunching, bosons Antibunching, fermions
Positive or negative correlation Negative correlation
& __0% __ -
.. %o s 88 ® *--00
229,% seeee
sele
e®2e oo
.o s - - ---9

010

)
(4]
<L
| =y L 2
1 5@ l @ 0.05 |
% 2
V = \ r=4
3 1l E 0.00}
I =
r -
Ry R. S oost
- . s r
Fermion: &)
-0.10r 1 | i i 1 M
00 02 04 06 08 1.0
Al, Al
Ll Current | (uA)

Henny et al., Science (1999); Oliver et al., Science (1999).



Quantum statistics

How about
anyons?

r[? = [t]* =1/2

One particle from 1,
and another from 2:

Electrons:
P(1,1) =1
P(2,0) =P(0,2) =0

Bosons:
P(1,1) =0
P(2,0) = P(0,2) = 1/2

Classical particles:
P(1,1) = 1/2
P(2,0) = P(0,2) = 1/4



Anyon interferometry

D, S,
gf’Ele d E Edge 2
—_———-_._V,f—*_—__‘—nﬁl
> D,
Edge 1 T ki)r kij
QF’CEE iy i QPC3
.Iﬁl. ra ﬂ 53
"-h-________,_;""
‘ 1 Edge 3
S, D,

Anyon interferometer is well described by bosonizations.

Anyonic statistics between different edges is adjusted by
commutators between Klein factors.
Han, Park, Gefen, Sim (2014)



Summary

Bosonization (plasmons) Spin-charge separation

ossoev @ rrsses @ sveer @ sore @ e 0000 HO

Spinon (s =1/2) Holon (+¢)

Orthogonality catastrophe Charge fractionalization
(tunneling exponent)

Next?



Recent direction:

(1) nonlinear Luttinger liquid

- Parabolic dispersion relation in the noninteracting limit

Ref.: Imambekkov and Glazman, Science (2009)

(2) Toward non-equilibrium
Ref.: Mirlin et al

‘11

(3) Toward two dimension Ref.: Teo and Kane

(how to construct topological order from multiple wires)



Recent direction:

Ref.: Altimiras, Pierre et al., Nat. Phys. (2010)

(4) Nonequilibrium spectroscopy of quantum Hall edges

IQD' — ISEFI(.E{EM'-:I _fD{EIc'-'}:I

Epey (Ve

folE)=tfo (E)+ (1 — 1) fpa(E)



Bosonization (+ refermionization): Usefulness

Bosonization offers:

- Exact solutions for 1D interacting electrons (under certain conditions)
Luttinger liquids

- Exact solutions for quantum impurity problems:
(non-Fermi, quantum critical, topological effects)
Impurity scattering + electron interaction,
multi-channel Kondo,

Y-junctions, etc

- Tool for describing chiral edge channel along quantum Hall edges:
Electron interferometry
Anyons
Topological quantum computation

Bosonization is compatible with
Numerical tools (NRG, DMRG, ED,...)






Supplement: Another derivation (field theoretical/less rigorous) -2

Kac-Moody algebra
or(@).pr(—=q)] = ) [chereg. chew—g]
k., k=0 X

_ ,1‘ " N .1‘ y
— E Cr.Ck —qOktq.k' — CprChiqOk k' —q

kk' >0
- Z Ok + Q)({.‘L(ﬁ"k — {?L+qﬂk+q)
k=0
= sen(q) Z f:";r;(ﬁk
|g|>k>0 n =1 tor k< kg
Lo L < k
~ ;‘;gn(q)—/ dl = =4 q| F
2 CJ0 Q?T

* [AB.C] = ABC — CAB = ABC + ACB — ACB — CAB = A{B.C} — {A.C}B



Exercise -

1

Time-ordered Green’s function of free electrons in a fermion language

G2 = n(r 2 0.0
(Tv,v!) at zero temperature Gy (r,x) = (¥],(0,0)y (T z))
— Gy (T,2) = g(T)Gm; (T,z) + 6(— )G;f (7, 2) CLHETJ = e}‘”c;rm
. v 2 —k(t+iz4oa) 2 —kit+iz+oa) + i ;.x{i, '
TGS —6(-1)2 Y ] (chycir) = 2ok
k=10 k<0 :
. s y—t.:rér,.+1j|,s'2
= Opy oy Z” = Ony T, L y—1/2 —41/2 =20
ek + 1)1 = 9(—k
_ f};mh‘?f (dp -|—crjli7'-|-1:|::| I oo ‘jﬂﬂ’ ( ) ( )
;bmh[r(r-l—z':r.-l—r:ra}] T4+ir+oa
o = sgn(T) Y = e—%'._—"i-ff’”rﬂ”'x-l-ﬂ?'} k= %"{m — %55)
T#0
. : I; d i"f
(Ty(2)¥,,(0)) = =

Zsin[5(z + oa)]



Exercise -2

Time-ordered Green’s function of free electrons in a fermion language

Opr €T z (Bv+a)z

T =0 (Tey(2)y],(0)r=0 = +

~sinh[F(z + oa)]

Same in a boson language

, _ L VA 2 _—uibn(z) i s
(T2}, (0) = a7t [6(r)(Fye F F—iinze—ion)gion OFT,)

"-':rr

_9[_T}< ich,r(0) FT Fﬂ{*_—f (Ny— dn]?se—i{#n(z}}}

= éf]ﬁ" oa 1{,;&;7 AT by (2) oy (0)— by (0) iy (0)) =0

(E)\é> _ E{Er?}f;z

E = Zq::,ﬂ(;‘qb:; + j‘qbq}

o ga?:; {Tz I} = ((.j?]{'r: Ij@f]" “l 0})
{?—@ @f]} —Q{;{T ’I'} — {‘?—l-’r? {D {]}ﬁbn 7. "[.'})
~Gy (1,2) = 0()G, (1. 2) + 8(=7)G(1,2) = G (o7, 0x) ooy (1, ) =G, (-7, —x)
o a0 . 1 ,— T iqx —ag/2
. 1 ; . 1 ] Oplx) = —Z—.:—{ bgn + € f}q”}
= d,m].f Z ;E_‘ﬂlﬂ'?"l‘ﬂ'tll‘l‘ﬂ] — {5]’?1’]"’ Z ﬂ_yﬂq — _ﬂ?]?]r 111(1 _ y) 0 v
g=0 1 ng=1 1

~0py In (1 - e"%[”‘“’”“:’) ‘o ~0py In [22 (07 + iz + )]

T =20

bgn(T) = e T bgy
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