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what is an index ?



Index

Index(D) = dim[Kernel of D] — dim[Kernel of D]

Image of D'

v

Kernel of D

N

Image of D

Kernel of DT




prototype : supersymmetric harmonic oscillators

la,a"] = aa’ —ala=1

{b,bT} =bb" +bTb =1 b2 =0 = (b7)?

H = hw [(a'a+ aa’) /2+ (bTb — bbT) /2] = hw (aTa + 1/2)+hw (bTh — 1/2)

= Hp + Hp



prototype : supersymmetric harmonic oscillators
Index(D) = #(bosonic vacua) — #(fermionic vacua) = 1

bosonic fermionic

D ~bla

v

()" 10} 5 ® [0} (a')" [0} 5 @ bT|0)

N

D ~a'b

0) @ |0)r




prototype : supersymmetric harmonic oscillators

Index(D) = #(bosonic vacua) — #(fermionic vacua) = —1

fermionic bosonic

D ~bla

A

(a") " 10} @ [0} (a1)" 10)5 @ b [0) ¢

N

D ~a'b

0)p @ |0)F




Index

one-to-one map

Imageof DT~ ~ Image of D
Image of D' Image of D

Kernel of DT
Kernel of D




Image of D'

Kernel of D

Index

one-to-one map

Image of DT

Image of D

Image of D

Kernel of DT

Kernel of D e
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index theorems & elliptic operators

0 D . .
(DT 0)27% ’Y_(

chiral anti-chiral
Image of D' Image of D
D ~
DT
Kernel of DT
Kernel of D




index theorems & elliptic operators

(

even form

Image of D'

D

):d+dT

dl = (—1)# % dx

odd form

v

Kernel of D

N

Image of D

Kernel of DT
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iIndex theorems & supersymmetry

( 0 ﬁ):ew@+e—m\m@

bosonic fermionic
Image of D' Image of D
D ~
DT
Kernel of DT
Kernel of D
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iIndex theorems & supersymmetry

DD ={Q,Q"} — e*QQ — e 2*QTQ" = 2 (H — Re(eziO‘Z))

bosonic

Image of D'

fermionic

v

Kernel of D

N

Image of D

Kernel of DT

on bosonic
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iIndex theorems & supersymmetry

DD ={Q,Q} — e?QQ — e~ 2*QTQT = 2 (H — Re(e2mZ))

bosonic

Image of D'

fermionic

v

Kernel of D

N

Image of D

Kernel of DT

on fermionic
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iIndex theorems & supersymmetry

IﬂdeX(D) = tI'bosonicl — trfermionicl = tr [(_I)F]

bosonic

Image of D'

fermionic

v

Kernel of D

N

Image of D

Kernel of DT
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iIndex theorems & supersymmetry

Index(D) = tr [(—1)*] = #(bosonic vacua) — #(fermionic vacua)

bosonic

Image of D'

fermionic

v

Kernel of D

N

Image of D

Kernel of DT
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so, how does one computes such things ?

Index(D) = tr [(—1)*] = #(bosonic vacua) — #(fermionic vacua)

bosonic fermionic
Image of D' Image of D
D ~
DT
Kernel of DT
Kernel of D




back to the supersymmetric harmonic oscillators

la,a"] = aa’ —ala=1

{b,bT} =bb" +bTb =1

H = hw [(a'a+ aa’) /2+ (bTb — bbT) /2] = hw (aTa + 1/2)+hw (bTh — 1/2)

= Hp + Hp
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back to the supersymmetric harmonic oscillators

la,a"] = aa’ —ala=1

{b,bT} =bb" +bTb =1

H = hw [(a'a+ aa’) /2+ (bTb — bbT) /2] = hw (aTa + 1/2)+hw (bTh — 1/2)

= Hp + Hp

Z = tr [e_ﬁH] = trge BB X trpe PHF
= (1/2sinh(Bhw/2)) x 2 cosh(Bhw/2)

= 1/ tanh(Bhw/2)
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so, how does one compute such things ?

la,a"] = aa’ —ala=1

{b,bT} =bb" +bTb =1

H = hw [(a'a+ aa’) /2+ (bTb — bbT) /2] = hw (aTa + 1/2)+hw (bTh — 1/2)

= Hp + Hp

Ziwisted = tr [(—1)F€—5H} = trePHB x tr(_l)Fe—BHF
= (1/2sinh(Bhw/2)) x 2sinh(Shw/2)

=1 =tr[(-1)"]
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so, how does one compute such things ?

tr [(—1)F] = limgootr [(—1)Fe PH]

= th'ist(id (;6)
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path integrals versus (twisted) partition functions



so, how does one compute such things
without knowing the spectrum ?

(:i72 — w2x2)

b=

HB% LB:

Hr « Lp =it —wiply



so, how does one compute such things
without knowing the spectrum ?

(55:2 _ w2x2)

b=

HB<— LBZ

B Euclzdeand

tr [e_ﬁHB] f[dm]penodlc BC e f
v = d0/V/B+ 3, 8" 7/P /B
~ f d@oe—%wzfg Hn>0 fdff?ndi_n 6—%((2wn/6)2+w2)§:n:ﬁ_n

~ 1w x 1/ (1,20 ((271/8)2 + w?))
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so, how does one compute such things
without knowing the spectrum ?

(55:2 _ w2x2)

b=

HB<— LBZ

B uclidean
tr [e_BHB] - f[d‘r]periodic BC e fO Lg - i

=1/w x 1/T],+0 ((2mn/B)* + w?)

1/2

=1/ (Iez ((27n/B)* + w?))

= 1/y/Det (—0% + w?)
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so, how does one compute such things
without knowing the spectrum ?

HB<— LBZ

(&

b=

_ w2x2)

tr[e P =1/w x 1/T],<, ((27n/B)* + w?)
= \/Det’ (=02 + w?)

= 1/’(1) X |:1/ Hn>0(2ﬂ-n/6)2]Cregulaif‘ized

X

Hn>0(27rn/5)2

=/ Det’ (—=0?)

[ Tso ((271/ )% + w?)

= /Det’ (—02 + w?)
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so, how does one compute such things
without knowing the spectrum ?

(0) = 172
C(s) =2 ® —

((0) = ~log(v/2r)

tr[e P =1/w x 1/T],<, ((27n/B)* + w?)

= 1/’LU X [1/ Hn>()(2ﬂ-n/6)2]Cregulafrized

X Hn>0(27rn/ﬁ)2/ Hn>o ((27”1/5)2 + w2)

= 1/w X|1/B|X | soitdargy|= 1/2sinh(Bw/2) = tr [e=PHr] |
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so, how does one compute such things
without knowing the spectrum ?

¢(0,9) =1/2—¢
¢(s,0) = 2psoln+q)™°  —

95¢(0,q) = log(T'(q)) — log(v/2m)

[ano(ZW(” + q)/5)2] =P (2 2_n>0108(27(n + Q)/ﬁ)

= lim o xp (252, 20 log2r(n + 0)/B)(n + )~

= lim,_,0 exp (2log(27/8)¢(0, q) — 20,¢(0,q))

= (2n)?-DFT(g)? = (ﬁ q=1
2 g=1/2
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so, how does one compute such things
without knowing the spectrum ?

Hp < Lp =it —wipty

3 .
_fo LguChdeandT

f[dwTd¢]whicll BC? €

= Det (87' + w)which BC?

( [L,ez 2min/B +w) periodic BC

[L.ez 2mi(n+1/2)/8 + w) antiperiodic BC
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so, how does one compute such things
without knowing the spectrum ?

Hp < Lp =it —wyply

B .
. f Lguclzdeand,r
0

f[dwwa]which BC?E€

= Det (a"' + w)which BC?

( w X [T,50 ((270/8)? + w?) periodic BC

| J I (2m(n+1/2)/B)? + w?) antiperiodic BC
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so, how does one compute such things
without knowing the spectrum ?

Hp — Lp =it —wiply

A .
. f Lguclzdeandq_
0

[ldTdip]hich Bo 2 €
= Det (07 + W) ypicn BC ?

w X Hn>0 ((27”7’/5)2 + w2) /Hn>0(27rn/6)2 X Hn>0(27rn/ﬁ)2

[I50 (27(n+1/2)/B)° +w?) [ [1,50(27(n + 1/2)/8)? X [],,50(2m(n + 1/2)/ B)?
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so, how does one compute such things
without knowing the spectrum ?

¢(0,9) =1/2—¢
¢(s,0) = 2psoln+q)™°  —

95¢(0,q) = log(T'(q)) — log(v/2m)

Tz02n(n+0)/8)?] = exp (25,2 los(2n(n +4)/5)
— limg o exp (23,50 10g(2m(n + ¢)/8)(n + ) )
= lim,_,¢ exp (2log(27/5)((0, q) — 205¢(0, q))

= (2n)?-DFT(g)? = (ﬁ q=1
2 g=1/2
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f[dwwa]which BC?E€

so, how does one compute such things
without knowing the spectrum ?

Hp < Lp =it —wyply

B .
. f Lguclzdeand,r
0

= Det (a"' + w)which BC?

|

2

2

sinh(fw/2)

periodic BC

cosh(Sw/2)

antiperiodic BC

|
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so, how does one compute such things
without knowing the spectrum ?

Hp < Lp =it —wyply

B .
. f Lguclzdeand,r
0

f[dwwa]which BC?E€

= Det (a"' + w)which BC?

tre PHF

2 sinh(pfw/2) periodic BC
2 cosh(fw/2) antiperiodic BC

{ tr(—1)FeAHF

|
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therefore,

Ztwisted = 1T [(—l)Fe_BH] = tre A5 x tI‘(—]_)Fe_JBHF

_'_ _ fﬁ LEuclideandT
— [d;{: dw dw]periodic BC forall! € “0
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generally,

Hsysy < Lsusy

Ztwisted = 1T [(—l)Fe_BH] = tre A5 x tI‘(—]_)Fe_JBHF

_IO'B LEuclideandT

= f[d.’ﬂ dwTd¢]periodic BC forall! €
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generally,

Hsysy < Lsusy

Ztwisted = 1T [(—l)Fe_BH] = tre A5 x tI‘(—]_)Fe_JBHF
- f[dw dwTd¢]periodic BCforall! €

= tr(—1)" ?

_IO'B LEuclideandT
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but what happens if some fields are massless ?

Hsysy + Lspysy = %j;Q‘ _|_in¢ 4.

) 1 2
/dT ngcslgﬁiean - 2 Zn#[) /\nxnx’fl -+ Z'R#O )\nCiLCn + -

r=x0+ ), Tnfn(T)
¥ =10+ 3, cndn(T) [da dtdy] ~ do dip dipo x T1,, din def,de,

=l + 3, chot(r)
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but what happens if some fields are massless ?

Hsusy < Lsysy(z,v,9")

— _ B LEuclideandT
Zwistea = tr [(=1)Fe PH] = [[dx dvT di)]periodic BC for all 1 € Js

B uclidean
~ / davo dupidiby [Hd:ﬁn defdey e Jo 27 dT]

| —

~ /dxo dipd dag [f(xo) + og(wo) + Yig™ (z0) Hibowh(xo)

tr  (—1)F <x0,¢0,¢$|€_5H!$0»¢0»¢$>




compute the fermion-zero-mode-saturated piece !

Hsusy < Lsysy(z,v,9")

— _ B LEuclideandT
Zwistea = tr [(=1)Fe PH] = [[dx dvT di)]periodic BC for all 1 € Js

B LEuClideandT]

~ / dxg dwgdwo [H dz,, dc;rldcn e Jo

| —

~ /dxo dipd dag [f(xo) + og(wo) + Yig™ (z0) Hibowh(xo)

— f dzo h(zo)
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compute the fermion-zero-mode-saturated piece !
[ dibo o =1, [dipp1=0

— _ B LEuclideandT
Zwistea = tr [(=1)Fe PH] = [[dx dvT di)]periodic BC for all 1 € Js

B LEuClideandT]

~ / dxg dwgdwo [H dz,, dc;rldcn e Jo

~ /dxo dipd dag [f(xo) + og(wo) + Yig™ (z0) Hibowh(xo)

— f dzo h(zo)

| —
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note: normalization of the path integral measure

the path integral measure should be normalized to reproduce
correctly-normalized partition functions of harmonic oscillators

v =120+ Enfulr) Cdr fi (1) fulT) = O

= Zo fo(T) + Zn Ty fr(T) fo(T) = 1/\/B

integral over each Z,, should produce the eigenvalue of f.(7) and nothing else



note: normalization of the path integral measure

B =1/,

X A/ 27

T =20+ 3, Enfulr) [ dr (1) fa(T) = G

= Zg fO(T) + Zn jcnf’n(T)

fo(r) =1/VB

da] = dito/V2r [, din/V2r = deo/B/27 x [, dien/ /27
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note: normalization of the path integral measure

oyt
[ del dey, e ?nencn =\,

1/1 — 1/}0 + Zn cnqbn (7—) (;8 dr @2 (T)d)n (7-) — 6nk
= co ¢o(T) +Zn Cndn(T) ¢0(7‘) = 1/\/B

(dptdip] = del [T, del, x deo T, dey ~ dyldio /B x 1], defdey,
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with the normalization explicit

Hsysy < Lsusy(x,¢,97)

Zpwisted = tr [(=1)Fe PH] = /[dﬂ? AT dib] periodic BC for all1 €

1
- 755 f dxo dddig

1
— ﬁfﬂiﬂ?o dw$d¢0

_ \/21777 / do (o)

- 2T

:f(il?o) +1og(w0) + o9 (o) +

_foﬁ LEuclideandT

[ ]_ R _ B LEuclideandT
——d&, dcl de, e Js
I6v= ]

Yordh(zo
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for general dimensions with complex susy

Hsysy < Lsusy(z#, ¢, ¥})

Zpwisted = tr [(=1)Fe PH] = /[dﬂ? AT dib] periodic BC for all1 €

1 _ [P [ Buctidean j_
= 27r5d H /d% [1;[ Edmn chdcn e fo L d ]
fdxo ,u,od% ! (H %%()H% ) X h(zg) ]
27rﬁ e 1
- / h
V213

_ fﬁ LEuclideandT
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for general dimensions with complex susy

for computation of h, all zero-mode-excised one-loop determinants,
if any, are understood to be divided by their regularizing counterpart

B - Euclidean
— — L dr
Ltwisted = T [(_1)F€ BH] — f[dx dwTd¢]periodic BCforall! € f

B uclidean
e I ooy [[T i 2

2’/1',8 ™

N i deo Vit ! | (Hwﬂon )Xh(% ]

46



for cases with real fermions

Hsuysy < Lsusy(z#, \*)

Ztwisted = tr [(_1)F6_6H: = /[dﬂ;‘ dw]periodic BC forall! €

_ fﬁ LEuclideandT

1 _f’B LEuclideandT
= —— [ dxgd) —dazn decy, e Jo
7z f |l

— \/% /d:co dXo [f(z0) +HAog(wo)]

/B

\/— /dﬂfo g(xo) from mismatch btw bosonic & fermionic
regularizing determinants, the zero-mode
excised and zeta-function regularized
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for general dimensions with real susy

Hsusy < Lsusy(z#, \")

B+ Buclidean
_ — L d
thisted = tr [(_1)F6 BH] — /[dﬂ? d)\}periodic BCforall! € fo !

d
]. H 1 m H ]. . _fﬁ LEuclideandT
V2T T, n V2T

a1l
= 1] [ dat dx
27Td 1

d
- (H )\#0) % gzt ] NG

\/ : /

- al9 from mismatch btw bosonic & fermionic

2m 3 regularizing determinants, the zero-mode
excised and zeta-function regularized
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for general dimensions with real susy

for computation of g, all zero-mode-excised one-loop determinants
are understood to be divided by their regularizing counterpart

B ; Euclidean
_ — L d
thisted, = tr [(_1)F6 BH] — /[dﬂ: d)\]periodic BCforall! € fo !

B uclidean
d Hfd:cﬁ dXp !H —=diy dcy € _fo o dT]

d
1 d
— dH/da:g’d)\g +(HA#O) X g(zy) ]/\/B
Var T, p=1
=
\/md from mismatch btw bosonic & fermionic

regularizing determinants, the zero-mode
excised and zeta-function regularized
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for general dimensions with real susy

a final subtlety is an overall factor of i's associated with integrating real fermions

dpTdy = id\'d\2 = (A +iN2) /2

B Euclzdeand,r

ZLiwisted = tr [(_1)F€_BH] /[dﬂ: d)\}perlodlc BC for all! e f

d/2 d B uwclidean
oo [Mndcn e dfl
2T 4

id/Q
:\/Q_dH/dxgdAg
T n

/2
B \/27T)8d /g
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supersymmetric quantum mechanics
and related index theorems



simplest, nontrivial susy QM with index

Li(z',\) = Lagdt + LN — A(z)id + L Fip(z) NN
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simplest, nontrivial susy QM with index

dsusy \' = e’

5SUsyﬂ3i = —iE)\i

/dT SsusyLi(z,\') =0
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simplest, nontrivial susy QM with index

[pja xk] — _iéf

dsusy \' = e’

5SU5'y(Ei — —ie)\i

/dT SsusyLi(z,\') =0
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simplest, nontrivial susy QM with index

[pja xk] — _iéf

{)\z’Ak} — 5zk

dsusy \' = e’

53[]5'}/ QCi — —iE)\i

/dT SsusyLi(z,\') =0
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simplest, nontrivial susy QM with index

[pj,a:k] = —iéf
{)\z’Ak} — 5zk
H = %(pz + Az)g — %sz)\?Ak

dsusy \' = e’

551]5'}/ ZEi — —iE)\i

/dT SsusyLi(z,\') =0
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simplest, nontrivial susy QM with index

[pj,ajk] — _iéf

{)\z’Ak} — 5zk

0 — i ) dsusy \' = e’
= Ni(p; + A) —

Ssusyxt = —ieN:

H = l(pz- + AZ)Q — L m)\zAk . .
° ’ /dT Ssusy Li(zf, \1) = 0
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simplest, nontrivial susy QM with index

[pja xk] — _iéf

{NAFY = g7k Xyt [V/2

Q= \N(pi +A)

ax
I
D=

(i + Ai)? = SEgA' A"



simplest, nontrivial susy QM with index

[pj,a:k] = —Z(Sf

{X AP} = otk N~ Al f/2

Q= X(pi + Aj) Q=i (pi + Ay)/V2
H = %(pz + Az)g — %sz)\?Ak
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simplest, nontrivial susy QM with index

[pj,a:k] = —Z(S;f

{A AR} = gt Ny V2

Q= XN(pi + 4;) Q = (pi + A;)/V2
H = L(pi + Ai)? — sFy NN = 1Q? H =~ [y (p; + A;)]” /4
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simplest, nontrivial susy QM with index

[pj, x*] = —id%

{N Y = g7k Xyt [V/2

(~1)F = ITjo, (V2idF) (—D)F =[], Vir® =+
Q= X(pi + 4) Q ~ ' (pi + Ai) V2

H = 5(pi + Ai)? = SFEg AN = 5Q° H =~ [yi(p; + A;)]" /4
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> charged spinor under the influence of magnetic field

0
Df

QU, =0=HU,

D
0

)ZQZVk(—iak+Ak)/\/§

HU, = BV,

v

N

7d+1 |

QU _ =0=HU_
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> charged spinor under the influence of magnetic field

( ng lo) )ZQZVk(—iak+Ak)/\/§

HU, = BV,
VI, =Ty Q U_=—1Q0,
QU, —0=HU, QU —0=HU_
YHIQU, = —QyH, = —QU,
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> charged spinor under the influence of magnetic field

0
Df

\IJ+:\/LEQ\Pf

QU, =0=HU,

D
0

) =Q =" (—io + Ap) /V2

HU, = BV,

N

'Yd_H le_ — _Q,Yd—i-lqj_ — Q\IJ_

7d+1 |

QU _ =0=HU_
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.T:ajo—l—A:E

A= Ao+ A

(

1) Abelian Dirac index

0 D
DY 0

Fuclidean
Ll

12

) = Q =" (—i0k + Ax) /V2

%Fq;k(:co + Az, + AN)ONE £ ANF)

i .
~3 ik (20) AGAG

1 : .
S AT AT - 10 A(xo); Az A
1
2
1Om i (x0) NSAZ™ANF + - -

ANAN — % e (20) AN ANF
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.CEICEQ—I—ASL‘

A=A+ AA

(

1) Abelian Dirac index

= FANAN - ik (20) AN ANF

2

NVL A M ANE

)
(JUmelkz\-_bU}/\Oudz X7\

will ignore this term for simplicity,
as it turns out to be ignorable

0 D |
Dt 0 ) = Q =" (—i0k + Ay) /V2
. 1 . .
[ Puclidean  _ %A:’ciAds" — SANAN — Az + Ax)idi
_ %Fik(:vo + AN+ AN)OE + ANF)
v i\ k
1 i 0 i Ak
— 5A$¢Am ~ 3 ik(zo)Ax' Az
1 g

66



= lim

1) Abelian Dirac index

limg_,q tr [(—1)F e PH]

1/2

H/dﬂfo dAZ iB/2 Fik(20)AGAE Det,(_a’f - ZF) . DEt,(_az)
,8—>0 d

Det'(—0,)  Det'((—d, — iF)d,)
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= lim
,6—>0

d

1) Abelian Dirac index

limg_,q tr [(—1)F e PH]

H/dﬂfo dAZ 13/2-Fir(x0) A )xk

Det'(Z97—<E)  Det'(—)
Det’(—/&,) Det’((}&\@%)

68
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= lim
,6—>0

= lim
B—0

d

d

1) Abelian Dirac index

limg_,q tr [(—1)F e PH]

H/dxo d)\z iB/2-Fik (x0) AGAG

d
Hfdxg d)\é eiB/Z-Fik(:ﬂo))\é)\’S
=1

Det'(Z97—<E)  Det'(—)
Det’(—/&,) Det’((}&\@%)

69
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1) Abelian Dirac index

limg_;q tr [(—1)F€—ﬁH]

- 1/2
= lim H dzl dN, e iB/2 Fig (20) A5 \E Det'(far\%lil. Det’(—ﬂ)
B=0 /273 d ° Det’(—/&) Det’((}&\i@%)
-d/2
= lim i/? fdm d)\@ iB/2 Fip(z0) AGAG
;6’—>0 /8 Pl

d d
=1 =1
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1) Abelian Dirac index

limg_,q tr [(—1)F e PH]

: 1/2
— lim H/da: N eiB/2Fir(@0)Ag SY: Det,(M. Det’(—ﬂ)
70 /2 : Det'(—7,) Dt ((0r—if)p))

i/
= lim
}6’—>0 /8 =1

fdm d)\% i3/2 Fip (20) NGNS

d d
7 T — e — 1 7
- /qu;o [[ld)\o e /2 F= §Fik($0))\oAg
z- 1 -
— /eFideC /\d:ljk/47'r — /ef/2ﬂ F = §sz(gj)dgjz /\dxlﬂ
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a simple Dirac index with Abelian gauge field

: _ 1\, —BH:
élg%)tr (=1)"e ]

e I /m>

= F /2w
T2
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a simple Dirac index with Abelian gauge field

: _ 1\, —BH:
élir%)tr (=1)"e ]

T2

P
= F/2m /52 }-7/ ~
) (7

=N

= #(lowest landau level states on torus with magnetic flux N
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2) non-Abelian Dirac index

Lo(z*, A5, mg) = Said’ + E)\i)\?' +inyn® — &' A(x), i’ + S Fi S (@)nin AAF

2 2 2
[pj, x*] = —id% Q = N(pi + A(z), %nin®)
{)\i’ /\k} — 5zk
{n*,myt =0 dsusyn® = —A'A(z);%n"

dsusy A = &

5SU5y33i = —Z')\i

de 5SUSYL2 == O
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2) non-Abelian Dirac index

T \T. @ % 1? 2 \ 7 - % . ) a % 2 a * ik
Lo(a, N5, ) = Saad® + g AA 4 imin® — ° A@); i’ + 5 "y (@)man A8

1. 7", 1 keep track only of gauge indices of Q= N(p; + A(z),%ninb)
wavefunctions, and have no superpartners

2. (-1)~F does not include these fermions

> anti-periodic boundary condition for them ‘ .

* osusyn® = —eX'A(x); 4y

3. for traceless gauge field, 71 57 has 7: g

no zero-point energy, and excitations OsUsY A" = €x

by 7, cost no ener | |
y 77(1 gy 53[]5}/332 = —7e\’
4. path integral over 1™, 17 sector is to be

restricted, so that one effectively traces

over one-particle states, 77|0), only. de OsusyLz =0
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2) non-Abelian Dirac index

T \T. @ % L. ) 2 \ 7 - % . ) a % 2 a * 1
Lo(a, N5, ) = Saad® + g AA 4 imin® — ° A@); i’ + 5 "y (@)man A8

Q= N (p; + A(z); %nn’)
use a hybrid formulation where 7, 1

sector is quantized first and
one-particle subsector is traced over

dsusyn® = —eX'A(x);4n"

")

55U5’Y}\i = €X

53U5y$i = —Z"GAi

path integral over 7™, 1] sector is to be
restricted, so that one effectively traces

over one-particle states, 7, |0), only. fd'r OsusyLg =0
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(

LEuclz'dean
2

2) non-Abelian Dirac index

0 D
Dt 0

- pnﬁ

) =Q=9" (=i, + A) w?;nb) /V2

$:330+A$

A=A+ A

i a .k 7

—5 Fik(zo) bTan" AoAG

1 i L a k. bA Ak
§A33iA37 —3 ik(x0)ynan” Az’ Ad

1 N |
SANAN - % e (20) P AN AN ...
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2) non-Abelian Dirac index

limg_,q tr [(—1)F e PH]

d d : 1/2
— lim tr au ei H‘/dx(l) d/\6 eiﬁ/Q-Fik(w()))\é)\g Det’M . Det’(_/%)
g0 \/27T5d i=1 Det’(—/ﬁ.r) Det'(mf\iﬂ)ﬂr)

/2 d '
0 S Pk
= lim t,]_“ uge —— d.’E?’ dAIL ezﬁ/QFLk($O))\0)\O

d d ' ]
- /Hdw% Hd/\f’) tgaugee 2T Yy = §Fikab($0))\6)\g

1=1 =1

, 1 _
At k a — “ 1 a 0 k

— /trgaugeeFUdm Ndx /47T _— /trgaugeef/Qﬂ- F p — 2sz b(:l:)dﬂ? /\d.fl:‘
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3) Atiyah-Singer index

Ls(z*, N, n)

1 .1 .
= 59@(37)5%3 + §gij($)AzVT/\J + i, n” —JCIAG p(T )77;77 +

VoA = N 4 T a2

[pj,xk] = _M;'C
[pj, A =0 M = AN
{/\A’ )\B} — 6AB

{n*,my} = op

2

L NN
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3) Atiyah-Singer index

Ly(z", X', ;)
= %gzj(a:)x"“m’ + %gij(m)AiVTAj +amyn® — & Ay ()’ + %Fij"’b/\i)\jn;?’lb
VoA = AT i \k Q= \(p: — %wiAB)\A)‘B + A(z); ymen’)
[pj, 2*] = —ié;?
A =0  AA = AN
(A4, AB) — §AB

{n*,my} = op
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3) Atiyah-Singer index

Ls(z*, N, n)

= 59ij(2)2"2 + %gij(m))\sz\j +ingn® — &' Ay ()’ + %Fij"’b/\%)@nénb
[pjaxk] — _Zé‘;ﬂ

dsusyn® = —eX'A(x),; 4n"

RV A _Avi . ‘ o
[pj, A =0 AT =€l A Ssusy N = ed’ + el NI AR
{/\A, )\B} = (SAB (SSUSy.’Bi = —’iE)\i

{n“,myt =943 fd’F dsusy Lz =0
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3) Atiyah-Singer index

0O D , 0 x
( Dt 0 ) = Q=" (=i + A yyn") /V2

Fuclidean .
L3 — Pn7l

Tt =l + Az’

A =2+ AN

i
— 5 Fan(@0)\g Ay

1 oy .
§A:131-A5é7’ — % e (20) Azt AzP

1 .
ZRABM (:E()))\()q/\(‘)eACEZALEk

1 : '
§A)\AA/\A — %FAB (ZBQ)A/\AA)\B

82



3) Atiyah-Singer index

-d/2 ' '
limg_,o tr [(—1)FePH] = flﬁiﬂ)trgaugezzTﬁd H/dIB Hd)‘f)l iB/2:Fap (@) A AT
V 1 A

[Det’(i —iFy) Det'(—0?) v
Det'(=0:)  Det'((=0r —iFyj = Rapij\gA¢ /2)0r)

a2 4 o 1/2
— lim trgaugez—d Hfda% N, 8®B/2-FAB($D))\64)\(])3X det BRApcpAG AT /4
A=0 vV 27T/8 i=1 Sinh(ﬁRABCD/\Sl/\éB/él)

!
-2

1 :
Rap = iRikAB(JC)dQCZ A dz®

1/2
—/tre}—/%/\ ldet R/4m )]

sinh(R /4m Fa 9 () da A dat
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a simple Atiyah-Singer index with Abelian gauge field

thisted = tr [(_1)F€_ﬁH3}

R/Ax /2
— F/2r
/52 tres 7 A det [sinh(R/élw)]

= F /2w
g2

=N
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4) Euler index

La(a', 4", ™) = 59ij() 237 +igi ™ Vo +

i 4o i
Vit =1 + Dt
Osusya' = ep* — et
Osusy ' = iei’ — T eIk

dsusy ™ = —ie i’ + Tl e*pIp*r

/dT 53’[}3}/[44 =0

4

1 YR
Rijrab™ p* Rt
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4) Euler index

Ly(z', 4", *") = 59@;‘(3/‘):6 17 + 19T V! + ZRi;jkzw PriapRapt
i d oy i ik

VYt = alb + 12’y

pj zF) = —icS;f’

pj, 0 =0 A = ety

[pj’ w*A] — 0 w*A = e;ﬁlw*z

{2, B} = 648 {4, P} =0 = {y*4, P}



4) Euler index

Ly(z', 4", *") = 59@;‘(3/‘):6 ! +1gi 0" V! + ZRi;jkzw Py

q _ -
V' = awz - T;'kci?“"wk dsusy = 1€Q* — i€" Q)

Q = el (pi + wiapy*yP) Q* = el (pi + wiapY ™ YP)

Pt = da'A

0
vi = <83:73’ >

(~DF = (m1yrenk
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4) Euler index

La(z’, 00 ) = =gij(2)i'd7 4+ igi 0™ V! + = Rijra™ !

2

4

dimM

Index(Q + Q") = Index(d' +d) ~ Y  (=1)"H"(M) = x(M)

Q = el (pi + wiapy*yP)

w*i

r=1
Q* = v*Aely (p; + wiapY*AP)

—  dx'A

0
vi = <83:73’ >

— (_1)7’ank
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4) Euler index

X = limg_,o tr [(—1)F e PH]

H d"cbfildd)(f) eﬂ/4-RABOD(mo)i/)SAdJSBUJoGT/i’(? !Det %]
Det’

b’—>0

d
. * A xB _, C D
_ hm / dwz (dd)* de) 6}6/4'RABCD(-TO)7J)0 1/)0 T/)o 1!)0
d | | | | 0 | | A 0
p—0 V2B i A

= CICE f SIECIE) € ‘Raag N NRay, 14, = (2m)172 fPf(RAB)

1 )
Rap = §RABik(x)dch A dx®
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Euler index in 2d

limg_,o tr [(—1)F e PH]

1
= — R
o f 1212

1

- Rscalar

A

=2—2g
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limg_,o tr [(—1)F e PH]

1
=— | R
27r/

1

- Rscalar

A

=2—2g

=1—-2g+1

Euler index in 2d

dimH"(X,) = dimHy(Z,) =1
dimH'(%,) = dimH,(%,) = 2¢g

1212 dimH?*(%,) = dimHy(X,) =1
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Hamiltonian view and heat kernel expansion
with the simplest case of Euler index

92



back to the Hamiltonian viewpoint

1. conceptually straightforward

2. trivial to normalize

3. sign ambiguity issue more transparent

4. easier to deal with gauge symmetry

5. perhaps more model-dependent computationally

6. less flexible for localization procedure



4)" Euler index in the Hamiltonian view

: : : 1 <G ] . *1q j 1 *1, 1 1
Ly(z', " ") = =gij(x)T') +1g;j9™" V) + ZRijkl%b PRt

Hclassical
4

Hquantum
4

2

1

1. o
=597 (Pit)pj+-) = ZRijlezlb”wkwl

1 1 A s
= _§V2 — ;Raepy APy CyP
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4)" Euler index in the Hamiltonian view

: : : 1 <G ] . *1q j 1 *1, 1 1
Ly(z', " ") = =gij(x)T') +1g;j9™" V) + ZRijkl%b PRt

Hclassical
4

Hquantum
4

2

1

1. o
=597 (Pit)pj+-) = ZRijlezlb”wkwl

1 1 A s
= _§V2 — ;Raepy APy CyP
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4)" Euler index in the Hamiltonian view

Ly(z*, 0", ™) = §gij(x)$ 17 +1g;; " Vh! + ZRijkl%b Pkt

1

Hgssienl = 2 gl () (py ) — 5 Rty

1 1 * *
quantum — _§v§calar +oee = ZRABCD¢ Aw BwaD
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4)" Euler index in the Hamiltonian view

uantum 1 1 . 5
Eré(ljl ‘ — _587,87,4‘— ZRABCDw Aw chwl)

tr[(—1)FePH] = / da /G trp [(=1)F (2l |a)]
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4)" Euler index in the Hamiltonian view

uantum 1 1 . 5
Hécll ‘ — _587,87,4‘— ZRABCDw Ai’b chwl)

tr[(—1)FePH] = / da /G trp [(=1)F (2l |a)]

:/dajd\/ﬁtTF [(_1)FG5(:13;:1:)]

Ga(z;y) = (zle M y)
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iIndex theorems in the Hamiltonian view > heat kernel

tr[(~1)FefH] = / da /G trp [(~1)F Gz 2)]
Ga(z;y) = (zle” " y) Gpoolziy) = (zly) = 6(x;y)

0

—%Gg(mgy) = HGa(xyy) = (H(O) + H(l)) Gg(z;y)

= (_vgcalar/Q + H(l)) Gp(z;y)
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heat kernel expansion

_9
op

Ga(ay) = HGa(azy) = (HO + HY) Ga(w;y)
Gs=GY +G5) +GY + -

0 2
G(B )(:L'; y) = (xleﬁvscalar/z‘y> ® 1feI‘1’nion

lim Ggo) (CL’; y) = 5(33, y) ® ltermion

s—0
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heat kernel expansion

0

~55Cs(@v) = HGx(wy) = (HO + HY) Ga(asy

_ () (1) (2)

0 2
G(B )(:I;; y) = (mleﬁvscalar/Q‘y> ® 1feI‘1’nion

) 1 L —@yes
($|65Vscazar/2|y) — 7(27r5)d/2€ d(z;y) /28 — (27rﬁ)d/26 for R?
(aj|€’8v§mlm‘/2|:{:> _ # —0%/28 _ 1

(2mB)i2" (27 B)/?
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heat kernel expansion

0
~55Cs(@v) = HGx(wy) = (HO + HY) Ga(asy

_ (0 (1) (2)

9, (n+1 (0) ~(n+1) (1) ~(n)
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heat kernel expansion

O (n+1) _ 17(0) (nt1) (1) (n)
86G = 1O + HVGY

G(n+1) / ds/ G( ) (2;2)HOD ()G (2 )
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heat kernel expansion

0 (n+1) (0) +(n+1) (1) (n)
—%Gﬁ — H G/8 + H Gﬁ

G(B”"'l) / ds/ G( ) (x; 2) H(l)( )Gg”)(z;y)

0

+ lim G(O_)S(a:;z)H(l)(z)ng)(Z;y)

s—=pB /.

lim G(O)(:c y) = 0(x;Y) ® Lfermion

s—0
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heat kernel expansion

O (n+1) _ 17(0) (nt1) (1) (n)
86G =HOGT™ + HVGY

lim G(O) (33' y) = (5(33 y) ® ltermion

s—0
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heat kernel expansion

0 (n+1) (0) +(n+1) (1) (n)
—%Gﬁ =HOGT™ + HVGY

G(BnH) / ds/ G( ) (z;2) HY ()G (23 1)

0

aBG(n+1 (;L. y) _H(O)/ dS/ G( ) :L. Z)H(l)( )G(n)( y)

+HW ()G (25y)
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heat kernel expansion

0
@BGﬁ(Q; y) = HGg(zry) = (H(O) -I-H(l)) Ga(z;y)

Gs=GY +GY +GY) +--

G(n)(az Y) / ds/ GB Sz 2)HO G (2:y)

B S1 Sn—1
= —1)”/ dslf dsz.../ dsTL/---/
0 0 0 21 Zn

GY, (2:20) HVG,, (215 22) - - HOGO (2,3 )

S1 S
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heat kernel expansion : 5 power counting

1. each GO > B_d/z

2. each x-integral - ﬁd/z

3. each s-integral > [3

4. each derivative of x in H) > 6—1/2

5. each x in HW > ﬁl/Q



heat kernel expansion : 5 power counting

guantum
H
4

~J

each GV > B_d/z

each x-integral - ﬁd/z

each s-integral > [

each derivative of x in I > 5—1/2

each x in HW > ﬁl/z

_1V2

9 scalar

+

1
I'o+1T — ZRABODw*Aw*chwD

— g0

I ~ Y RAz _ g
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heat kernel expansion : 5 power counting

guantum
H
4

~J

each GV > B_d/z

each x-integral - ﬁd/z

each s-integral > [

each derivative of x in I > 5—1/2

each x in HW > ﬁl/z

1 1
—5Vivatar| HLO +TT — —Rapepp™ Py
=g I\~ ¢*1hRAx =g

B 5 B
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heat kernel expansion : 5 power counting

1

o) — (| o= BHY —BHD |\
Gﬁ(wi) _ <£C|€ |$> o (27_{_6)61/2

+Ggl)($;a:) + -

uantuim ]‘ 1 * F
grentem —§V§CCLW —i—|f‘3 +I'T — ZRABCD";b Ay Byl

= HY [~ * 1 RAz — H®

B 5 B
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4)" Euler index in the Hamiltonian view

: . F —BH4 — 2 d _ F .
élir%)tr (=1)"e ] élﬂ% dz®\/g trp [(=1)" Gg(z; z)]

(278)Y2GY (23) ~ BT (RV G )" + B (R $)" + B (R )™+ + -

{w*Awa} _ 5AB s wA ~ (,YQA—l _I_Z-,_YQA)/Q

{(=1)", "} =0 2d
{(_1)F7¢*B} =0 a=1
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4)" Euler index in the Hamiltonian view

: . F —6H4 — 2 d _ F .
[1313%)’61‘ (=1)"e ] élg%) dz®\/g trp [(=1)" Gg(z; z)]

(278)Y2GY (23) ~ BT (RV G )™ B (R )" + B (R )+ + -

irrelevant for the index computation

trp [(—1)Fw*A1 ...w*Adel .. .de] _ (—1)d/25A1"'AdEBl“-Bd

trp [(=1) Pyt igpBro B =0 dfl<dork <d
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4)" Euler index in the Hamiltonian view

: . F —6H4 — 2 d _ F .
élir%)tr (=1)"e ] élg%) dz®\/g trp [(=1)" Gg(z; z)]

(278)Y2GY (23) ~ BT (RV G )™ B (R )" + B (R )+ + -

irrelevant for the index computation

1 «A, B, C. D
' F : — 1 F___*  _(B/YR 2) = Ay BapC o
éli%trp [(—1) GB(:C,:E)] = [lali%trF [(_1) (QWB)OT/Q c(B/4)Rapop () ]

I3 (RABCD($)¢*A¢*B¢CwD/4)

d/2
= A {(1) @m)772(d/2) ]
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4)" Euler index in the Hamiltonian view

lim tr [(—1)"e"#M4] = lim dz®\/g trp [(—1)"Ga(x; 2)]

B—0 B—0
1 d/2
1 i k
Rap = §RABik(:c)d:zc A dz
1 «A xB_ C D
: _1\F : T _1\F (B/4)Rapcp ()™ " P4~ 4
};E%trF [( 1) Gﬁ(xvxﬂ_}ali%trf? [( 1) (271'8)(1/26 ]
T F(RABOD($)¢*A¢*B¢C¢D/4)d/2
= A {(1) (2m)773(d/2)!
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gauged quantum mechanics, or
how to rediscover the gauge field



gauged quantum mechanics

Ls(Ag, 0", ¢") = (D;¢)* (D) +itp* Dpp? + - - -

DT — 87- - ?:6140

Hs = 7r¢q§ + ﬂ¢*é* + 7T,¢)1[} — Ly =

7T¢7r;;+'.'

+ A()e

Hamiltonian

— H!

G (T, O3 Tpe, @5 Ty, V)

Gauss constraint

117



gauged quantum mechanics

Ls(Ag, &', 0") = (Dr¢)*(Dyd) + itp* Do) + - - -

DT - 87- - z'eAO

Hs = Ty + Tgut™ + myth — Ly =|mpmy + - -

+- A()e

G(ﬂ-qba Qbs Tp*, ¢*a T w)

Hamiltonian

/
:H5

Gauss constraint

- time evolution by H; with the constraint G = ( imposed
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gauged quantum mechanics
Zt'wisted = tr |:(_1)F6_5Hé5(G)]

how in the world do we do such a computation ?



gauged quantum mechanics
Zrwisted = tr | (1) 7 PH35(G)

how in the world do we do such a computation ?

consider the simple cases with Abelian gauge fields

G — e X integer

2
0(G) = dgjeo — f do %G /¢
0
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gauged quantum mechanics

2m
Ziwisted = T {(—1)Fe—5Hé / 40 67:9@]
0

how in the world do we do such a computation ?

consider the simple cases with Abelian gauge fields

eG — e X integer

2m
6(G) = bgo — / do e'?¢
0
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gauged quantum mechanics

2m
Ziwisted = T [(—1)Fe—5Hé / 40 eiQG]
0

again, how in the world do we do such a computation ?

2w
_ /d@dgb* tI'F [(_1)}7(0’5, ¢*|€—3Hé/ dQGZQGlgb’ ¢*>]
0
27 ;. . .
_ / d@/dgbdgb* tr - [(_1)F<¢’ ¢*|€_6H567’9GF|629¢, 8_19Q§*>}
0
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gauged quantum mechanics
Zuwiseea = [ a0 [ 0o tri [(-1) (6.7 PG |0, 0
Hy = mymy + -+
which should be contrasted against previous ungauged cases
tr [(—1)Fe=fH] = / da /G trp [(—1)F (zleP" [2)]

— /dazd\@ trp [(=1)" Gp(z; )]

Ga(z;y) = (zle P y)
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gauged quantum mechanics
2m P . .
Zrwisted = / df f dgdo* trp |(—1)7 (9, ¢" e PG /€0, c=i0)]
0
Hy = mymy + -+

which should be contrasted against previous ungauged cases

T m
L —o%eizs
T 3)m

oL Bes8rIeP
(27 3)™
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gauged quantum mechanics

2/ 1)/ 20412
2/ d(0/) / dpde” trp [(—1)F<¢, §* e P PO/ IO (i0Gr | )
0

l

) . : 1 i0 52
gb,gb* e—,BHS e“gqb, 6—19(/5* -~ e—|q§—e o</ B
(6,67 #1" )~ Gy

1 2,12
~ g e~ O1e/B T ir 9l <« 1

L swssyer
(27 3)™

~
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gauged quantum mechanics

2m /3 o e
:/ d(G/B)/dqbdczb* trp [(—1)F<¢’ o*|e=BHS" ¢=BO/B) 191 ;i0Gr) 4 ¢*)]
0

27 /e o .
~ [ aao [ dgast e [(—1)F<¢>, g |e—PHLY | =B A16P cipeAoGr e
0

0.6°)]

o= [ Ar(D7@)" (Dr @)+ D,y

Or _>O;AO—>’I:A0
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index of gauged quantum mechanics

Ls(Ag, 0", ¢") = (D;¢)* (D) +itp* Dpp? + - - -

DT - 87- - ?:6140

again, we are lead to the Euclidean path integral
with periodic boundary condition,

where A_0 is Euclideanized and frozen to be time-independent



equivariant index and how it localizes the computation



equivariant index
> quantum mechanics with global symmetry

Ls(¢',¢') = Ly — (8,0) (8, ) + i DT 4 -
A0—>0
67:9G(7qu,¢;7r¢*,d5*;ﬂ'w,’gb) : Qb N eieqb
is now a global symmetry v — %Y

equivariant _1\F _—pBHsg i,uG]
twisted = tr [( 1) € €
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equivariant index
> quantum mechanics with global symmetry

Zimisted = / dgdo* trp |(~1)7 (6,06 Mo cinGr e, i) |

()’ , ) 1 i L2
(¢, d* e PHs ™ |eep, ™) ~ o—lo—eit |2/
(2mB)m
- %GMQQSIQ/B
2 3)m

equivariant _1\F _—pBHsg i,uG]
twisted = tr [( 1) € €
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equivariant index
> quantum mechanics with global symmetry

Zimisted = / dgdo* trp |(~1)7 (6,06 Mo cinGr e, i) |

O : 1 i )2
b, ¢ e~ PHg el e Hp*) ~ e—lo—eol7/B
(6.6" 0 )~

L e
(27 3)m
unlike @ of the gauged case, I is not a dummy variable to be integrated over

> in the small 3 limit, the computation received contribution

from saddle points (submanifold) invariant under the global symmetry
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equivariant index
> quantum mechanics with global symmetry

Zimisted = / dgdo* trp |(~1)7 (6,06 Mo cinGr e, i) |

O : 1 i )2
b, ¢ e~ PHg el e Hp*) ~ e—lo—eol7/B
(6.6" 0 )~

N ﬁeu"’qﬂ?/ﬁ
2w [3)™

we are lead to the Euclidean path integral
with the global charge coupled to external gauge field

with the gauge field fixed at the value /u/eﬁ
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equivariant Euler index

L4 (ZL‘i, sz : w*z )equivariant

= 59ii(2) Dra’ Dral +igij™ (Dryp? + Ty Dra®y)l) + 2 Rijry™ ™ !

D, = 0. +i(u/B)J

lim tr {(—I)Fe—ﬁmei“‘j]
B—0

= Gaussian Integral at North Pole

+ Gaussian Integral at South Pole
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refined Euler index

L4(£Uz., wi’ 77/}>:<z')reﬁned

— §gij($)DT$ D, 2’ +igi 0" (D! + T, Dokl + iRijklw PrigpFat

D, = 0- +i(p/B)J

lim tr [(—I)Fe_BH”‘ei“j]
B—0

= Gaussian Integral at North Pole

+ Gaussian Integral at South Pole

=14+ 1 =2
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