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Numerical Methods in
Quantum Many-Body Theory



 Introduction to Computational Physics

« Monte Carlo Methods: Basics and Applications

* Numerical Calculations in Quantum Theory of Many
Particles

» Example: Dynamical Mean-Field Theory
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Introduction to
Computational Physics



Computational Physics

What does atomic physics do?
Atoms, Molecules

What does nuclear physics do?
Nuclel

What does computational physics do?
Computers(?), Computation(?)
Physics



Lets play with computers.
Let’s play with physics.

Be Friends with computers
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Steps in numerical works

1. Setting up a problem
2. Coding and running a program

3. Analyzing and visualizing results



1. Setting up a problem \

» State and understand a problem
» Find relevant variables and how to solve it

» Convert it to a computer-friendly form



2. Coding and running a program

» Design a global structure
» Writing a program (Coding)
= Use
» pseudocode first
« verified existing routine
« separated logic groups
+ “‘comments”
= Avoid
« complex logic

* tricky technique
« computer-dependent language

= | eave a backup-copy of programs
before significant changes are made



2. Coding and running a program

» Testing and debugging a program
= Grammatical error
debugging at the compiler stage

» Terminated without results
infinite loops, memory access error, . . .

= Running but wrong results
227



How to debug

» Working like a detective!!!
» Check global logic
» Check local logic by simulating a program personally

» Check line-by-line values of variables



How to test results

» Check the result of the current program in the known
special cases

» Check whether the current program reproduce other
previous results

» Check whether the results are physically sensible



3. Analyzing & visualizing results

» Analysis of results are very important since it lays physical
meaning on the results.

» Significance of the results is
not given by how difficult the computation is
but by how important its physical meaning is.

» Visualization helps us to understand results.

» It can emphasize the significance of results.



3. Analyzing & visualizing results
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3. Analyzing & visualizing results

« Example

Exact Our model



» Think in a way that computers do.
» Computers can perform numerical calculation very fast.

» Computers do not know physics, nor even have common
senses.

» Understand how computer works as much as possible.

> Lets play with computers.



Example: Throwing a ball through air

We throw a ball with the initial velocity vy and the angle #y. Then the ball is moving according

to Newton equations: m=10kg, g=98m/s* b=3.9kg/s, vg =25 m/s, and 6y = 7/6.
- d'z e
2 o
d*y
Mo = —WG— buy,
2 ‘ball_0.500000.d' u2:3 -+ ! ' i

'ball_0.100000.d' u2:3 X 3 ot
‘ball_0.010000.d" u 2:3 * ; ;

How do we know if
the result is correct?

15

y (m)




How to test results

» Check special cases
» Check whether other previous results are reproduced

» Check whether the results are physically sensible
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Let’s play with physics - variation of b

m=1.0 kg, g=9.8 m/s, v0=25 m/s, theta0=30 degree

4.5

T T
0 m/s
Omis -
.0 m/s .

Trrm
EAYN Y

y(m)

m=1.0 kg, g=8.8 m/s, v0=25 m/s, theta0=30 degree
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Let’s play with physics - variation of angle

m=1.0 kg, g=9.8 m/s, v0=25 m/s, theta0=30 degree

5 T T T T T
- thetaO/pi= 0.05
- thetaO/pi= 0.10 -------
45 | Y thetamg.: 0.15 .
i A e thetal/pi= 0.20 -~
Al i J/ L thetaO/pi= 0.25 ———— |
: ; 7 I g thetaO/pi=0.30 - - -
: F BT thetaO/pi= 0.35 - - - -
35 | i i f.’ A thetaO/pi= 0.40 .

thetaO/pi= 0.45 - -~

y (m)

m=1.0 kg, g=9.8 m/s, b=3.9 kg/s, v0=25 m/s

x (m)

Range (m)

0 | | L | | | | | 1

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
thetaO/pi (m/s)
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Let’s play with physics

T n
A particle is moving in a potential V(x) = ka (—) Its motion is described by Newton
a
equation
d*x r\" 1
m—- = —nk | —
dt? (a)
n=2 n=4
" oxr i \
0.5 — 05 |- - ]

X (m)

t (sec) t (sec)



Let’s play with physics
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Monte Carlo Methods:
Basics and Applications



Area of a circle

Area = 4%x(5/7) = 2.9



Area of a circle

1

pick up (x;,y;) randomly
—1<r<1,-1<y; <1

Area of a circle

_NG22 42 < 1)
Ntotal
x Area of a square




Area of a circle

1 m—nn—m

7 3.200
+0.283

100 83 86 84 80 3.330
+0.087

1000 87 /88 /88 802 3.165
+0.025

10000 7750 7824 7855 7861 3.129
+0.018

100000 78619 78426 78380 /8414 3.138
+0.004

1000000 /86076 /85103 785503 /85084 3.142
+0.002

Area =
3.1415926535897932384626433832795028841971693993...



Integration by Monte Carlo

pick up (x;,vy;) randomly
a<z; <b0<y <c

‘/;f(;t.‘-)dilf

_ N(yi<f(x;))
Ntotal
“ b xc(b—a)




Simple Sampling \

/ Pick up x; randomly fora < a; < b
1 b 1
L Tl f@de = 3 ()

a b




Simple Sampling

1

5

10 2.250 = 0.433 2.238 £ 0.202

100 2.462 + 0.329 2.339 £ 0.051

1000 2.336 = 0.044 2.323 £ 0.031

10000 2.324 £ 0.012 2.339 £ 0.009

100000 2.334 + 0.007 2.334 £ 0.002

1000000 2.335 = 0.002 2.333 £ 0.001




Importance Sampling

Pick up x; with probability p(x;) fora < z; <b

f;f(m)d;t? ~ %Z Flx)p Y (x;)
[ 9@z ~ T o()

b
Note / p(x)dr =1
(L



Simple versus Importance Sampling

Simple Sampling Importance
100 Sampling
I = / xe “dx
0

10 0.4805 + 0.8272 0.8841 + 0.2106
e Simple sampling 100 0.9326 + 0.5208 0.9789 + 0.0325
with f(x) = xe™*
1000 0.9078 + 0.1020 0.9884 + 0.0334
e Importance sampling
with f(z) = z and p(z) = e~ @ 10000 0.9539 + 0.0607 1.0022 + 0.0115
100000 1.0000 + 0.0061 1.0002 + 0.0011

1000000  0.9981 = 0.0037 0.9998 £ 0.0007



Metropolis Method

master equation
OF)(t
?.1( ) = > [Pm(t)lfﬁn_}n — P ﬂf(t)vvﬂ'_}m]
ot m(£n)

Py (t) : probability that the system is in state n at time ¢
Whn—m : transition rate for n — m

IP() _
ot

In equilibrium

detailed balance
P m(t)ﬂfm_}n == Pﬂ,(ﬁ)l"f}rﬂ,—}-ﬂrl

mn m Pm
From detailed balance W =
m—n P’I’L

In Metropolis method, we take W,,_,,, = min {1;—7”, 1}




Metropolis Method (Cont’d)

b
I= [ f@)plais
a with probablity p(x)

1. Choose an initial value x=x¢ as a uniform random number in the interval
a<xo<b.

2. Repeat following steps and take the average of f(x) obtained in each repetition.

(a) Choose a trial value z* as a uniform random number in the interval
a<x*<b.
(b) If p(x*) > p(x), set x = x* since p(z*)/p(x) > 1.

(c) If p(z*) < p(x), set x = x* for a probability p(x*)/p(x).
( Genrate a uniform random number 7 (0 < r < 1) and set x = z* if
r <p(z*)/p(z).)



Example: Metropolis Method

1
ex) [ = fo Y 226 dy probablity p(z) = e~ *

1. Choose an initial value z=xy7 as a uniform random number in the interval

2. Repeat following steps and take the average of f(z) = x* obtained in each
repetition.

(a) Choose a trial value x* as a uniform random number in the interval
0<zx*<100.
(b) If p(z*) > p(x) ie. * < x, setx = x* since p(a*)/p(x) > 1.

(c) If p(z*) < p(x) i.e. z* > x, set x = x* for a probability p(x*)/p(z).
( Genrate a random number 7 (0 < r < 1) andset z = z* if r < e~ .)



Alternative Way for Metropolis Method

e When we take a trial value x* [Step 2(a)], we use a following way

1. Generate an increment value Az as a uniform random number in the in-
terval — R < Ax < R.

2. Choose a trial value * = x + Ax.

number of accepted steps

accptance ratio =
P number of total steps

e The recommended accpetance ratio is 0.5, which is known to guarantee faster
convergence of Monte Carlo average.



Metropolis Methoc

for Multi-Dimension Integral

N
I=H/dxz‘f(flfla---,ZUN)p(iUl,---,xN)
i=1

1. Choose initial values {CEEO)} randomly.

2. Determine ¢ randomly (i = 1,2,..., N).

3. Choose a trial value z* randomly.

4. If p(z*) > p(x;), set x; = x* since p(x™) /p(x;) > 1.

5. If p(z*) < p(x;), set x; = =* for a probability p(x*) /p(z;).
( Genrate a random number r (0 < r < 1) and set x; = x* if r < p(z*)/p(x;). )

6. Repeat 2 to 5 N times.
7. Take the average of f(x1,...,ZN).

8. Repeat 2 to 7.



Statistical Mechanics

of Thermodynamic Systems

e partition function
Z — ZS G_Es/kBT

e physical quantity
(0) = Zs Os Ps
with the probability

Ps — le—ES/kBT

A

e appropriate problem to use the importance sampling with probability P,



Metropolis method

From detailed balance

Win—m _ Pm(t) _ e—f_\.EﬂcBT
IVP? n—7 P? 1 ( t )

Wlth AE — E-rn - E‘?l

We will set

i e~ AE/kBT AFE > 0
Whnom =

1 AE <O



Ensemble average

In each step

calculate physical quantity O
and take an arithmetic average

1
L e

Perform the calculation even at rejected steps.



Metropolis importance sampling with Ising spins

1. Choose an initial state randomly.
o1 =++1l,00=—-1l,03=—-1,...,oyh =1
2. Choose site i randomly.

3. Calculate AFE for spin flip at site .

AFE = FE(oq,..., — Oy, ony) — E(o1,.... ‘o, ..., oN)
4. 1) If AE < 0O, flip the spin
i) If AE > 0,

generate a random number » suchthat 0 < » < 1
and flip the spinonly if »r < exp(—AFE/kgT).
5. Repeat steps 2, 3, 4.



Simple example \

N noninteracting Ising spins in an external magnetic field H
H=—HZUE' (G’E=:|:1)
i

partition function

1 1 1
— —H/ERT

og1=—10,=-1 ON

( 21: EHJI/kBT)( 21: EHUZ/kBT)...( 21: EHJh‘/kBT)
1 o

g1=— go=—1

(E—H;’FcBT n E_H/kBT)N



Simple example (cont’d)

free energy

F=—kgTInZ = —kgTN In(e H/FBT 4 H/k5T)
magnetization
of
= ——— = tanh(H/kgT
m YT, (H/kpT)

susceptibility

om 1 5
= = sech“(H/kgT
XNTOH T kpT (H/kpT)
internal energy
v 10

= InZ = —Htanh(H/kRxT
N~ NoB (H/kpT)



Metropolis importance sampling (simple example)

1. Choose an initial state randomly.
o1 ==+1l,op=—-1l,03=—-1,...,0yh =1
2. Choose site i randomly.
3. Calculate AFE for spin flip at site .
AE = 2Ho;
4. ) If 2Ho; < 0, seto; = —o;
i) If 2Ho; > 0O,
generate a random number r suchthat 0 < » < 1
and seto; = —o; only if r < exp(—2Ho;/kgT).
5. Repeat steps 2, 3, 4.



Some Useful Tips --

1. We have to allow several equilibration time before averaging physi-
cal quantities.
2. When we calculate AF,
In most cases we need not evaluate Ejnitiag) and Etrig) Separately.
ex) noninteracting spins
AE = Ftyial — Einitial = —H (0] — o;"12)
3. When we calculate physical quantities,
we can just update each quantity only at accepted steps.
ex) Efinal — pinitial 4 A p

rfinal Ainitial trial initial
M ina — ﬂdlnl Ia _I_ ({Tirla . (_T;:nl 14 )



Some Useful Tips \

4. To improve the calculation speed,
reduce the number of complicated mathematical functions inside a
micro Monte Carlo routine.
ex) We can store one parameter exp(—H /kgT) in a pre-defined

variable.
5. Use dimensionless parameters. How do we deal with kg?
ex) i) Use 7" = kT'/ H for noninteracting spins
T is a temperature in units of H/kp.
i) Use T = kgT'/.J for Ising spins with nearest-neighbor interac-

tions 4 — _j > 005
(4,3)



Monte Carlo simulations:
Multiferroic — BiMn,O.



RMn,O. (R=Tb,Y,Dy,Ho,Bi, ")

‘ Mn#* : octahedrally coordinated (S=3/2)

O Mn3+ : tetrahedrally coordinated (S=2)



I3ih.*1n2()5 0.66 K

. Application of high magnetic

o
(=]
B

JLA fields along the a axis

« Sharp symmetric peak in dM/dH

% -]
* model
= E

B E 2!5:“' and ¢ at low temperatures

« Abrupt sign change in P

n,H (T)

5 10 15 20 25 30

Magnetic-field-induced metaelectric
transition

Kim,Haam, Oh, Park, Cheong,Sharma,Jaime, Harrison,Han,/eon, Coleman,Kiim, PNAS(2009)



Exchange interactions

iH TN 3«4

E;=Js2>, (Sin-Si3+S;s-Sie)

I

+ j42 (Sit S+ Sy -Sis +8i3- Sz +Sia - Sivze)

Ey=J2, (Si1-Sie+Si - Sia+Sis - Sisj3+Sis - Siasn).



Spin-lattice coupling via exchange striction ¢

1 o
=—> (di+u))+—y>, (d' +u
2x" 4°5
- 2. di(Si3-Si54—Si - Si)

- 2 ui(Si1-Sie—Sis - Sii1)-



Single-ion anisotropy + magnetic field

3 6
E4=—[2 2 (Sfcr' ﬁA)z_[Z 2 (Sfa' ﬁB)E

6
ESZ_HZ ZSEQ'-E'

i a=1



Polarization and Magnetization

6L,L,

— d
P LL, Jag(”_l_ ).

1l
N = 20000
oo wh =

S " © T > T : continuous crossover

| T < T : first-order metaelectric
prd tran5|t|on

F “60f— __‘DBBK ' ] g —~0.3
= < 30

01— E’E Ok u\ ........ § }02
gg e E a0l — — — 0-1
- ] * model E 0.0
2.0 e 60} = .0
R 0 5 10 15 20 25 30 0 10 20 30

w,H (T) u,H (T)

Jeon, Park, Kim, Kim, Han, PRB (2009)



Monte Carlo simulations:
Skyrmion Crystal



Skyrmion

« Topological excitation in two-
dimensional Heisenberg spin model

* Indirect NMR observation of skyrmions
in two-dimensional quantum Hall
ferromagnetic state




Skyrmion Crystal

Monte Carlo simulations of the Hamiltonian

H= [dr é(VM)% aMe(V x M)

5’-/ % "f;’ “ V. Y

Al Wy S

i i s s
;‘. / ‘ r 7 If’{' ,f“?r ’

‘ //_./"I Ay Wy
i /,/‘:’. /‘ / 4
AN P ' )

zero magnetic field weak magnetic field

Yu, Onose, Kanazawa, Park, Han, Matsui, Nagaosa Tokura, Nature (2010)



Real-space observation of Skyrmion Crystal®

spin textures in the helical magnet Feg 5Cog 5Si

zero magnetic field weak magnetic field

Yu, Onoze, Kanazawa, Park, Han, Matsui, Nagaosa Tokura, Nature (2010)



Phase Diagram

h 8 Theoretical

FM

Experimental

B/B,

0.2 0.4 0.6 0.8 1.0
T(K) TITe

Yu, Onose, Kanazawa, Park, Han, Matsui, Nagaosa Tokura, Nature (2070)



Numerical Calculations in
Quantum Theory of Many
Particles

Example: Dynamical Mean-Field Theory



Numerical Methods in Quantum Theory of

Many Particles

* Quantum Monte Carlo Method

« Density Matrix Renormalization Group
* Numerical Renormalization Group
 Exact Diagonalization

 Slave-Boson Theory

« Hartree-Fock Approximation

« Decoupling Method

e Dynamical Mean-Field Theory



Hubbard model

H=— E, t.(crc. +cic, )+U§, nN;
1] - i1
l

ic“jo jov-io
(ij).o

Tight-binding electrons with on-site Coulomb repulsion U



Mott-Hubbard Transtion

+ +
H=— 2 fi','(Cija"‘CjaCfcr)"‘Uz ning
[

(if),o
Weakly 1- E-°
correlated | | | | | |
0.5 4
0_
1 4 UW=0.5
é 0.5 -
Intermediate regime : &
hard to describe quantitatively S ] UW =12
~
4 0.5-
]
0_
1 UIW =2
Stronal >
gly @ © @ @ © e
correlated I I | | | |
0_ |
EF+%




Dynamical Mean-Field Theory

Problem

./

=
\

o

Self




Weiss Mean-Field Theory:

classical Ising model
H=-% JjSS;—h» S
(1,4) v

STEP 1: Construct an effective single-site model
Heff — _heHSo

hest = h+ Y Joi(Si) = h+ 2Jm
m = (S;), z:zcoordination number
STEP 2: Solve a single-site model
(S,) = tanh(Gheg)

STEP 3: Impose a self-consistent condition <SO> = m

heg = h + ZJ<SO>



Weiss Mean-Field Theory:

classical Ising model
H=-% JjSS;—h» S
(1,4) v

Weiss mean-field equation

m = tanh(zJm + h)
1 m 4
m = tanh(Bheg)
het = h+ zJm : Weiss field
Ve he;
Q\ ‘/G |




Dynamical Mean-Field Theory Hubbard model &

H=— > tj{c)ciotciicio) +UZ n;
(if), o

STEP 1: Construct an effective single-site (impurity) model

Simp /dT/ dr’ Zcoa TGy (T — ') oo (T') He = —hoS,

g
—l—U/O dTno1 (7)o (T)

Go(T — 7'): Weiss field
creation/annhilation of electron at the site

time-dependent



Dynamical Mean-Field Theory Hubbard model &

STEP 2: Solve a single-site (impurity) model

Simp / dT/ dr’ (7' — 7 ) oo (T')

+U / drg (r)noy (7) (S,) = tanh(Gheg)

impurity Green function
Gimp.o (T = 7") = ~(To0 (1)} (7)) 811,

impurity self-energy

_ 1 —1
1mp CTVlmp GO



Dynamical Mean-Field Theory Hubbard model &

STEP 3: Impose a self-consistent condition

Gimp(w) = GIOC(W)

Yimp = ImpuritySolver|Gg, U]
m = tanh(Bheg)
GIOC[Eimp]—l — Zimp heff — h -+ ZJm -\

Gyt



Mean-Field Theo ”

Classical vs. Quantum

— E Jij9iS; — h E Si H=- 2 tj(chci,tchci,)+UD nyny
. : (ij).o ' : i
(2,7) i



Why DMFT?

% Non-perturbative and time-resolved treatment of local interactions

% Unified description of metals and Mott insulators

DMFT

Electron reservolr



How to Solve Impurity Problem

« Exact Diagonalization (ED)

 Quantum Monte Carlo (QMCQ)
» continous time QMC
» Hirsch-Fye QMC
» Projective QMC

* Numerical renormalization group
« Density matrix renormalization group

* Non-Crossing Approximation
 [terated Perturbation Theory
« Hubbard Approximations



DMFT + ED "

o Lattice problem (ex. Hubbard model)
H=—1 Z (c;rgcja +h.c.)+ U Znﬁnil
(i,)0 L

= Mznia
0

¢ Impurity problem

Himp — Z Elo'ajgaflo' + Z Via(al,;rgcoa + clgala)

lo

lo
— U Z CZJCOJ + UnoTnol
o

+ Self-consistent equations for
bath parameters




DMFT + ED (1)

Yimp = ImpuritySolver|Gg, U]

Gal — Gloc[ 1mp]_1_zimp
o =iy o 3
Soliw,) "=iw,+u _do P

HS V2
2o, =ioytp= 2 ot
p=2 10, €

* Prepare initial sets of { 1}, ¢, }




DMEFT + ED (2)

Yimp = ImpuritySolver|Gg, U]

Gal — GIOC[Zimp]_1 — Yimp

. 1 ((ild*[j))?
G(lwn)— Z JEJ Ei—Ej—iwn

X[exp(—BE;)+exp(—BE))].

Lanczos method G ()= (g:s|dd|g.s.)

bi?

b;*
w—a; —--
(g.s|d'd|g.s.)

b *
by*

<
w—az_...




DMFT + ED (3)

Yimp = ImpuritySolver|Gg, U]

Gal — Gloc[ 1mp]_1 — Zimp

N V2
Gy liw,) T =io,tu= 2, —F

1 nmax

d= Z | Soliw,) =S (iw,) 1)

max+ 1

Minimize d'to yield new sets of { I, g, }




Bath Geometry (DMFT+ED)

Star &0 o
v, Two - N - -
v, Vs t ot
£, £,
83
Im
a a a -
i . 2 Mixed ... O—0 O o o0—0..
Chain 00—

ta- " e-oy



DMFT + CTQMC

Continuous-Time Quantum Monte Carlo method (CT-QMC)

e general formalism
I. model Hamiltonian

H="Ho +H
2. partition function expansion in interaction picture
Z = tr [E_'BH]
B 3 o )
— Z(—I}A’f dry, - - f dry tr [E_-SH“’Hlfrk} fe ?{1{1'1]]
k The—1 0
3. partition function as an integral over configuration x € C with weight

p(x).

Z = /[:dx p(x)

4. stochastic sampling of observables
- Green’s function

by AJK



DMFT + CTQMC

e weak coupling algorithm (CT-AUX)

l. expansion term
n n
H1=U (?LTH.¢ — %)
2. Hubbard-Stratonovich transform

BU n4 + 'HJ,) 1
1 — ! | — 0 * ) = E " evsing—ny)
K (HTM 2 2 s::l:lE

3. configuration space with auxiliary Ising fields

HE—1

e strong coupling algorithm (CT-HYB)

l. expansion term

|. 9 . P I |
b |

Hi=> (VJdlap, +he)
a,p

@

@

2. configuration space with segments for
density-density interaction

by AJK



DMFT+ED (IPT)

.

Metal

Insulator

Caffarel Krauth (71994)
Georges, Kotliar, Krauth, Rozenberg (1996)



DMET+QMC (Hirsch-Fye)

0.00f~ /\ - MEta|
P(@) m: __/\A—/; : U

e —— SN N

0.50 .

N A Insulator
oot ! i | | | |
W

Georges, Kotliar, Krauth, Rozenberg (1996)



hypercubic

| U=0.8U
K &

DMFT + NRG "

0.4
41 0.3
1 0.2

1 0.1

N

| U=0.99U,

1 0.3
41 0.2
1 0.1

1 0.3
1 0.2
1 0.1

Metal-insulator
transition at

« Uc2=1.47W

e Uc1=1.25W

Bulla, PRL (1999)



Quasiparticle weight (DMFT+NRGQG)

1.0 "_""1-1 +—= Bethe

= -—-u hypercubic

dew Bulla, PRL (1999)



Phase Diagram :

= Existence of coexistence region
= First-order transition line ends

= Crossove

0.05

0.04

0.03

z

0.02

0.01

0.00

at finite-temperature critical point

-t

e—o U,, NRG
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Phase Diagram of V203
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Phase Diagram of V203
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Concluding Remark




