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Equivariant Volume & Localization 

Part I 



Why do we care ? 

[1] Nekrasov Instanton Partition Functions and Seiberg-Witten Theories 

 

[2] Volume of Sasaki-Einstein Manifolds and AdS/CFT correspondence 



What measures # of degrees of freedom that decreases monotonically along  

the renormalization group flow ? 

Long-Standing Problem 

Renormalization 101 

• Describe a system by microscopic d.o.f and their interactions 
 

• Zoom out, or coarse grain: average out “heavy modes” that      

  are irrelevant to long-distance physics 
 

• At each typical energy scale, the d.o.f describing the same 

  system may look very different to each other 
 

• This procedure of zooming out and ignoring the small irrelevant 

  details is known as Renormalization Group (RG) flow 

Question 



A Little History 

We know the answer in 2 dimensions due to the work of Zamoldchikov [86] 

• One can define a real number c for any 2d QFTs, even for  

  strongly interacting system, from 2-point function of energy-   

  momentum tensor 
 

• He has shown that this number always decrease monotonically  

  along RG flow,  

 
 

• It counts # of d.o.f, generalizing the notion of counting in free  

  theory 

 “ Irreversibility of Renormalization Group Flow ! ” 



[1] Similar measure in higher dimensions ? 

 

[2] Counterpart in the bulk geometry via AdS/CFT correspondence 

Two Questions Arise   



In 4D, it has been conjecture by John Cardy soon after Zamoldchikov’s work  

Higher Dimensions 

• One can easily generalize the definition of c-function in 2D to  

  4 dimensions, known as a-function  

 

• Conjecture  

 

A proof is recently proposed by Komargodski and Schwimmer [11] 

What about three dimensions ? 
 

Not even clue until very recently. This is because the definition of  
 

c- and  a-function cannot be generalized to any odd dimensions  



Higher Dimensions 

Answer turns out to be S3 partition function  
 

More precisely, defining                               ,   

[Jafferis] 

[Jafferis,Klebanov,Pufu,Safdi] 

[Closset,Dumitrescu,Festuccia, 

 Komargodski,Seiberg] 

I may have a chance to introduce this story a little bit on Saturday… 



D3s or M2s 

CY3/CY4 

SE5/SE7 

NB  AdS5(4)/CFT4(3) : a(F)-maximization vs Vol[SE5(7)]-minimization 

AdS/CFT & Volume Minimization 

Equivariant Volume & Localization Method play a key role 























SUSY condition 



Around N-pole, S2 ~ R2 
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HW: work out the one-loop determinant around these  

        two fixed points and see if one can get the same answer  



Quotient with Non-abelian group  

Adjoint Representation 





SUSY Action 



SUSY Transformation Rules 















Nekrasov Partition Function 

Result: 

. Volume can be computed by Gaussian path-integrals over a set of saddle-points  

(solutions of deformed ADHM), characterized by N-colored Young diagrams 

where 

[Nekrasov] 




