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Part I : Introduction to QCD
          Structure functions for DIS  



QCD
■ QCD Lagrangian 

■ QCD Beta function : calculated as a negative value
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■ Coupling Constant

9. Quantum chromodynamics 31

Notwithstanding these open issues, a rather stable and well defined world average
value emerges from the compilation of current determinations of αs:

αs(M
2
Z) = 0.1184 ± 0.0007 .

The results also provide a clear signature and proof of the energy dependence of αs, in
full agreement with the QCD prediction of Asymptotic Freedom. This is demonstrated in
Fig. 9.4, where results of αs(Q2) obtained at discrete energy scales Q, now also including
those based just on NLO QCD, are summarized and plotted.

Figure 9.4: Summary of measurements of αs as a function of the respective energy
scale Q. The respective degree of QCD perturbation theory used in the extraction
of αs is indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to
leading order; res. NNLO: NNLO matched with resummed next-to-leading logs;
N3LO: next-to-NNLO).
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■ Operator Product Expansion (OPE)

hO1(x)O2(0)i = Â
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n

12(x, µ) : Complex function including Wilson coefficient
 Expanded by the short distance x

hOn(µ)i : Includes all the information on the long distance
 interactions

EX) Hadronic tensor for DIS

Wµn =
1

2p

Z
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z ! 0 : Short distance expansion



■ QCD Factorization Theorem 
● Systematically separate the short and long distance 
interactions

EX) Factorization theorem of DIS structure function 

F1(x) =
Z 1

x

dz
z

H(Q2, z, µ) fq/p(
x
z

, µ)

- Describe the short distance 
interactions
- Corresponding to Wilson coefficient
- Can be computed by perturbation

- Describe the long distance interactions
- Corresponding to the matrix element 
of the nonlocal operator 
- Cannot be computed, instead fit to 
experiments

● Perturbative QCD has a predictive power

- Structure function has no renormalization scale variance



Structure Function for DIS



k
l

N

P
p

q

k0

} p0 = p+ q

Deep inelastic scattering

s(lN ! lX) =
1
2s

Z d3k0

(2p)3
1

2k00
Â
X
(2p)4d(k + P � k0 � pX)hN|J†

µ|XihX|Jn|Ni
e2Q2

f

Q4 Lµn

=
p

s

Z d3k0

(2p)3
1

2k00

e2Q2
f

Q4 Lµn(k, k0)Wµn(q, P)

Lµn =
⇣1

2 Â
s,s0

⌘
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■ Hadronic tensor and the structure functions
Wµn(q, P) =

1
2p Â

X
(2p)4d(q + P � pX)hN|J†

µ|XihX|Jn|Ni,

=
1

2p

Z
d4zeiq·zhN|J†

µ(z)Jn(0)|Ni

= (�gµn +
qµqn

q2 )F1 + (Pµ � qµ
P · q
q2 )(Pn � qn

P · q
q2 )F2

● Breit frame : qµ = Q(�nµ + nµ)/2 n2 = n2 = 0, n · n = 2
nµ = (1, 0, 0, 1), nµ = (1, 0, 0,�1)
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● Hadronic tensor in the Breit frame 

Suppressed part
● Callan-Gross relation 

● Electromagnetic current  
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Wilson lines
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● Effective theory description 

W†
n

W

n

(x) = P exp

h
ig

Z
x

�•
dsn · A

n

(sn

µ)
i



(a) (b)

p
k

p+ k

k1

k1

k2

k2

pp

p+ k1

p+ k1 + k2

� �

■ Derivation of the collinear Wilson lines
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When n-collinear gluons radiate from quark other than n-collinear 
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● Expression in the coordinate space 
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Factorization of the structure Fn.
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● Separation of the final state  
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■ Parton Distribution Function (PDF)
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● PDF at parton level
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● PDF projection 
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■ Factorization theorem 
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● LO hard function 
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RG evolution 

● At the higher order 
- The hard function should be IR-finite
- All the IR divergence should reside in 
 PDF

- All the IR divergence should reside in 
 PDF

● Structure function should scale invariant 
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